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Abstract
We consider autonomous partially observable Markov decision processes (POMDP) where the
control action influences the observation process only. Assuming the state and observation processes are
stationary, time homogenous and their corresponding supports are finite sets, we derive the transition
probability kernel of the information state which is a Markov process over the belief space. Considering
the belief entropy as the cost incurred by this Markov process, the optimal observability problem is
posed as a Markov decision scheduling problem that minimizes the infinite horizon cost. This scheduling
problem is shown to be equivalent to minimization of an entropy measure, called estimation entropy
which is related to the invariant measure of the information state through mean ergodic theorem.
Index Terms
partially observable Markov decision processes, estimation entropy, sensor scheduling, observability.

I. I NTRODUCTION
This paper focuses on partially observable Markov decision models where the Markov process
is autonomous, i.e.: the action does not influence its evolution. Instead the action influences
observability of the Markov process. This is a general model for monitoring type systems that
have the capability to adjust their sensing devices for better observability of the scene. The
aim is to determine an optimal policy for guiding, tuning or selecting sensors that achieves
maximum observability of concurrent events in the scene. For reference we call this the optimal
This work was supported by Australian Research Council, discovery grant DP0878158.
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observability problem. Dynamically adjusting the measuring devices of the system based on the
history of measurements in accordance with the optimal policy allows maximum information
flow from the state of the system to the observer. A special case of this problem is sensor
scheduling, for example waveform selection in radar systems, [1]-[2].
Previous works on sensor scheduling [3], and sensor allocation [4] were aimed at finding
an optimal sequence of actions (sensor relocations or adjustments) that minimize certain cost
functions. They differ from the optimal observability problem where an optimal policy is sought
upon which we choose actions based on real measurements. Some previous works which have
addressed the on-line sensor scheduling as the selection of one sensor at a time based on past
measurements are [5], [6], [7]. In [5], the cost function comprises of estimation errors and
measurement costs, whereas in [7] the observability of the state process is the key criterion for
the dynamic sensor scheduling. Another result closely related to this paper is the optimal control
of POMDPs which is analyzed in [8] and has been extensively used in various applications
(see e.g. [9]). The basic difference between the optimal control and optimal observability will
be highlighted in our discussion on the optimal observability problem. Information theoretic
criterion has increasingly been used in the analysis of stability [10] and fundamental limits of
disturbance rejection (controllability) of systems [11], [12]. This paper introduces an information
theoretic approach to the observability of systems.
In this paper we use an information theoretic measure, estimation entropy [13], [14] to analyze
the optimal observability problem. The minimum estimation entropy over different policies for
a POMDP is equal to the infinite horizon cost of an optimal Markov Decision Process (MDP)
with the cost function being the entropy of the belief state. To capture the basic relation between
a POMDP and its corresponding MDP on the belief state in this problem, first we introduce
H-processes. For an H-process we define the estimation entropy as a generalized concept of
entropy rate. Both analytically and with an example we show that the more estimation entropy
for a POMDP the less observability of the state of a system. The corresponding MDP scheduling
problem that finds the policy with minimum estimation entropy can be solved by iterative
algorithms such as policy iteration algorithm, value iteration algorithm or their point-based
version [16].
To facilitate the discussions we use the following notation. The domain of a random variable
X is denoted by X if it is a general space, or by X if it is a finite set, where in the latter
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case without loss of generality we assume that X = {1, 2, · · · , |X |}. A discrete time stochastic
process is denoted by X = {Xn : n ∈ Z}. For a process X, a sequence of X0 , X1 , ...Xn is
n
. A realization of random variable X is denoted by
denoted by X0n , whereas X n refers to X−∞

x, and the probability P r(X = x) is shown by p(x) (similarly for conditional probabilities),
whereas p(X) represents a row vector as the distribution of X, ie: the k-th element of the
vector p(X) is P r(X = k). For a random variable X defined on a set X , we denote by ∇X
the probability simplex in R|X | , where R (R+ ) is the set of (non-negative) real numbers. A
specific element of a vector or matrix is referred to by its index in square brackets. The entropy
P
of a discrete random variable X is denoted by H(X) = x∈X −P r(x) log(P r(x)), whereas

h : ∇X → R+ represents the entropy function over ∇X , i.e: h(p(X)) = H(X) for all possible
random variables X on X .
II. T HE OPTIMAL O BSERVABILITY PROBLEM FOR POMDP

