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The Labeled Multi-Bernoulli Filter
Stephan Reuter∗ , Ba-Tuong Vo† , Ba-Ngu Vo† , Klaus Dietmayer∗

Abstract—This paper proposes a generalization of the multiBernoulli filter called the labeled multi-Bernoulli filter that
outputs target tracks. Moreover, the labeled multi-Bernoulli filter
does not exhibit a cardinality bias due to a more accurate
update approximation compared to the multi-Bernoulli filter by
exploiting the conjugate prior form for labeled Random Finite
Sets. The proposed filter can be interpreted as an efficient
approximation of the δ-Generalized Labeled Multi-Bernoulli
filter. It inherits the advantages of the multi-Bernoulli filter in
respect of particle implementation and state estimation. It also
inherits advantages of the δ-Generalized Labeled Multi-Bernoulli
filter in that it outputs (labeled) target tracks and achieves better
performance.
Index Terms—Random finite set, marked point process, conjugate prior, Bayesian estimation, target tracking.

I. I NTRODUCTION
In multi-target tracking, the objective is to jointly estimate
the number of trajectories and their states from a sequence of
noisy and cluttered observation sets. A multi-target system is
fundamentally different from a single-target system in that the
number of states changes with time due to births and deaths
of targets [1], [2], [3]. In addition, existing targets may or may
not be detected and the sensor also receives a set of spurious
measurements (clutter) not originating from any target. As a
result, at each time step the measurement is a collection of
detections, only some of which are generated by targets.
Multi-target tracking is an established subfield of signal
processing with applications spanning many areas such as
radar, sonar [1], computer vision [4], robotics [5], cell biology
[6], vehicle environment perception [7], etc. The three major
approaches to multi-target tracking are Multiple Hypotheses
Tracking (MHT) [1], Joint Probabilistic Data Association
(JPDA) [2], and the Random Finite Set (RFS) framework [3].
MHT and its variations involve the propagation of data association hypotheses in time while the JPDA approach weights
individual observations by their association probabilities. MHT
and JPDA are classical approaches that have dominated the
field of multi-target tracking and are well documented in
[1], [2]. The RFS approach is the latest development that
provides a general systematic treatment of multi-target systems
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by modeling the multi-target state as an RFS. The centerpiece
of the RFS approach is the so-called Bayes multi-target filter
that propagates the posterior density of the multi-target state
recursively in time.
Due to the numerical complexity of the Bayes multi-target
filter, the Probability Hypothesis Density (PHD) [8], Cardinalized PHD (CPHD) [9], and multi-Bernoulli filters [10], [11]
have been developed as approximations. The PHD and CPHD
recursions propagate moments and cardinality distributions
while the multi-Bernoulli filter propagates the parameters of
a multi-Bernoulli distribution that approximate the posterior
multi-target density. Gaussian mixture and particle implementations of these filters have been developed in [10], [12],
[13], [14], [15], [16]. Note that the multi-Bernoulli filter in
[10] operates on point measurements while the multi-Bernoulli
filter in [11] operates on image measurements.
While the PHD and CPHD filters are synonymous with
the RFS approach, the lesser known multi-Bernoulli filters
are more useful in problems that require particle implementations or object individual existence probabilities. Formal
convergence results for the particle multi-Bernoulli filter were
established in [17]. Unlike the particle PHD and CPHD filters,
the particle multi-Bernoulli filter does not require additional
processing for extracting the multi-target state estimate. A
number of extensions to the multi-Bernoulli filter have been
considered in [18], [19], [20], [21], [22], [23]. The multiBernoulli filter has been applied to tracking in sensor networks
[24], [25], [26], [27], [28], [29], tracking from audio and video
data [30], as well as visual tracking and cell tracking [31], [6],
[32]. Hybrid multi-Bernoulli and Poisson multi-target filters
were also considered in [33].
This paper proposes a generalization of the multi-Bernoulli
filter called the labeled multi-Bernoulli filter (LMB) that offers
two important advantages. The multi-Bernoulli filter does not
formally accommodate target tracks, and assumes high signal
to noise ratio, i.e. high detection probability and low clutter,
which is quite restrictive in real applications. On the other
hand, by utilizing the labeled RFS formulation [34], [35], the
proposed LMB filter formally estimates target tracks and does
not require high signal to noise ratio. The proposed LMB
filter also does not exhibit the so called “spooky effect” [36],
a phenomenon present in the CPHD filter due its use of an
i.i.d. cluster approximation, which causes a redistribution of
target masses within the PHD when missed detections are
encountered. In addition, we propose a dynamic grouping procedure which drastically reduces execution time by enabling
parallelization, as well as an adaptive birth model that obviates
the need for a static a priori specification. The proposed filter
can also be interpreted as an efficient approximation of the
δ-GLMB filter in [34], [35] (empirical results in this paper
show orders of magnitude increase in speed) as well as an
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improved approximation compared to the multi-Bernoulli filter
in [10]. It thus inherits the advantages of the multi-Bernoulli
filter with straightforward particle implementations and state
estimation. It also inherits the advantages of the δ-GLMB filter
in that it outputs target tracks and gives better performance.
The disadvantage is the higher computational cost (than the
multi-Bernoulli filter in [10]), which is at worst cubic in the
number of measurements. In contrast, classical approaches
such as MHT and JPDA are generally NP-hard.
The paper is organized as follows. In Section II, we review
the necessary background material on RFS and the Bayes
multi-target filter. Section III then establishes the basic results
which underpin the time prediction and data update steps of
the proposed labeled multi-Bernoulli filter. Section IV then
gives a full description of the filter implementation, including
grouping, gating, and adaptive birth strategies. Section V then
presents numerical results and comparisons with existing RFS
filters, as well as a challenging scenario with over one hundred
targets. Section VI presents concluding remarks.
II. BACKGROUND
This section provides a brief review of multi-Bernoulli
and generalized labeled multi-Bernoulli RFS necessary for
the results of this paper. For further details on mathematical
proofs, intuitive interpretations, modeling, analysis and numerical implementation, we refer the reader to [34], [35] and the
accompanying report [37].
A. Bayes Multi-Target Filter
The Bayes multi-target filter [3] is a rigorous extension
of the Bayes (single-target) filter to multi-target states using
RFSs. An RFS is a finite-set-valued random variable, i.e. it
consists of a random number of points, which are unordered,
and whose individual states are random (usually random
vectors). Thus, instead of a single-target state vector x ∈ X, a
finite set of state vectors X ⊂ X, is used in the Bayes multitarget filter.
If the multi-target prior is distributed according to π(X),
the multi-target posterior is given by
π(X|Z) = R

g(Z|X)π(X)
g(Z|X)π(X)δX

(1)

where the integral in the denominator is a set integral defined
by
Z
Z
∞
X
1
f (X)δX =
f ({x1 , ..., xi })d(x1 , · · · , xi ).
i! Xi
i=0
The multi-target posterior contains all information about the
number of targets and their current states given the current
set of measurements Z ⊂ Z. The multi-target likelihood function g(Z|X) models the measurement process of the sensor.
In addition to the measurement noise, g(Z|X) incorporates
detection and data association uncertainty as well as clutter
or false alarms in the following sense. Given a multi-target
state X, the measurement set Z is obtained by generating
detections and clutter. Each state x ∈ X is detected with
probability pD (·), and conditional upon detection generates a
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measurement z ∈ Z according to the single-target likelihood
g(z|x), while clutter is assumed to follow a Poisson process
with intensity function κ(·) defined on Z. Thus g(Z|X) is
the probability density for a conditional observation and is
completely parameterized by pD , g(z|x) and κ.
In order to update the multi-target posterior distribution with
the next set of measurements, the distribution is predicted
to the time of the next observation using the multi-target
Chapman-Kolmogorov equation [3]
Z
π+ (X+ ) = f (X+ |X)π(X)δX.
(2)
The multi-target Markov transition density f (X+ |X) models
the evolution of the multi-target state incorporating the motion
of the objects in addition to target births and deaths in the
following sense. Given a multi-target state X, the predicted
set X+ is obtained by generating survivals and births. Each
state x ∈ X survives or persists with probability pS (·), and
conditional upon survival transitions to a new state x+ ∈ X+
according to the single-target transition f (x+ |x), while births
are assumed to follow a multi-Bernoulli process πB specified
(`) (`)
by a set of birth probabilities and initial tracks {rB , pB (x)}.
Thus f (X+ |X) is the probability density of a transition and
is completely parameterized by pS , f (x+ |x) and πB .
B. Notation
In this paper, single-target states are denoted by small letters
(e.g. x) and multi-target states are denoted by capital letters
(e.g. X). In order to distinguish labeled states and distributions
(see II-D) from unlabeled ones, bold face letters are used for
labeled ones (e.g. x, X, π). Additionally, blackboard bold
letters represent spaces, e.g. the state space is represented by
X and the measurement space by Z. The collection of all finite
subsets of X is denoted by F(X) and Fn (X) denotes all finite
subsets with exactly n elements.
For notational convenience, several abbreviations are used
throughout the paper. The inner product is denoted by
Z
hf, gi , f (x)g(x)dx.
We use the multi-object exponential notation
Y
hX ,
h(x)

