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Multitarget Tracking
Ba-Ngu Vo, Mahendra Mallick, Yaakov Bar-Shalom, Stefano Coraluppi, Richard Osborne, III, Ronald Mahler,
and Ba-Tuong Vo

Abstract—Multitarget tracking (MTT) refers to the problem
of jointly estimating the number of targets and their states or
trajectories from noisy sensor measurements. MTT has a long
history spanning over 50 years, with a plethora of applications
in many fields of study. While numerous techniques have been
developed, the three most widely used approaches to MTT are
the joint probabilistic data association filter (JPDAF), multiple
hypothesis tracking (MHT), and random finite set (RFS). The
JPDAF and MHT have been widely used for more than two
decades, while the random finite set (RFS) based MTT algorithms
have received a great deal of attention during the last decade.
In this article, we provide an overview of MTT and succinct
summaries of popular state-of-the-art MTT algorithms.
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I. I NTRODUCTION
In a multitarget scenario the number of targets and their
trajectories vary with time due to targets appearing and disappearing. For example, the location, velocity and bearing
of commercial planes at an airport, ships in a harbour, or
pedestrians on the street. multitarget tracking (MTT) refers
to the problem of jointly estimating the number of targets
and their trajectories from sensor data. Driven by aerospace
applications in the 1960’s, MTT has a long history spanning
over 50 years. During the last decade, advances in MTT
techniques, along with sensing and computing technologies,
have opened up numerous research venues as well as application areas. Today, MTT has found applications in diverse
disciplines, including, air traffic control, surveillance, defence,
space applications, oceanography, autonomous vehicles and
robotics, remote sensing, computer vision, and biomedical
research, see for example the texts [10], [15], [22], [73], [86],
[96], [99], [144]. The goal of this article is to discuss the
challenges in MTT and present the state-of-the-art techniques.
In this article we only consider the standard setting where
sensor measurements at each instance have been preprocessed
into a set of points or detections. The multitarget tracker
receives a random number of measurements due to detection
uncertainty and false alarms (FAs). Consequently, apart from
process and measurement noises, the multitarget tracker has
to contend with much more complex sources of uncertainty,
such as measurement origin uncertainty, false alarm, missed
detection, and births and deaths of targets. Moreover, in
the multi-sensor setting, a multitarget tracker needs to process measurements from multiple heterogeneous sensors such
as radar, sonar, electro-optical, infrared, camera, unattended
ground sensor etc.
A number of MTT algorithms are used at present in various
tracking applications, with the most popular being the joint
probabilistic data association filter (JPDAF) [10], multiple
hypothesis tracking (MHT) [15], and random finite set (RFS)
based multitarget filters [86], [96]. This article focuses on summarizing JPDAF, MHT and RFS as the three main approaches
to MTT. The JPDAF and MHT approaches are very well
established and make up the bulk of the multitarget tracking
literature, while the RFS approach is an emerging paradigm.
JPDAF and MHT as well as many traditional MTT solutions,
are formulated via data association followed by (single-target)
filtering. Data association refers to the partitioning of the
measurements into potential tracks and false alarms while
filtering is used to estimate the state of the target given its
measurement history (note that algorithms that operate on
pre-detection signals do not involve data association). The
distinguishing feature of the RFS approach is that, instead of
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focusing on the data association problem, the RFS formulation
directly seeks both optimal and suboptimal estimates of the
multitarget state. Indeed some RFS-based algorithms do not
require data association at all.
We begin by reviewing the fundamental principles of
Bayesian estimation and summarizing some of the commonly
used (single-target) filters for tracking in Section II. Section III
presents some background on the MTT problem and describes
the main challenges, setting the scene for the rest of the article.
The JPDAF, MHT, and RFS approaches to MTT are presented
in chronological order of developments in Sections IV, V, and
VI respectively, with JPDAF being the earliest and RFS being
the most recent. Nonetheless, Sections IV, V, and VI can be
read independently from each other.
II. BAYESIAN DYNAMIC S TATE E STIMATION
During the last two decades significant progress has been
made in nonlinear filtering. This section provides a brief
overview of the Bayesian paradigm for nonlinear filtering.