Similar to a hidden Markov process (HMP) [13], a POMDP is a Markov process {Sn }∞
n=−∞ ,
Sn ∈ S that is observed through a discrete memoryless channel with the observation process
being {Zn }∞
n=−∞ , Zn ∈ Z. We assume that both processes are stationary and time homogenous.
In this case a POMDP is defined by a transition probability matrix Q of the Markov process
and the measurement (emission) matrix T of the memoryless channel. The elements of matrices
Q|S|×|S| and T|S|×|Z| are the conditional probabilities, Q[s, s′ ] = p(Sn+1 = s′ |Sn = s), T [s, z] =
p(Zn = z|Sn = s). Unlike a HMP, the matrices Q and T of the POMDP are functions of a
control action a ∈ A, and we choose the action based on our past and current observations.
As with a HMP , for a POMDP we can define two random vectors πn and ρn on the simplexes
∇S , ∇Z , respectively, which are functions of Z n−1 , [13],
πn (Z n−1 ) = p(Sn |Z n−1 ),

(1)

ρn (Z n−1 ) = p(Zn |Z n−1 ).

(2)

The random vector πn has elements πn [k] = p(Sn = k|Z n−1 ), and similarly for ρn . The random
vector πn as a function of the random sequence Z n−1 is called information-state [8] since it
encapsulates all the information about state at time n through all past measurements.
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A unified framework for observable, partially observable and hidden Markov processes
Some key properties of the information state πn and ρn that are shared in HMP and POMDP
are preserved and explainable under only existence of a pair of mappings between these variables,
irrespective of the map definitions. The existence of such mappings in fact implies that these
processes can be described by an iterated function system, [13]. We define such a general
framework as an H-process and prove its basic properties. Then we use H-process to characterize
the observability of POMDPs in the sequel.
Definition 1: A pair of correlated processes (S, Z) with finite domain sets S, Z, respectively,
is called an H-process if the sequences πn and ρn defined in (1) and (2) are related by some
mappings ζ : ∇S → ∇Z and η : Z × ∇S → ∇S
πn+1 = η(zn , πn ),

ρn = ζ(πn ).

(3)

We refer to S as the hidden component and Z as the observable component of the H-process.
H-process can also refer to a single process, where the two components S and Z in the above
definition are the same, hence ρn = πn . In other words, a single process Z is an H-process
if ρn defined in (2) recursively satisfies ρn+1 = η̃(zn , ρn ) for a given function η̃. Therefore
H-process can also be seen as a generalization of (observable) Markov process. We note that a
time homogenous process Z is Markov if ρn+1 = η̃(zn ) for a given function η̃.
An example of an H-process is the hidden Markov process, where the mapping ζ, η are
X
πD(z)Q
,
(4)
ζ(πn )[m] =
T [k, m]πn [k],
η(z, π) ,
πD(z)1
k
and D(z) is a diagonal matrix with dk,k (z) = T [k, z], k = 1, 2, .., |S|. In contrast, for a POMDP,
the relationship of the matrices T (a) and Q(a) on the control action implies
ρn = ζan (πn ),
where

ζa (π) = πT (a),

πn+1 = ηan (zn , πn ),
ηa (z, π) ,

πD(z,a)Q(a)
,
πD(z,a)1

(5)

and D(z, a) is a diagonal matrix with dk,k (z) = T (a)[k, z], k = 1, 2, .., |S|. Hence, πn , ρn are
not only functions of Z n−1 but also depend on the sequence of actions an , and if this sequence
is independent of the observations (open loop), then the pair (S, Z) is not an H-process.
For a POMDP, a control policy is a rule, defined by a function w : ∇S → A for choosing
actions based on the belief πn . Having a fixed policy w for selecting actions, i.e: an = w(πn ),
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Equation (5) reduces to ρn = ζw (πn ), πn+1 = ηw (zn , πn ), where ζw and ηw are defined by
ηw (z, π) ,