(3)

x∈X

for real-valued functions h, with h∅ = 1 by convention.
In order to support arbitrary arguments like sets, vectors and
integers, the generalized Kronecker delta function is given by

1, if X = Y
δY (X) ,
0, otherwise.
and the inclusion function is given by

1, if X ⊆ Y
1Y (X) ,
0, otherwise.
If X is a singleton, i.e. X = {x}, the notation 1Y (x) is used
instead of 1Y ({x}).
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C. Multi-Bernoulli RFS
A Bernoulli RFS X is empty with a probability of 1 − r
or is a singleton with probability r with a spatial distribution
p(·) on the state space X. Its cardinality distribution follows
a Bernoulli distribution with parameter r and its probability
density is given by [3, p. 368]

1−r
X = ∅,
π(X) =
(4)
r · p(x) X = {x}.
A multi-Bernoulli RFS X is given by theSunion of the M
M
independent Bernoulli RFSs X (i) , i.e. X = i=1 X (i) , and is
(i) (i) M
completely defined by the parameter set {(r , p )}i=1 . The
probability density of a multi-Bernoulli RFS is given by [3,
p. 368]
π({x1 , ..., xn }) =

M 
Y


1 − r(j) ×

j=1

X
1≤i1 6=...,6=in

n
Y
r(ij ) p(ij ) (xj )
,
1 − r(ij )
≤M j=1

(5)

The form of the density can be interpreted as follows. The sum
is taken over all permutations of n ≤ M of the M constituent
Bernoulli RFSs. The numerator of the products within the
sum is the probability density that the Bernoulli components
with indices i1 , ..., in generate the realizations x1 , ..., xn . The
leading constant then cancels with the divisors inside the sum
to give the probability that the leftover Bernoulli components
with indices 1, ..., M −i1 , ..., in generate null realizations ∅. In
the following, the abbreviation π = {(r(i) , p(i) )}M
i=1 is adopted
for the probability density. Further, the cardinality distribution
of a multi-Bernoulli RFS is given by neglecting the spatial
distribution in (5):
ρ(n) =

M 
Y
j=1

1 − r(j)



X
1≤i1 6=...,6=in

n
Y

r(ij )
.
1 − r(ij )
≤M j=1

(6)

D. Labeled Multi-Bernoulli RFS
In this work, a state x ∈ X is augmented by a label ` ∈ L
in order to be able to estimate the identity or trajectory of a
single target in a multi-target scenario. The labels are usually
drawn from a discrete label space L= {αi : i ∈ N}, where
all αi are distinct and the index space N is the set of positive
integers.
The following convention is adopted in respect of target
labels and label spaces. Labels for individual targets are
ordered pairs of integers ` = (k, i), where k is the time
of birth, and i ∈ N is a unique index to distinguish new
targets born at the same time. Target labels are thus unique
and static. The label space for new targets born at time k,
denoted as Lk , is then {k} × N. A new target born at time
k, has state x ∈ X×Lk . The label space for all targets at
time k (survivals and births), denoted as L0:k , is constructed
recursively by L0:k = L0:k−1 ∪ Lk . Where no confusion arises
the abbreviation L , L0:k is used for compactness.
The notion of labeled random finite sets is introduced in
[35]. A labeled RFS with state space X and label space L is
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simply an RFS on X×L with distinct labels, that is, a finiteset-valued random variable on X×L such that all realizations
of labels are unique.
The set of labels of a labeled RFS X is given by L(X) =
{L(x) : x ∈ X} , where L : X×L → L is the projection
defined by L((x, `)) = `. For each realization X of a labeled
RFS, the labels must be distinct, i.e. |L(X)| = |X|, where | · |
denotes the cardinality of a set. The distinct label indicator
(7)

∆(X) = δ|X| (|L(X)|)

is used to ensure distinct labels. By projecting a labeled
RFS from X × L into X, its unlabeled version is obtained.
A key characteristic of a labeled RFS is that its cardinality
distribution is equivalent to the cardinality distribution of its
unlabeled version.
Like a multi-Bernoulli RFS, a labeled multi-Bernoulli
(LMB) RFS is completely described using a parameter set
{(r(ζ) , p(ζ) ) : ζ ∈ Ψ} with index set Ψ. If a single Bernoulli
component (r(ζ) , p(ζ) ) returns a non-empty set, a label α(ζ)
is attached, where for simplicity it is assumed that α : Ψ → L
is a 1-1 mapping. A procedure for sampling from a labeled
multi-Bernoulli RFS can be found in [35].
Since α is a 1-1 mapping, the labels of a labeled multiBernoulli RFS are distinct. The density of the labeled multiBernoulli RFS on the space X×L is given by

Y
π ({(x1 , `1 ), ..., (xn , `n )}) = δn (|{`1 , ...`n }|)
1−r(ζ) ×
ζ∈Ψ
(α−1 (`j )) (α−1 (`j ))

n
Y

1α(Ψ)(`j )r
p
−1 (` ))
(α
j
1−r
j=1

(xj)

,

(8)

and for convenience the abbreviation π = {(r(ζ) , p(ζ) )}ζ∈Ψ
will also be used for the density of an LMB RFS.
Although the formulation of a labeled Multi-Bernoulli RFS
allows for a general mapping α for the labels, in this work
we will assume that α is an identity mapping in order to
simplify notations. Thus superscripts for component indices
correspond directly to the label in question. The density of
an LMB RFS with parameter set π = {r(`) , p(`) }`∈L is given
more compactly by
π(X) = ∆(X)w(L(X))pX

(9)

where
w(L)
p(x, `)

=

Y
i∈L
(`)

= p

1 − r(i)

 Y 1 (`)r(`)
L
,
1
− r(`)
`∈L

(x).

(10)
(11)

E. Generalized Labeled Multi-Bernoulli RFS
A generalized labeled multi-Bernoulli (GLMB) RFS [35] is
a labeled RFS with state space X and (discrete) label space L
distributed according to
h
iX
X
π(X) = ∆(X)
w(c) (L(X)) p(c)
(12)
c∈C
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where C is a discrete index set. The weights w(c) (L) and the
spatial distributions p(c) satisfy the normalization conditions
XX
w(c) (L) = 1,
(13)
L⊆L c∈C

Z
p

(c)

1.