ζw (π) = πT (w(π)),

πD(z, w(π))Q(w(π))
.
πD(z, w(π))1

(6)

Thus, for a POMDP with a fixed policy w (called a closed loop POMDP), the pair (S, Z) is
an H-process defined by the mappings ηw and ζw . We note that the closed loop POMDP is not
a HMP (which requires that ζ be a linear transformation as in (4)), but they share the basic
properties of H-processes that we explain next. Also, according to relation of the H-process with
complete observable stochastic system that we show later, the closed loop POMDP corresponds
to a (complete observable) Markov decision process with a given decision policy.
1) Markov information state: A key property of an H-process is that the information state πn
is a Markov chain on ∇S . This can be seen from (3) that for an H-process knowing πn , the only
randomness in πn+1 is due to zn , whose distribution is only a function of πn , c.f. p(Zn |Z n−1 ) =
ζ(πn (Z n−1 )). Therefore knowing πn , uniquely defines the distribution of πn+1 , independent of
its prior history. Moreover, knowing πn , according to (3) πn+1 can at most take |Z| different
values, and if these values are distinct, then they have probabilities (ζ(πn ))[l], l = 1, 2..., |Z|,
otherwise the overlapping values have the corresponding sum of probabilities, i.e.: for any n,
X
P r{πn+1 = x′ |πn = x} =
ζ(x)[l].
(7)
l:x′ =η(l,x)

In general, a time homogeneous Markov chain X on a general space X is defined by a transition
probability kernel P (x, B), x ∈ X, B ∈ B(X), (B refers to the Borel sets), where P (x, B) =
P r{xn+1 ∈ B|xn = x}. Extending (7) from singleton set {x′ } to any set B, the transition
probability kernel P (x, B) for the Markov chain πn is
P (x, B) =

|Z|
X

1B (η(l, x))ζ(x)[l],

(8)

l=1

where 1B (·) is the indicator function of B. This kernel encapsulates both the state dynamic and
the measurement characteristics. We show in Section III that the invariant measure of this kernel
characterizes the observability of the hidden component of an H-process through its observable
component.
For a closed loop POMDP with a policy w, the corresponding transition probability for the
information state is

Pw (x, B) =

|Z|
X

1B (ηw (l, x))ζw (x)[l],

(9)

l=1
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which may not necessarily have a unique invariant measure. Nonetheless, by extending the
Kaijser’s result [22], we can show that for a closed loop POMDP with a given policy w, if
for every π the matrices Q(w(π)) and T (w(π)) having non-zero elements, then the transition
probability (9) has a unique invariant measure.
Note that in an H-process if ρn and πn+1 depend also on an action variable an as in ρn =
ζan (πn ), πn+1 = ηan (zn , πn ) through arbitrary functions ηa and ζa , then the Markov property of
information state is still valid, but instead of (8) we have a Markov decision process with the
transition kernel
Pa (x, B) =

|Z|
X

1B (ηa (l, x))ζa (x)[l].

(10)

l=1

In this case the problem of finding a policy w for an = w(πn ) that minimizes
n−1
X
1
E[c(πt )|π0 = x],
n→∞
n
t=0

J(x) = lim

for a given x and cost function c is a (fully observable) Markov decision scheduling problem.
2) Sufficient statistics property for information state: For an H-process we can write
p(Zn |πn , Z n−1 ) = p(Zn |Z n−1 ) = ρn = ζ(πn ),

(11)

where the first equality is due to πn being a function of Z n−1 . Since the right hand side of
(11) is (only) a function of πn (and it is a distribution on Z), the left hand side must be equal
to p(Zn |πn ), i.e: we have shown p(Zn |πn , Z n−1 ) = p(Zn |πn ) = ζ(πn ). This shows that for
estimating the upcoming observation (or its distribution), πn is a sufficient statistics for all the
past observations. By a similar argument we have,
p(Sn |πn , Z n−1 ) = p(Sn |Z n−1 ) = πn = p(Sn |πn ),

(12)

which shows that for estimating the state at time n, πn is a sufficient statistics for the past
measurement before n. This generalizes the sufficient statistic characterization of the information
state that we had for the HMP to any H-process.
Moreover, the sufficient statistics property is valid for πk replacing Z k−1 in estimating Sn for
any k < n. This is by induction and
πn (Z n−1 ) = p(Sn |Zn−1 , Z n−2 ) = η(Zn−1 , πn−1 ) = p(Sn |Zn−1 , πn−1 ),
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i.e.: πn−1 (Z n−2 ) is a sufficient statistic for Z n−2 and can replace Z n−2 as the dependent variables
−1
, so we can also write (1) as
of πn (Zn−1 , πn−1 ). In particular, π0 can replace Z−∞

πn (Z0n−1 , π0 ) = p(Sn |Z0n−1 , π0 ), ∀n > 0.

(13)

3) H-process as a stochastic system: A general stochastic system [19] is defined as
xn+1 = fn (xn , un , dn ),

(14)

yn = hn (xn , vn ),
for given functions fn (·, ·, ·) and hn (·, ·), where xn , un and yn are the state, input and output of
the system, respectively, and dn and vn are independent state and measurement noise variables,
respectively. Specializing this system to time invariant complete observable close loop with a
stationary policy g, i.e: yn = xn , and un = g(xn ), we have
xn+1 = f (xn , g(xn ), dn ) , η(dn , xn ).

(15)

In this special case, the only sources of randomness are the random variables X0 , D0 , D1 , · · · , Dn .
The joint distribution of these variables defines the stochastic system, and if they are independent,
then the state process is Markov [19, p 18]. We see from (15) that an H-process is such
a stochastic system with state of xn = πn and discrete noise component dn = zn , but the
noise components are not independent. Their conditional distribution is a function of state,
c.f. P (Zn |Z n−1 ) = ρn (Z n−1 ) = ζ(πn (Z n−1 )). The Markovian nature of the state is however
established through ρn = ζ(πn ). The dependent variables Z0 , Z1 , · · · , Zn have the following
joint distribution.
P (z0 , z1 , · · · , zn ) = ρ0 [z0 ]ρ1 [z1 ]ρ2 [z2 ] · · · ρn [zn ] = ζ(π0 )[z0 ]ζ(π1 )[z1 ]ζ(π2 )[z2 ] · · · ζ(πn )[zn ].
While for an H-process (S, Z) the S component is partially observable, the H-process representation gives a complete observable model, in particular turning a POMDP into a MDP problem.
Observability of POMDP
We now discuss the observability of POMDPs via the complete observable Markov process πn
characterized in the H-process representation of POMDPs. A policy w that dictates the control
action an based on belief πn in general can be designed for two basic purposes, controllability or
observability of a POMDP. In the controllability problem the aim is to control the state process
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to move it towards more favored states, but in the observability problem the state process is
autonomous and the aim is to dynamically adjust the measuring apparatus to have the best
observation of the state process. Both problems can be defined based on a specific cost function
on the belief space1 ∇S and the aim is to find the optimal policy w on this space that minimizes
the infinite horizon (or discounted) expected cost over time. In the controllability problem,
associated to each state k is a cost β[k] where β ∈ R|S| is a fixed column vector. Hence,
with a belief π on the probability distribution of states, the cost function on ∇S is c(π) = πβ
which is a linear function. The value function, representing the prospective expected cost on
∇S is then a piecewise linear and convex function. Dynamic programming methods such as
value iteration algorithm minimizing this value function yield the optimal action to be taken
at every point π ∈ ∇S , i.e: the optimal policy. Although the problem is intractable for ∇S of
high dimension, methods such as incremental pruning [21] or point-based value iteration [16]
are tractable approximation.
The focus of this paper is the optimal observability of POMDPs. Since the state process is
autonomous, the matrix Q does not depend on the action a, and it is only T that is a function of
a. Moreover, the cost function cannot be a linear function on ∇S . The (positive) cost function
needs to be designed to penalize the belief πn as it moves away from the vertices of ∇S . At the
vertices, the belief about the state is complete certainty, thus incurs zero (minimum) cost. More
specifically, we consider the following definition of the observability problem in this paper.
•