(14)

The labeled multi-Bernoulli RFS distributed by (8) is a
special case of the generalized labeled multi-Bernoulli RFS
with
p(c) (x, `)
w(c) (L)

= p(`) (x)
 Y 1 (`)r(`)
Y
L
1 − r(i)
=
1
− r(`)
i∈L
`∈L

comprising a single component in which case the superscript
(c) is omitted.
Intuitively, and in the context of multi-target tracking, the
fundamental difference between a GLMB and LMB process
is that of a mixture versus single component representation.
The sum over c ∈ C in the definition of the GLMB process
facilitates the propagation of multiple “hypotheses”, involving different sets of track labels, which arises due to data
association uncertainty seen in the update step of the Bayes
multi-target filter. With only a single component as in the
definition of the LMB process, it is only possible to propagate
the uncertainty for a single set of track labels L, although this
can be exploited for computational savings.
F. δ-Generalized Labeled Multi-Bernoulli RFS
A δ-generalized labeled multi-Bernoulli (δ-GLMB) RFS
[35] with state space X and (discrete) label space L is a special
case of a generalized labeled multi-Bernoulli RFS with
C = F(L) × Ξ
w (L) = w(I,ξ) δI (L)
p(c) = p(I,ξ) = p(ξ)
(c)

where Ξ is a discrete space, ξ are realizations of Ξ, and I
denotes a set of track labels. In target tracking applications,
the discrete space Ξ typically represents the history of track
to measurement associations. A δ-GLMB RFS is thus a
special case of a GLMB RFS but with a particular structure
on the index space which arises naturally in target tracking
applications. The δ-GLMB RFS has density
X

π(X) = ∆(X)

h
iX
w(I,ξ) δI (L(X)) p(ξ) . (15)

(I,ξ)∈F (L)×Ξ

and its cardinality distribution is given by
X
X
ρ(n) =
w(I,ξ) δI (L)
(I,ξ)∈F (L)×Ξ L∈Fn (L)

=

The PHD of the corresponding unlabeled RFS is given by
X
X
X
v(x) =
p(ξ) (x, `)
1L (`)w(I,ξ) δI (L)

X
(I,ξ)∈Fn (L)×Ξ

w(I,ξ) .

(16)

L⊆L

(I,ξ)∈F (L)×Ξ `∈L

=
(x, `)dx =

4

X

X

w

(I,ξ)

1I (`)p(ξ) (x, `).

(17)

`∈L (I,ξ)∈F (L)×Ξ

Due to the inclusion function 1I (`), each summand of the
inner sum of (17) is zero if track ` is not included in the set
of track labels I. The inner sum thus represents the PHD of
track `. The existence probability for a track ` may be obtained
by the sum of the weights of the corresponding joint label set
and discrete index pairs (with the latter herein referred to as
a “hypothesis”)
X
r(`) =
w(I,ξ) 1I (`).
(I,ξ)∈F (L)×Ξ

III. P REMISE OF THE L ABELED M ULTI -B ERNOULLI
F ILTER
In [10], an approximation to the Bayes multi-target filter
was proposed based on approximating the posterior as a
multi-Bernoulli RFS. Track labels were assigned to individual
components by post processing in order to estimate target
trajectories. Although the time prediction step was exact,
the data update approximated the posterior via the probability generating functional (PGFl) in two steps. The first
approximation expresses the posterior PGFl as a product of
legacy and updated terms which are not necessarily in multiBernoulli form (see eq. (18) in [10]). The second approximation chooses a multi-Bernoulli PGFl that matches the posterior
cardinality mean of the first PGFl approximation (see Section
III-C in [10]). This two stage approximation resulted in a
computationally inexpensive multi-target tracking filter which
was based on the assumption of a high signal-to-noise ratio
for sensor detections. Although performance was accurate in
such situations, a significant cardinality bias was observed
in harsher signal environments, due mainly to the first PGFl
approximation.
In [35], it was shown that the δ-GLMB density is closed
under the multi-target prediction and update operations. This
result was used to develop a δ-GLMB filter which formally
produces tracks. Moreover the only approximation used was
a direct truncation of the multi-target posterior rather than
approximating the multi-target PGFl. The only disadvantage
is that the tracking filter exhibits an exponential growth in
the number of posterior components. Tractable techniques for
truncating the posterior and prediction densities were proposed
based on the k-shortest paths [38], [39] and ranked assignment
algorithms [40]. The resultant δ-GLMB filter outperforms the
CPHD and multi-Bernoulli filters but is more computationally
expensive. See [35] for full details.
Using labeled multi-Bernoulli RFSs we can exploit the
intuitive mathematical structure of the multi-Bernoulli RFS,
without the weaknesses of the multi-Bernoulli filter, which
are that it does not formally produce track estimates and
exhibits cardinality bias. The premise of the proposed labeled
multi-Bernoulli (LMB) filter is the approximation of the

PREPRINT: IEEE TRANS. SIGNAL PROCESSING, Vol. 62, No. 12, pp. 3246-3260, 2014.

predicted and posterior densities in (1)-(2) as a labeled multiBernoulli process given by (9). The number of components
for a δ-GLMB representation grows exponentially, whereas
the growth is linear for an LMB representation. Compared
to the multi-Bernoulli filter, a suitable LMB approximation is
much more accurate, with an exact match of the first posterior
moment and hence no cardinality bias. In this section we
derive the exact time prediction step and the approximate
measurement update. These results are used in the following
section to describe the full implementation of the labeled
multi-Bernoulli filter.
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in (29) can be factorized into a product, and consequently
written as the weight of an LMB, via the following Lemma.
Lemma 1
 (·) I
r
(1 − r(·) )L ηSL X
I
=
(1 − ηS )
L
(1 − ηS )
1 − r(·)
I⊇L
 (·)
L
r ηS
(·)
L
(1 − r ηS )
(30)
1 − r(·) ηS
Proof: Let
f (L) (I) = (1 − r(·) )L ηSL

A. Prediction
Note from [35] that the GLMB (and δ-GLMB) density is
closed under the prediction step, albeit the number of terms in
the predicted GLMB expression grows exponentially. While
an LMB is a special case of a GLMB (with one term) it is
not necessarily true that the prediction of an LMB density is
still an LMB density. Indeed, suppose that the prior and birth
are both LMBs:
=

∆(X)w(L(X))pX

π B (X)

=

∆(X)wB (L(X)) [pB ]

X

(19)

where
=

Y

1 − r(i)

i∈L

wB (L)
p(x, `)
pB (x, `)

=

Y
i∈B
(`)

(i)

1 − rB

 Y 1 (`)r(`)
L
,
1
− r(`)
`∈L
 Y 1 (`)r(`)
B
B
(`)

`∈L

1 − rB

,

1 − ηS (`) (L)
f (I)
ηS (`)
r(`) − r(`) ηS (`) (L)
f (I)
=
r(`) ηS (`)
1 − r(`) (L)
f (I).
f (L\{`}) (I\{`}) = (`)
r ηS (`)

then it follows from Proposition 8 of [35], that the prediction
of an LMB is a GLMB with state space X and (finite) label
space L+ = B ∪ L ( L ∩ B = ∅) given by
X+

Hence, adding the two expressions above gives
1 − r(`) ηS (`) (L)
f (I). (34)
r(`) ηS (`)

(24)

where
(25)
(26)
(27)
(28)
(29)

I⊇L

pS (x, `) is the state dependent survival probability, ηS (`) is
the survival probability of track `, and f (x|x0 , `) is the single
target transition density for track `.
Note that wB (L) is the weight of an LMB. However, the
weight of the prediction density w+ (I+ ) in (25) does not
necessarily satisfy that of an LMB because the term wS (L)
given by (29) consists of a sum over the supersets of L rather
than a product over L of the form (20). Remarkably, the sum

(35)

I⊇{`1 ,...,`n }

since the only sets which contain {`1 , ..., `n−1 } are those sets
I which contain {`1 , ..., `n } and
P the sets I\{`n }.
Now the LHS of eq (30) is I⊇L f (L) (I) which we denote
by f (L). To prove the lemma we show that f (L) is equal to
the RHS by induction. The lemma holds for L = L. Assume
the result holds for some L = {`1 , ..., `n }. Then
X
f (L\{`n }) =
f (L\{`n }) (I)
I⊇L\{`n }

i
Xh
=
f (L\{`n }) (I) + f (L\{`n }) (I\{`n })
w+ (I+ ) = wB (I+ ∩ B)wS (I+ ∩ L)
p+ (x, `) = 1L (`)p+,S (x, `) + 1B (`)pB (x, `)
hpS (·, `)f (x|·, `), p(·, `)i
p+,S (x, `) =
ηS (`)
ηS (`) = hpS (·, `), p(·, `)i
X
wS (L) = [ηS ]L
[1 − ηS ]I−L w(I)

(33)

I⊇{`1 ,...,`n−1 }

(23)

(31)

(32)

(21)

= pB (x),

π + (X+ ) = ∆(X+ )w+ (L(X+ )) [p+ ]

.

Note also that for any function g : F(L) → R
X
X
g(I) =
[g(I) + g(I\{`n })]

(22)

(`)

I

(20)

(x),

= p

r(·)
1 − r(·)

f (L\{`}) (I) =

f (L\{`}) (I)+f (L\{`}) (I\{`}) =
w(L)



Then for any ` ∈ L,

(18)

π(X)

(1 − ηS )I
(1 − ηS )L

(by (35))

I⊇L


=

1 − r(`n ) ηS (`n )
r(`n ) ηS (`n )

X

f (L) (I)

(by 34)

I⊇L


 (·)
L
1 − r(`n ) ηS (`n )
r ηS
(·)
L
=
(1 − r ηS )
r(`n ) ηS (`n )
1 − r(·) ηS
 (·)
L\{`n }
r ηS
= (1 − r(·) ηS )L
1 − r(·) ηS


where the second to last line follows from the assumption.
Hence the Lemma holds by induction.
Proposition 2 Suppose that the multi-target posterior density
is an LMB RFS with state space X, (finite) label space L, and
parameter set π = {r(`) , p(`) }`∈L , and that the multi-target
birth model is an LMB RFS with state space X, (finite) label
(`) (`)
space B, and parameter set π B = {rB , pB }`∈B , then the
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multi-target predicted density is also an LMB RFS with state
space X and finite label space L+ = B ∪ L (with L ∩ B = ∅)
given by the parameter set
n
o
n
o
(`)
(`)
(`) (`)
π+ =
r+,S , p+,S
∪ rB , pB
,
(36)
`∈L

`∈B

where
(`)

= ηS (`)r(`) ,

(37)

(`)

= hpS (·, `)f (x|·, `), p(·, `)i /ηS (`),

(38)

r+,S
p+,S

Proof: Enumerate the labels L ={`1 , ..., `M } and rewrite
the weight wS (L) in eq (29), in the following form:
X
X
1I (L)f (L) (I) =
f (L) (I),
wS (L) =
(39)

f

(I)

=

(1 −

(I+ ,θ)∈F (L+ )×ΘI+

p(`) (x) =

w

(I+ ,θ)

(Z) ∝

p(θ) (x, `|Z) =

1

r(·) )L ηSL

(1 − ηS )I
(1 − ηS )L



r(·)
1 − r(·)

I

 Y 1 (`)r(`) η (`)
L
S
1 − r(i) ηS (i)
(`) η (l)
1
−
r
S
i∈L
`∈L
L
 (·)
r ηS
= (1 − r(·) ηS )L
.
1 − r(·) ηS

X

w(I+ ,θ) (Z)1I+ (`)p(θ) (x, `),

r(`)
(I+ ,θ)∈F (L+ )×ΘI+

(43)

(θ)
w+ (I+ )[ηZ ]I+ ,

p+ (x, `)ψZ (x, `; θ)
(θ)

(44)
(45)

,

ηZ (`)
(θ)

.(40)

Then by the above Lemma
wS (L) =

Proposition 4 Suppose that the multi-target predicted density
is an LMB RFS with state space X, (finite) label space L+ ,
(`) (`)
and parameter set π + ={r+ , p+ }`∈L+ . The LMB RFS that
matches exactly the first moment of the multi-target posterior
density is π(·|Z) = {(r(`) , p(`) (·))}`∈L+ where
X
w(I+ ,θ) (Z)1I+ (`),
r(`) =
(42)

I⊇L

I⊆L
(L)

6

Y

(41)

Hence, the
 LMB RFS
 due to the weight wS (L) has com(`)
(`)
ponents r+,S , p+,S , ` ∈ L, given by (37)-(38). Since the
weights wB (I+ ∩ B) and wS (I+ ∩ L) have the form of an
LMB weight, it follows that w+ (I+ ) = wB (I+ ∩B)wS (I+ ∩L)
also has the form of an LMB weight. Consequently the LMB
components for then
prediction o
density are given by the birth
(`) (`)
LMB components
rB , pB
and the survival LMB
`∈B
n
o
(`)
(`)
components
r+,S , p+,S
are given by (37)-(38).
`∈L

Remark 3 The multi-target prediction for an LMB process
actually coincides with performing the prediction on the
unlabeled process and interpreting the component indices as
track labels. Thus to perform the LMB filter prediction it is
sufficient to predict the parameters forward according to (36)
which is identical to the prediction for the multi-Bernoulli
filter. This result is used later in implementations.

ηZ (`) = hp+ (·, `), ψZ (·, `; θ)i ,
(
pD (x,`)g(zθ(`) |x,`)
, if θ(`) > 0
κ(zθ(`) )
ψZ (x, `; θ) =
qD (x, `),
if θ(`) = 0

While the LMB family is closed under the prediction
operation, it is not closed under the update operation. In this
section we derive an LMB approximation of the posterior
multi-target density. Inspired by the multi-Bernoulli filter, we
seek the LMB approximation that matches the first moment of
the multi-target posterior density [10]. The key advantage of
the LMB update is that it only involves one approximation
of the multi-target posterior density. In contrast the multiBernoulli filter requires two approximations on the multi-target
posterior probability generating functional [10]. Consequently,
apart from producing target tracks, the proposed LMB filter is
superior to the multi-Bernoulli filter.

(47)

and ΘI+ is the space of mappings θ : I+ → {0, 1, ..., |Z|},
such that θ(i) = θ(i0 ) > 0 implies i = i0 . Here, pD (x, `) is
the detection probability at (x, `), qD (x, `) = 1 − pD (x, `)
is the probability for missed detection at (x, `), g(z|x, `) is
the single target likelihood for z given (x, `), and κ(·) is the
intensity of Poisson clutter.
Proof: Write the LMB prediction density in δ-GLMB
form as
X
π + (X) = ∆(X)
w+ (I+ )δI+ (L(X))pX
(48)
+.
I+ ∈F (L+ )

Using the result from [35], the multi-target posterior is a δGLMB RFS with state space X and (finite) label space L+
(and Ξ = ΘI+ ) simplifies to
π(X|Z) = ∆(X)
X

h
iX
w(I+ ,θ) (Z)δI+ (L(X)) p(θ) (·|Z) .

(I+ ,θ)∈F (L+ )×ΘI+

(49)

The (unlabeled) PHD of the full posterior is given by
X
X
v(x) =
w(I+ ,θ) (Z)
p(θ) (x, `)
(I+ ,θ)∈F (L+ )×ΘI+

B. Update

(46)

(50)

`∈I+

which can be interpreted as a weighted sum of the PHD of all
individual tracks. Thus, the full posterior can be interpreted
as containing track distributions weighted by their existence
probability. Summing over all component weights for an
individual track label gives the existence probability for an
individual track, and similarly summing over all spatial distributions containing an individual track label gives the spatial
distribution for an individual track. Comparing the above
expression with the unlabeled PHD for the proposed LMB
approximation, it can be easily seen that both are identical.
Hence the proposed LMB approximation matches the original
posterior in terms of its decomposition into individual tracks
as well as in the unlabeled first moment or the PHD.
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Remark 5 Since the PHD mass gives the mean number
of targets (mean cardinality), the mean cardinality of the
LMB approximation is identical to that of the full posterior.
However, the cardinality distributions themselves differ, since
the cardinality distribution of the LMB approximation follows
the one for a multi Bernoulli RFS (6) while the cardinality distribution of the full posterior is given by (16). Although there
are many possible choices of approximate LMB posteriors, our
particular approximation admits an intuitive interpretation.
Our choice best approximates the original distribution in the
sense that it preserves the estimated spatial densities of each
track and matches exactly the first moment.
Remark 6 Compared to the update step of the multi-Bernoulli
filter in [10], the LMB filter update does not involve approximation of the posterior PGFl. Instead, we directly approximate
the posterior multi-target density by exact moment matching.
Compared to the update step of the δ-GLMB filter which propagates a large sum of multi-target exponentials, the LMB filter
update only propagates one component which approximates
the former sum.