The Optimal Observability Problem for an autonomous POMDP is the optimization problem
over policies w that minimizes the average cost
n−1
X
1
E[c(πt )|π0 = x],
J(x) = lim
n→∞
n
t=0

for any initial belief x, where the cost function is the entropy function, c(π) = h(π), and
πt is the belief Markov process with kernel Pw in (9).
In the optimal observability problem, the optimal policy ensures that as the state process
evolves autonomously, the belief πn in its expectation hops only between the regions close to
1

In a more general setting the cost function can be defined on ∇S × A. This is when we want to avoid, as much as possible,

some specific actions (for other reasons like costly measurement) although they are good in affecting the trajectory of the
intended process.
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the vertices, so the average ambiguity about state (cost) is minimized. This implies the maximum
observability of hidden process from the observed process in the long run.
In [20], the problem of finding an optimal policy for a POMDP for which the control action
only influences the measurement has been considered with a cost function c(π) = 1 − ππ T (T
stands for transpose). This also has zero cost at vertices. By piecewise linear approximation of the
cost function and discounted cost criterion, the problem can be turned into an optimization similar
to the controllability problem, where an approximate and computationally intensive solution can
be obtained using the value iteration algorithm. However this cost function does not relate
to a measure of information, hence it does not provide an information theoretic measure of
observability. Shannon entropy is a natural choice when uncertainty or inversely, observability
needs to be measured. We relate the observability problem with the entropy criteria to the
minimization of a limiting entropy measure that we define in the next section.
III. T HE E STIMATION E NTROPY
The entropy rate of a process Z [18], denoted by ĤZ is the limit of Cesaro mean of the
i-sequence H(Zi |Z0i−1 ) = H(Z0i ) − H(Z0i−1 ), i.e.:
n
1
1X
H(Zi |Z0i−1 ) = lim H(Z0n ).
ĤZ = lim
n→∞ n
n→∞ n
i=1

(16)

Extending the above definition of entropy rate for a single process to a pair of processes, we
define estimation entropy as a limiting entropy measure for an H-process.
Definition 2: The estimation entropy of an H-process (S, Z) is
n
1X
H(Si |Z0i−1 ).
ĤS/Z , lim
n→∞ n
i=1

(17)

We note that if for an H-process (S, Z) the function ζ is one to one and invertible, then the
observable component Z is also an H-process with η̃(zn , ρn ) = ζ(η(zn , ζ −1 (ρn )). Moreover, the
estimation entropy of a single H-process reduces to its entropy rate, c.f. ĤZ/Z = ĤZ . Therefore
estimation entropy, in particular for H-processes can be seen as a generalization of entropy rate
from a single process to a pair of processes.
Since convergence of a sequence αn implies the convergence of its Cesaro mean (i.e: 1/n
to the same limit [18, Theorem 4.2.3], for an H-process
ĤS/Z = lim H(Sn |Z0n−1 ),
n→∞
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when the limits in (18) exist. Similarly, for the entropy rate we had ĤZ = lim H(Zn |Z0n−1 ),
n→∞

when the limit exists, [18]. However, the non-existence of these limits does not mean that the
entropy rate or estimation entropy do not exist. One sufficient condition for the existence of
the limit in (18) is the stationarity of the H-process. This is because in the stationary case the
n-sequences of H(Sn |Z0n−1 ) is non-increasing and positive. Therefore for a stationary H-process
the estimation entropy can also be written as (18).
From (18) (or (17)) we see that the estimation entropy for an H-process is the limit of (running
average of) residual uncertainty about the hidden component under the knowledge of all past
observed process, thus it inversely measures the observability of the hidden process. However,
we also show that under ergodicity conditions the estimation entropy is the long run average
entropy of the belief process. To this end, we need to define and use the following operator for
a given transition probability kernel P on ∇ [17],
Z
f (y)P (x, dy),
P f (x) ,