7
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x

Fig. 2. LMB representation of the δ-GLMB in Figure 1. Each track is
represented by a mixture of Gaussians and its existence probability.
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C. Discussion
We briefly illustrate via an example the net effect of an
LMB approximation. Figure 1 gives a simple example of a δGLMB of two tracks with labels `1 and `2 . The δ-GLMB
represents all possible hypothesis with their corresponding
weights. Figure 2 illustrates the result of conversion to an
w
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Fig. 3. δ-GLMB representation of all possible hypotheses for two track labels
`1 and `2 obtained by the conversion of the LMB representation shown in
Figure 2.
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and hence the cardinality distribution is also different. Further,
the spatial distribution for each label ` is identical in each
of the hypotheses and is given by the weighted sum of the
distributions containing the label ` in the original process. Both
effects are due to the approximation of the original δ-GLMB
to LMB form.

10

x

Fig. 1. δ-GLMB representation of all possible hypotheses for two track
labels `1 and `2 . The upper plot represents the empty state space, the plots
in the middle correspond to the case that exactly one target exists, and the
plot at the bottom represents the existence of both targets.

approximate LMB process. Figure 3 shows the result of
converting the approximate LMB process in Figure 2 back to
δ-GLMB form. Observe that the coefficients are now different

IV. I MPLEMENTATION OF THE L ABELED
M ULTI -B ERNOULLI F ILTER
The proposed labeled multi-Bernoulli (LMB) filter is an
approximation to the full posterior recursion (49). At a conceptual level, the resultant recursion operates as shown in Figure
4 and is explained as follows.
It is possible to apply the LMB update directly. However,
the LMB form further allows for the construction of so called
‘groups’ containing only closely spaced targets and their asso-

grouping

prediction
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the grouping process. We also propose a basic track estimation
procedure and an adaptive birth distribution strategy to ensure
robustness to choice of birth models.

π

birth model

LMB prediction

A. Prediction

π+
Z

Suppose that the posterior is an LMB distribution with state
space X and (finite) label space L with parameters
n
o
π=
r(`) , p(`)
,

gating & grouping
(1)

(N )

L+ , Z (1)

8

L+ , Z (N )

`∈L

LMB→ δ-GLMB

LMB→ δ-GLMB

(1)

(N )

π+

π+

parallel updates

δ-GLMB-update

δ-GLMB-update

π (1)

π (N )

δ-GLMB→LMB

δ-GLMB→LMB
π
e(N )

π
e(1)
π
e(1) ∪ · · · ∪ π
e(N )
π
e
track management

X̂

π
e

Fig. 4.

LMB filter schematic.

ciated measurements, which can then be exploited for significant computational reduction as well as for parallel calculation.
Target grouping is based on a standard gating procedure which
also partitions the measurement set, resulting in groups of
targets and measurements which can be considered statistically
independent [41]. Each resultant group is usually much smaller
than the entire multi-target state and measurement, and can
then be updated in parallel, which is usually much simpler
and faster than updating the entire multi-target state as a single
group. The update for each group is performed by expanding
the LMB prediction into δ-GLMB form, and performing a
standard δ-GLMB update resulting in a δ-GLMB posterior.
The posterior for each group is then collapsed to a matching
LMB approximation after which groups are recombined and
the recursion continues. This proposed implementation applies
to both Gaussian Mixture and Sequential Monte Carlo based
representations for the underlying single target densities. The
filter is explained in full detail in the following subsections.
The advantage of the proposed LMB approximation is
that it exploits the benefit of the full update, but allows
principled tractable approximations which preserves the target
tracks interpretation. Compared to the multi-Bernoulli filter,
the LMB approximation is more expensive but more accurate
with no cardinality bias. For notational convenience, we will
not distinguish between a random finite set and its realization
throughout this section.
In this section we first describe the basic prediction, target
grouping, and parallel update steps of the LMB filter. We then
briefly analyse the target grouping procedure which enables
parallel execution of the update step and the error incurred in

then the prediction to the time of the next measurement follows
an LMB distribution (36) with state space X and (finite) label
space L+ = L ∪ B given by
n
o
n
o
(`)
(`)
(`) (`)
π+ =
r+,S , p+,S
∪ rB , pB
,
`∈L

`∈B

where the first LMB RFS represents the surviving labeled
Bernoulli tracks of the previous time step given by (37), (38)
and the second one represents the labeled multi-Bernoulli birth
components which are specified a priori. For the surviving
tracks, the predicted label is the same as the previous label, and
the predicted existence probability and spatial distribution are
reweighted by the survival probability and transition density.
For the new birth tracks, the labels ` ∈ B are new distinct
labels.
B. Grouping and Gating
Given the prediction in LMB form, it is possible to apply
the full δ-GLMB update directly, and then collapse back to
a matching LMB approximation, as outlined in the previous
section. However, it is more efficient to exploit the spatial
groupings of targets and measurements which enables updates
to be performed for each group in parallel. This results
in a drastic reduction in computation times with a slight
compromise in accuracy.
The intuition behind this additional approximation is that the
predicted LMB parameters can be partitioned into mutually exclusive subsets which have negligible influence on each other
during the update. This is the case when each of the partitioned
label subsets is well separated spatially as determined by
gating of the measurements. Thus, the proposed approximation
works best when the birth distribution has reasonably small
covariances. Small covariances can be ensured by assuming
static birth locations or using a measurement driven birth
model as described later in this section.
We now describe a simple and efficient procedure for generating a suitable partition of the predicted LMB parameters and
the received measurement set. Figure 5 conceptually illustrates
the proposed partitioning scheme. Target groups are formed
based on targets which share at least one measurement. Note
that a group may have no associated measurement.
(1)
(N )
Let {L+ , . . . , L+ } be a partition of the label set L+ =
L ∪ B, i.e.
N
[
(n)
L+ =
L+
n=1
(n)
L+

(m)
L+

where
∩
= ∅ for n 6= m. The partitioning of
the predicted labels is determined based on the proximity of
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9

is obtained. Consequently, the predicted multi-target density
can be rewritten as

1,000

750

500

π+ =

(i)

(55)

π+

i=1

250

y

N
[

comprising the target groups
n
o
(i)
(`) (`)
π+ =
r+ , p+

0

−250

(56)

(i)

`∈L+

−500
−750

C. Parallel Group Updates

−1,000
−1,000−750 −500 −250

0

250

500

750

1,000

x

Fig. 5. Partitioning example: dashed rectangles illustrate the three partitions
obtained for five tracks (red square) and nine measurements (black star).

received measurements Z which is accordingly partitioned into
{Z (0) , Z (1) , . . . , Z (N ) }, i.e.
Z=Z

(0)

∪

N
[

1) Representation of the predicted LMB as δ-GLMB: Since
the predicted multi-target density for each group is an LMB
of the form (55), recall from section III that it is necessary
to express the predicted density in δ-GLMB form, in order to
apply the data update. The predicted δ-GLMB (48)for the i-th

(i)
group of (target) labels and measurements G (i) = L+ , Z (i)
is given by
X
e (i)
(I )
(i) e (i)
+
e (i)
e (i) )) [p+ ]X
w+,i+ δI+ (L(X
π + (X
+ ) = ∆(X+ )
+
(i)

Z

I+ ∈F (L+ )