(19)

∇

for any real-valued bounded measurable function f . The n times repetition of this operator on
a function f is denoted by P n f (x), and it is equal to P n f (x) = E[f (xn )|x0 = x] when xn
evolves by P as a Markov process.
Before presenting the relation between the estimation entropy and the invariant measure of
P , first we obtain a relation between conditional entropy and the above operator of P .
Lemma 1: For any H-process H(Sn |Z0n−1 , π0 = x) = P n h(x), where P is defined by (8) and
h is the entropy function.
Proof: From definition of conditional entropy and (13),
P
H(Sn |Z0n−1 , π0 = x) = z p(Z0n−1 = z|π0 = x)h(p(Sn |Z0n−1 = z, π0 = x)
P
= z p(Z0n−1 = z|π0 = x)h(πn (z, x))

(20)

= E[h(πn )|π0 = x]

= P n h(x).

Theorem 1: For an H-process, if P has unique invariant measure µ, then
Z
n−1
1X t
ĤS/Z = lim
hdµ.
P h=
n→∞ n
∇S
t=0
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Proof: The second equality is the direct result of the mean ergodic theorem [17]. Moreover
according to this theorem the middle expression is a constant independent of x. Assuming the
limit of P n h (n → ∞) exists, it will be equal to that constant, and we have,
lim P n h = lim H(Sn |Z0n−1 , π0 = x) = lim H(Sn |Z0n−1 ),

n→∞

n→∞

n→∞

(22)

where the first equality is from Lemma 1, and the second one is due to the fact that if for a set
of random variables X, Y, Z, the quantity H(Y |Z, X = x) is invariant with x, then H(Y |Z) =
H(Y |Z, X) = H(Y |Z, X = x). The right hand side of (22) is equal to ĤS/Z when the limit
exists.
For an H-process corresponding to a closed loop POMDP with a control policy w, ĤS/Z ,
kernel P and its invariant measure are all functions of policy w, and if the invariant measure of
Pw , denoted by µw exists, then from Theorem 1,
Z
ĤS/Z (w) =

hdµw .

∇S

Since the function h is fixed over ∇S , the invariant measure µw defines the estimation entropy
and hence it characterizes the observability of the system under policy w. Hence the analysis of
observability of a closed loop POMDP boils down to finding the invariant measure of the kernel
P under the control policy.
On the other hand, since P n h(x) = E[h(πn )|π0 = x], from Theorem 1 we see that under
ergodicity condition (existence of a unique invariant measure), the average cost criterion for the
optimal observability problem is the estimation entropy,
1X t
1X
E[h(πt )|π0 = x] = lim
P h = ĤS/Z .
J(x) = lim
n→∞ n
n→∞ n
t=0
t=0
n−1

n−1

(23)

Moreover, this average cost is independent of the initial belief π0 . This also shows the key
property of the estimation entropy as the infinite horizon average uncertainty about the state (or
a hidden) process, so it inversely represents the observability of the state process.
For a closed loop POMDP, under ergodicity of Pw , we write (23) as
ĤS/Z (w) = J(w, x), ∀x.

(24)

The optimal observability problem therefore is minimization of either sides of (24) over policies
w, so it can be viewed either as the minimization of ĤS/Z as a function of w or as it was noted
before the average cost MDP scheduling problem of J(w, x) for any x. This MDP is defined
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by the set of conditional probabilities Pa in (10) where ζa and ηa are defined by (5). We briefly
explain this approach in the next section.
IV. O PTIMUM O BSERVATION P OLICY
Here we formalize the POMDP observability problem with a finite control set as an average
cost MDP scheduling problem. Such an observability problem is uniquely defined by three
integers (M, L, A), an M × M primitive probability matrix Q, and a set of M × L probability
matrices Ta , a = 1, 2, ..., A. The corresponding MDP problem is defined as follows:
•

The Markov decision process evolves on the state space X, where X is the probability
simplex in RM .