(n)

and Z (n) ∩ Z (m) = ∅ if n 6= m. Note, that Z (0) is the set of
measurements which are not assigned to any target labels and
Z (n) is the set of measurements associated with targets labels
(n)
L+ .
A grouping is defined as a set of pairs
(1)
(N )
{(L+ , Z (1) ), . . . , (L+ , Z (N ) )} and


(n)
G (n) = L+ , Z (n)
(51)
is referred to as a group. We describe an iterative procedure
for generating a particular grouping which is used for parallel
group updates. The procedure is initialized with a tentative
grouping of each labeled Bernoulli component ` and any
associated measurements which fall within its prediction gates:

√ 
G̃ (`) = {`}, {z : dMHD (ẑ (`) , z) < γ} .
(52)
where dMHD (ẑ (`) , z) is the Mahalanobis distance (MHD) between the predicted measurement for track ` and the received
measurement z ∈ Z, and γ is the gating distance threshold
calculated using the inverse Chi-squared cumulative distribution corresponding to the desired σ-gate size for gating
of measurements from tracks. Then, tenative groups with
common measurements
Z (i) ∩ Z (j) 6= ∅

(57)

with

n=1

(53)

are merged where merging of two groups is defined by


(i)
(j)
G̃ (i,j) = L+ ∪ L+ , Z (i) ∪ Z (j) .
(54)
and the merging is repeated for all tentative groups until
there are no common measurements. Finally, a total of N
groups G (1) , ..., G (N ) of tracks and associated measurements

(`0 )

(I )
w+,i+

=

Y 

1−

(`)
r+

(i)
`∈L+

(i)

 Y 1L(i) (`0 )r+
+
`0 ∈I+

(`0 )

1 − r+

,

e
where X
+ is the the multi-target state for group i. Thus, a
predicted δ-GLMB is determined separately for each predicted
component or track in each of the groups. Due to the smaller
label space within one group, the number of hypotheses across
all groups is significantly smaller than for the number of
hypotheses in case of a single big group.
A brute-force way to enumerate the sum is to generate all
(i)
possible combinations for a set of labels L+ and cardinalities
(i)
n = 0, 1, . . . , |L+ |. The number of combinations for each
(i)
cardinality is given by the binomial coefficient C(|L+ |, n) =
(i)
(i)
|L+ |!/(n!(|L+ | − n)!) and the number of combinations for a
(i)
set of track labels is 2|L+ | . Consequently explicit evaluation
(i)
of all combinations is only possible for small |L+ |. For larger
(i)
|L+ |, the sum can be approximated to its k most significant
terms by use of the k-shortest paths algorithm [38], [39]
without enumerating all possible terms [35]. Consequently, I+
only consists of the most significant hypotheses. An alternative
solution to enumeration and generation of the k most significant terms is a sampling based approach. For large target or
component numbers, this may be a faster solution method.
This involves sampling a desired number of unique label
sets I+ by drawing i.i.d. random numbers a(`) ∼ U([0, 1])
and testing for acceptance of each labeled Bernoulli track
(`)
(i)
according to I+ = {`|a(`) < r+ ∀ ` ∈ L+ }.
2) Parallel δ-GLMB Group Updates: The δ-GLMB update
(49) for each group i is given by
e (i) |Z (i) ) = ∆(X
e (i) )×
π (i) (X
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X

h
iX
e (i)
e (i))) p(θ)(·|Z (i) )
w(I+ ,θ)(Z (i))δI+(L(X

(i)
(I+ ,θ)∈F (L+ )×ΘI+

(58)

where ΘI+ represents the space of mappings θ : I+ →
{0, 1, ..., |Z (i) |}, such that θ(ι) = θ(ι0 ) > 0 implies ι = ι0 ,
and
(I )

(θ)

w(I+ ,θ) (Z (i) ) ∝ w+,i+ [ηZ (i) ]I+
p+,i (x, `)ψZ (i) (x, `; θ)
,
p(θ) (x, `|Z (i) ) =
(θ)
ηZ (i) (`)

(59)
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distribution can be factored into a single product:




(1) e (1)
(N ) e (N )
π+ (X+ ) ≈ π + X
· · · π+
X+
.
+

(65)

Additionally, assume that the spatial likelihood for a measurement z ∈
/ Z (i) given any track in G (i) is negligible, and
assume that the spatial likelihood for any measurement which
is assigned to a track in another group is also negligible:
(i)

(60)

e
(66)
g(zθ(`) |x, `) ≈ 0 ∀ zθ(`) ∈
/ Z (i) , (x, `) ∈ X
+
(i)
e . (67)
g(zθ(`) |x, `) ≈ 0 ∀ zθ(`) ∈ Z (i) , (x, `) ∈
/X
+

ηZ (i) (`) = hp+,i (x, `), ψZ (i) (·, `; θ)i ,
(61)
(
pD (x,`)pG g(zθ(`) |x,`)
, if θ(`) > 0
κ(zθ(`) )
ψZ (i) (x, `; θ) =
.
qD,G (x, `),
if θ(`) = 0
(62)

The validity of these approximations can be ensured by choosing sufficiently large gating values. Consequently, the multitarget likelihood function can be approximately decomposed
as




e (1) · · · g Z (N ) X
e (N ) .
g(Z|X) ≈ g Z (1) X
(68)

(θ)

Observe, that (62) has to incorporate the gating probability pG
[1], since small gates increase the probability of missed detection. Hence, the missed detection probability qD,G (x, `) =
1 − pD (x, `)pG .
By representing the complete predicted distribution using
(i)
several groups, the number of track labels |L+ | within each
group is significantly lower than the total number of possible
labels |L+ |. Since the update is combinatorial, the number of
components or hypotheses within each group grows exponen(i)
(i)
tially in the number of track labels |L+ |. Thus, for large |L+ |
a truncation of the distribution (58) is required. The truncation
can be realized using ranked assignment algorithm [40] which
evaluates only the M most significant hypotheses without
evaluating all possible solutions [35]. Since the complexity
of ranked assignment algorithm is cubic, the computational
costs for the evaluation of multiple groups is generally cheaper,
compared to the evaluation for a single large group. Moreover,
the evaluation for each group can be performed in parallel.
3) Approximation of the updated δ-GLMB as LMB: After
performing the group updates across all groups G (i) for i =
1, ..., N the δ-GLMB form for each group is then collapsed
back to LMB form
n
o
e (i) (·|Z (i) ) =
π (i) (·|Z (i) ) ≈ π
r(`,i) , p(`,i)
(i)
`∈L+

where r
,p
are calculated according to (42)-(43) and
e (i)
taking the union of the approximate LMB groups given by π
yields the LMB approximation to the multi-target posterior
(`,i)

(`,i)

e (·|Z) =
π(·|Z) ≈ π

N n
o
[
r(`,i) , p(`,i)
i=1

(i)

`∈L+

.