•

The admissible action set for any x ∈ X is A = {1, 2, ...A}.

•

The set of conditional probability distributions Pa (x, B), a ∈ A, is defined by (10).

•

For any stationary policy w : X → A the state process X(w) = {Xt (w) : t ∈ Z+} is a
Markov chain with conditional probability Pw (x, B) = Pw(x) (x, B).

•

The average cost of a policy w for a given initial condition x is
N −1
1 X
E[c(Xt (w))|X0 = x],
J(w, x) = lim
N →∞ N
t=0

where the cost function c : X → [0, log(M )] is the entropy function defined by
X
c(x) = h(x) , −
x[m] log x[m].
m

∗

Objective: Find the optimal policy w where J(w∗ , x) ≤ J(w, x) for all polices w and any
initial state x.
As an average cost MDP scheduling problem the objective can be achieved by the policy
iteration algorithm (PIA). The solution w∗ will then be the optimum observation policy. However
since X is not finite, PIA may not convergence. The convergence of this algorithm can be analyzed
using methods from [15] which is beyond the scope of this paper. Alternative approximation
methods such as point-based value iteration [16] can be used for convergence and computational
tractability.
A Numerical Example
We consider a system with 8 states evenly spaced on a circle. Corresponding to each state
there is a binary sensor that when selected indicates if the system is in that state or not, with
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the probability of erroneous indication being Pes . So for sensor i, conditioned that the state is
i, the output will be ’1’ with the probability of 1 − Pes , and ’0’ with the probability of Pes , and
conditioned on state not being i, the opposite will happen. At any given time only one sensor
can be selected for the observation of state. These binary sensors mimic a sensor network setup
for detecting targets passing by the sensors, where for each sensor the probability of false alarm
is Pes and it is equal to one minus the probability of target detection. We consider a Markov
state process with the dynamic that it stays in the same state with probability of 0.9 but can go
to both neighboring states with probability of 0.05 each.
The policy iteration algorithm has been adapted for this optimal observability problem to
obtain a policy that we call it the scheduled sensor selection policy. We have compared this
sub-optimal policy with 3 other heuristic policies in Figure 1, namely, random sensor selection
policy, alternating through all sensors, and only using one sensor. The comparison is in terms
of the achieved estimation entropy as well as probability of the error for MAP estimation of the
state, both at various sensor error probabilities. The results show the efficiency of the scheduled
policy in reducing the estimation entropy and achieving less probability of error as compared
to heuristic policies. As the figures show, this efficiency increases at more accurate sensor
measurements, or less sensor probability of error. The two graphs also show the correspondence
of the estimation entropy with the achievable probability of error in state estimation. Since
estimation entropy inversely relates to the observability of the state process, this correspondence
suggests an interpretation of optimal observability as achieving the least probability of error in
state estimation for a given set of sensors.
V. C ONCLUSION
In this paper we showed the fundamental role of estimation entropy as a new information
theoretic measure in defining the observability for a system. We showed that the optimal closed
loop control of the measuring devices of a system for providing the most flow of information
from the state of the system to the observer is ultimately achieved by minimizing the estimation
entropy over different control policies. The estimation entropy was related to the integral of the
entropy function over the belief space, where the measure for this space is considered to be the
invariant measure of a transition probability kernel. This probability kernel is well defined for
the H-process corresponding to a closed loop POMDP, and under mild conditions the existence
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Fig. 1. Comparison of achieved estimation entropy and the probability of error in state estimation for various sensor selection
policies as functions of sensor reliability

of its unique invariant measure can be verified. Here H-process was defined to capture the core
properties that are shared between the controlled an uncontrolled hidden processes in one hand,
and to represent the closed loop POMDP’s by a fully observable Markov process on the other
hand.
Future extension of this work is possible for general state space models. For continuous
alphabet the belief space is infinite dimensional. Although the belief transition probability kernel
can be formulated, finding the invariant measure on this space is not practical. An alternative
approach for the analysis of the observability of such systems is via the possible relation between
the estimation entropy and the entropy of error in the minimum entropy filter defined in [23].
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