(63)

D. Grouping Error
In the following, we show that the error obtained by
partitioning and grouping before the update is negligible, i.e.




e (1) Z (1) · · · π (N ) X
e (N ) Z (N ) .
π(X|Z) ≈ π (1) X
(64)
Assuming that the target groups are approximately independent and since each target has distinct labels, the predicted

Using (65) and (68), the posterior distribution is given by
π(X|Z) ∝ π + (X)g(Z|X)



(1) e (1) 
e (N )
e (N ) g Z (N ) X
e (1) · · · π (N ) X
g Z (1) X
≈ π+ X
+


e (1) Z (1) · · · π (N ) X
e (N ) Z (N ) .
= π (1) X
(69)
Remark 7 Theoretically in the worst case where all targets
are close together, it may not be possible to partition into
smaller groups. In this case, the complexity of the update
step is the same as that of the δ-GLMB filter. However, our
experience with empirical data suggests that in most scenarios
we can partition the targets into many groups with small
numbers of targets.
E. Track Pruning and Extraction
Since tracks are represented after update by a labeled multiBernoulli, track pruning can be carried out by deleting tracks
with an existence probability lower than an application specific
threshold, and an obvious track extraction scheme is to pick all
tracks with an existence probability higher than an application
specific threshold:
n
o
X̂ = (x̂, `) : r(`) > ϑ
(70)
where x̂ = argx max p(`) (x). On the one hand, choosing a
high value for ϑ significantly reduces the number of clutter
tracks at the cost of a delayed inclusion of a new-born track.
On the other hand, low values for ϑ report new-born tracks
immediately at the cost of a higher number of clutter tracks.
Choosing a high value for ϑ, additional care has to be taken
for missed detections. In case of pD ≈ 1, a missed detection
considerably reduces the existence probability. Consequently,
one missed detection might suppress the output of a previously
confirmed track with r(`) ≈ 1.
To mitigate this issue, a hysteresis is used, which activates
(`)
the output if the maximum existence probability rmax of
a track ` has once exceeded an upper threshold ϑu and if
the current existence probability r(`) is higher than a lower
threshold ϑl :
(`)
X̂ = {(x̂, `) : rmax
> ϑu ∧ r(`) > ϑl }

(71)
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F. Adaptive Birth Distribution
Since the computational efficiency of the LMB filter depends on grouping, it is desirable then to use a birth distribution which leads to tractable groupings. One possibility is to
use fixed birth locations with small spatial uncertainties, which
requires background knowledge about the environment of the
system. Furthermore, it is necessary to detect and initialize all
tracks very close to the birth locations, since it is not possible
to initialize a track after the target has left the surroundings of
the birth location. In scenarios with high clutter rate, fixed birth
locations are beneficial, since they minimize the incidence of
false tracks.
In [42], an adaptive birth intensity for the SMC-PHD and
SMC-CPHD filter is proposed. Similar to the approach in
[42], the adaptive birth distribution for the LMB filter should
concentrate around measurements which do not originate from
existing tracks. However since the adaptive birth distribution
for the LMB filter must be an LMB distribution, a direct
adaptation of the approach in [42] is not straightforward.
Instead we proceed as follows.
The multi-Bernoulli birth distribution π B,k+1 at the next
time step k + 1 depends on the set of measurements Zk of the
current time step and is given by
n
o|Zk |
(`)
(`)
π B,k+1 = rB,k (z), pB,k (x|z)
.
(72)
`=1

On the one hand, a measurement which is used in all hypotheses may not lead to a new-born target due to the assumption
that a measurement is generated by at most one target. On the
other hand, measurements which are not included in any hypotheses are likely to create a birth distribution. Consequently,
the probability for a measurement to create a birth component
depends on the probability rU,k (z) that a measurement z is
associated to a track in the hypotheses. For each measurement
z ∈ Z (i) of grouping i, the association probability is given by
X
(I ,θ)
1θ (z)wk + .
rU,k (z) =
(73)
(i)

(I+ ,θ)∈F (L+ )×ΘI+

Here, the inclusion function 1θ (z) ensures that the sum goes
only over updated hypotheses which assigned the measurement
(I ,θ)
z to one of the targets and the weight wk +
is given by
(59). For measurements which are not associated to any of
the partitions, the association probability is
rU,k (z) = 0.

(74)

Thus, the existence probability of the Bernoulli birth distribution at time k + 1 depending on the measurement zk is
proportional to the probability that zk is not assigned to any
target during the update at time k:


1 − rU,k (z)
· λB,k+1 ,
rB,k+1 (z) = min rB,max , X
1 − rU,k (ξ)
ξ∈Zk

(75)
where λB,k+1 is the expected number of target birth at time
k+1 and rB,max ∈ [0, 1] is the maximum existence probability
of a new born target. Taking the minimum in (75) is necessary,
since it is possible that the second term can be larger than
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one for λB,k+1 > 1. Generally speaking, a larger value
rB,max results in faster track confirmation along with a higher
incidence of false tracks. The opposite is also generally true,
in other words a lower value rB,max results in slower track
confirmation and less false tracks. Thus, the choice of rB,max
is application dependent. Since the mean cardinality of a
multi-Bernoulli RFS is given by the sum of the existence
probabilities, the mean cardinality of new born targets is
X
rB,k+1 (ξ) ≤ λB,k+1 ,
ξ∈Zk

where equality holds if the capping using rB,max is never
triggered.
Since (73) can be evaluated for δ-GLMB distributions, the
proposed adaptive birth procedure described in this section can
also be applied to δ-GLMB filter.
V. R ESULTS
The performance of the LMB filter is evaluated in two
scenarios. First, SMC implementations of the LMB filter, the
δ-GLMB filter, and the multi-Bernoulli filter are compared
in a non-linear scenario. Then, the Gaussian mixture (GM)
implementation of the LMB filter is used to track a large
number of targets in scenarios with high clutter or low
detection probability.
A. SMC-Implementation
The non-linear scenario used in [10], and [35], with up to
10 targets involing target birth, death, missed detections and
clutter measurements is considered.
The target state xk = [ x̃Tk , ωk ]T , where x̃k =
[ px,k , ṗx,k , py,k , ṗy,k ]T is the position and velocity vector and ωk is the turn rate. The transition density for
the coordinated turn model is given by fk|k−1 (x0 |xk ) =
T
N (x0 ; m(xk ), Q) where m(xk ) = [ [F (ωk )x̃k ] , ωk ]T , Q =
2
T
2
2
diag([σw GG , σu ]) with σw = 15 m/s , σu = π/180 rad/s,

1


ω
0 − 1−cos
0
1 sinω ω
ω
2


0 cos ω 0 − sin ω 
, G =  1 01 .
F (ω) = 
sin ω

0

0 1−cos ω 1
2
ω
ω
0 1
0 sin ω
0 cos ω
The state independent survival probability of the targets is
given by pS,k (x) = 0.99. The birth is a multi Bernoulli RFS
(i)
(i)
(1)
(2)
with density πB = {(rB , pB )}4i=1 , where rB = rB =
(3)
(4)
(i)
(i)
(1)
0.02, rB = rB = 0.03, pB (x) = N (x; mB , PB ), mB =
(2)
(3)
[−1500, 0, 250, 0, 0]T , mB = [−250, 0, 1000, 0, 0]T , mB =
(4)
T
T
[250, 0, 750, 0, 0] , mB = [1000, 0, 1500, 0, 0] , PB =
diag([50, 50, 50, 50, 6(π/180)]T )2 .
The sensor returns bearing and range measurements z =
[θ, r]T on the region r ∈ [0, 2000] and θ = [−π/2, π/2].
The standard deviations of the Gaussian distributed measurement noise are σθ = (π/180) rad and σr = 5 m.
The range dependent detection probability is given
 by
[p
,
p
]
with
pD,k (x) = pD,max exp [px,k , py,k ]T Σ−1
x,k y,k
D
ΣD = 60002 I2 , where I2 is the two dimensional identity matrix. The clutter measurements are uniformly distributed on the
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12
10
Estimated Cardinality

observation space and is a Poisson RFS with κk (z) = λVc U(z),
where U(·) denotes
a uniform density on the observation
R
region and V = U(z)dz.
The performance of the proposed LMB filter is compared to
a δ-GLMB filter [35] and the multi-Bernoulli filter [10]. In the
δ-GLMB filter, the number of components is set to 1000 and
components with a weight below 10−5 are pruned. The LMB
and multi-Bernoulli filters use N = 1000 particles to represent
each track, the δ-GLMB filter uses N = 1000 particles for
each track in a component. All filters use the multi-Bernoulli
birth RFS given above except for the adaptive birth LMB filter
which uses the adaptive birth distribution introduced in Section
Pi=4 (i)
IV-F with λB,k+1|k = i=1 rB = 0.12.
Figure 6 shows the trajectories of the objects as well as the
tracking result of a single sample run. This result is typical
of the filter performance which successfully tracks all of the
objects with no track label switching. However occasional
track label switching does occur during target crossings as
would be expected of any tracking filter due to the high process
noise of the motion model. In addition the presence of false
alarms and missed detections increases the ambiguity in the
data associations during crossings.
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particles (m measurements plus missed detection), while the
LMB filter uses only N particles. Further, we observe that the
adaptive birth LMB filter has higher OSPA distances during
target birth, but significantly outperforms the δ-GLMB filter
for k > 70 since it is able to re-initialize a lost track at any
position in the state space.
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Fig. 7. Cardinality estimates versus time for SMC versions with clutter rate
λc = 60 and pD,max = 0.98 (averaged over 100 MC runs).
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Fig. 8. OSPA distances of order p = 1 and cut-off c = 300 for SMC
versions with λc = 60 and pD,max = 0.98 (averaged over 100 MC runs).
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Figure 7 shows the cardinality estimates of the filters for
λc = 60 and pD,max = 0.98 averaged over 100 MC runs. Obviously, the multi-Bernoulli filter significantly over-estimates
the cardinality, which is expected since its approximations are
only valid for reasonably low clutter rates. The estimates for
δ-GLMB and LMB filter are nearly identical, only for k > 80
the cardinality error of the LMB filter is slightly higher. The
adaptive birth LMB filter shows a larger cardinality error after
new targets appear, since the adaptive birth distribution needs
the first measurement to set up a new-born track while the
other filters already use the first measurement to update the
static birth distributions. It is also apparent that dropped tracks
are very rare with the LMB filter, although as previously noted
track switching can occasionally occur.
The OSPA distances in Figure 8 illustrate the performance
difference between the δ-GLMB and LMB filters. The LMB
filter performs most of the time slightly worse than the δGLMB filter due to mainly the approximation within the
δ-GLMB→LMB conversion. Especially in ambiguous situations, where m measurements are used to update one track, the
δ-GLMB represents the hypotheses for this track by (m+1)·N

Figure 9 shows the OSPA distance for the same simulation
with a lower detection probability using pD,max = 0.75 and
a lower clutter rate λc = 10. Compared to Figure 8 the OSPA
distances of all filters are slightly higher, but the differences
between the performances of the investigated filters are similar.
100
90

δ-GLMB

80

LMB
LMB-AB

70
OSPA [m]

Fig. 6. Ground truth trajectories of the objects (black lines) and estimated
trajectories (colored circles).

CB-MeMBer

60
50
40
30
20
10
10

20

30

40

50

60

70

80

90

100

Time k

Fig. 9. OSPA distances of order p = 1 and cut-off c = 300 for SMC
versions with λc = 10 and pD,max = 0.75 (averaged over 100 MC runs).

B. High Target Number
In order to demonstrate the performance of the LMB
filter, a scenario with a high number of targets and clutter
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Fig. 10. Cardinality estimate of the GM implementation with adaptive birth
for low and high detection probability (100 MC runs).
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The OSPA distance for the scenarios is shown in Figure
11. The OSPA distance indicates that, the distance between
the true state of a target and the estimate of the LMB filter is
on average between 10 and 15 meters, which is only slightly
more than one standard deviation of the measurement noise.
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Fig. 11. OSPA distance of order p = 1 and cut-off c = 100 for the GM
implementation with adaptive birth and varying detection probability (100 MC
runs).

The results confirm that the LMB filter is able to handle
scenarios with a large number of targets and a high clutter rate
or a low detection probability. Figure 12 shows the median of
the largest update times across all target groups over the 100
MC runs with λc = 100. The 5% and 95% quantiles are also
shown to indicate the variability in the computation time. The
measured time includes the hypotheses generation, the update
of each group with up to 100 association hypotheses, and the
conversion back to LMB form. The computation times are
obtained based on an unoptimized MATLAB implementation
on a Core i7-980 CPU, which leaves significant potential for
further speed up if an optimized C++ implementation is used.
These results suggest that a real-time capable implementation
of the LMB filter is possible by parallelization of the group
updates as well as of the single target prediction and the single
target updates.
6

Time [s]

measurements is investigated. A total number of 150 targets
appears throughout the scenario, 110 of them at k = 1, 20
targets at k = 30, and another 20 at k = 50. The birth
position (x, y) of each target is obtained by drawing a sample
of a uniform distribution which covers the surveillance region
[−1000, 1000]×[−1000, 1000]. The temporary birth velocities
v̄x and v̄y are drawn from a uniform distribution on [1.5, 15]. In
order to mitigate the effect that targets disappear due to leaving
the surveillance region, the orientation of the birth velocities
is adjusted by vx = −sgn(x) · v̄x and vy = −sgn(y) · v̄y .
For each target i, the time of target death is sampled from
(i)
(i)
tdeath = tbirth + 20 + 10 · b15 · U([0, 1])c, where U([0, 1])
is the uniform distribution on [0, 1]. Additionally, targets are
assumed to die if they leave the surveillance region. All targets
follow a constant velocity model and the standard deviation
of the process noise is σv = 5 m/s. The survival probability
is pS = 0.99.
The sensor returns position measurements, and the standard
deviation of the measurement noise is σx = σy = 10 m. In the
scenario with high clutter, each target is detected with pD =
0.98 and the sensor generates a mean number of λc = 100
clutter measurements per scan, which are uniformly distributed
over the observation space. In the scenario with low detection
probability, pD = 0.75 and λc = 30 are used. The partitioning
uses a 3-σ gate, i.e. γ = 9.
Since the targets appear at arbitrary positions, the adaptive birth distribution introduced in Section IV-F is used.
The spatial distribution is a Gaussian distribution with mean
[xm , 0, ym , 0], where xm and ym are the measured x and
y positions. The covariance matrix of the distribution is
initialized with ΣΓ = 100 · I4 , where In is the identity matrix
of size n. Within each LMB track, Gaussian components
with a Mahalanobis distance d ≤ 1 are merged. LMB tracks
with an existence probability r ≤ 0.001 are pruned after the
update step. In order to reduce the number of false alarms,
the parameters ϑu = 0.75 and ϑl = 0.2 are used for track
extraction.
Figure 10 shows the cardinality estimates for both scenarios.
The estimated cardinality matches the true number of targets
if the number of targets is not changing for about five to ten
time steps. In case of low detection probability, the filter reacts
faster to new born objects due to the lower clutter rate. As
expected, a minor delay in track deletion is observed in the
scenario with low detection probability.
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Fig. 12. Median and quantiles of the maximum computation times for the
full δ-GLMB update of a group of targets (100 MC runs).

If all targets are very close together and cannot be partitioned into more than one group, the complexity of the
LMB filter update is equivalent to the δ-GLMB filter. This is
however an extreme case and in most scenarios the grouping
procedure significantly reduces computation times.
To ensure real-time performance of the proposed LMB
filter, a maximum calculation time per filter update has to
be imposed independent of the current number of targets and
their states. The filter update computations may be reduced
using adaptive partitioning schemes, which reduce the gating
distance depending on the current situation in order to ensure
a maximum size for each partition.
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VI. C ONCLUSION
This paper has proposed a tractable and efficient multitarget tracking algorithm based on a labeled multi-Bernoulli
RFS approximation to the multi-target posterior density. The
proposed labeled multi-Bernoulli filter combines the relative
strengths of the (unlabeled) multi-Bernoulli filter and the δgeneralized labeled multi-Bernoulli filter. It retains the intuitive mathematical structure of the (unlabeled) multi-Bernoulli
RFSs but without its inherent weaknesses. At the same time
the labeled multi-Bernoulli filter is able to exploit the accuracy
of a GLMB representation without exhibiting the exponential
growth in the number of posterior components of the δ-GLMB
filter. Moreover, the proposed labeled multi-Bernoulli filter
formally estimates tracks, is unbiased in posterior cardinality,
even for harsh scenarios with low detection probability and
high false alarms. The proposed filter is also amenable to
paralellization through the grouping of targets. Due to the
nature of the labeled multi-Bernoulli approximation which
yields discrete tracks, the proposed LMB filter can easily be
combined with standard post processing techniques, as suited
to the scenario complexity and computational resources.
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