2

a posterior (MAP) estimators given respectively by [1], [8],
[70]
Z
x̂EAP =
xp(x|z)dx,
x̂MAP

=

arg sup p(x|z).
x

These estimators minimize the Bayes risks for certain costs
and are consistent in the sense that they converge almost surely
to the true state as the number of data points increases. The
EAP estimate is the minimum mean squared error estimate [8]
2
and corresponds to the case where C(x̂(z), x) = kx̂(z) − xk .
B. The Bayes Recursion
Target tracking is a dynamic state estimation problem, in
which the state varies with time. The dynamic model of a
target can be described by a discrete-time model [1], [8], [64]
or a continuous-time stochastic differential equation [8], [64].
This article only considers the discrete-time models.
The target state xk evolves in time according to the state
transition equation
xk = fk,k−1 (xk−1 , vk−1 ),

A. Bayesian Estimation
Consider the problem of estimating the state or parameter
x ∈ X from an observation z ∈ Z, where the state and
observation spaces X and Z are assumed to be finite dimensional vector spaces in this article. The relationship between
the observation and the state is described by the likelihood
function p(z|x), the likelihood of the observation z given a
state x. Note that for each x ∈X , p(·|x) is a probability density
on Z, i.e. for any B ⊆ Z,
Z
Pr(z ∈ B|x) =
p(z|x)dz.
B

In the Bayesian paradigm, prior information about the state
is given by a prior probability density (or simply prior) p on
X , i.e. for any A ⊆ X ,
Z
Pr(x ∈ A) =
p(x)dx.
A

All information about the state given the observation is contained in the posterior probability density (or simply posterior), which can be computed from the prior and likelihood
function using Bayes rule
p(z|x)p(x)
.
p(x|z) = R
p(z|x)p(x)dx

(1)

An estimator of the state is a function x̂ that assigns the
observation z a value x̂(z) ∈ X . A cost C(x̂(z), x) is
associated with using x̂(z) to estimate x, and the Bayes risk
R(x̂) is the expected cost over all possible realizations of the
observation and state, i.e
Z Z
R(x̂) =
C(x̂(z), x)p(z|x)p(x)dxdz.
A Bayes optimal estimator is any estimator that minimizes the
Bayes risk [70], [128]. The most common estimators are the
expected a posteriori (EAP) or conditional mean and maximum

(2)

where fk,k−1 (·, ·) is a nonlinear transformation and vk−1 is
the process noise. In general, the state transition equation can
be described by a Markov transition density.
fk|k−1 (xk |xk−1 ),

(3)

i.e. the probability density of a transition to the state xk
at time k given a state xk−1 at time k − 1. Note that for
each x ∈ X , fk|k−1 (·|x) is a probability density on X .
Some commonly used dynamic models are the nearly constant
velocity, nearly constant acceleration, nearly coordinated turn,
Ornstein-Uhlenbeck, and Singer models [8], [15], see the
survey [78] for more details.
At each time k, the state xk generates an observation zk
according to the observation equation
zk = gk (xk , wk ),

(4)

where gk (·, ·) is a nonlinear transformation and wk is observation noise. In general, the observation equation can be
described by the likelihood function
gk (zk |xk ),

(5)

i.e. the probability density of receiving the observation zk ∈
Z given a state xk . For compactness we denote an array of
variables (yl , ..., yk ) by yl:k . It is further assumed that the
probability density of the observation history z1:k condition
on x1:k is given by
p1:k (z1:k |x1:k ) = gk (zk |xk )gk−1 (zk−1 |xk−1 )...g1 (z1 |x1 ).
All information about the state history to time k is encapsulated in the posterior density p0:k (·|zk ), where zk = z1:k
denotes the observation history. The posterior density can be
computed recursively any for k ≥ 1, starting from an initial
prior p0 , via the Bayes recursion:
p0:k (x0:k |zk ) ∝
gk (zk |xk )fk|k−1 (xk |xk−1 )p0:k−1 (x0:k−1 |zk−1 ). (6)
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The filtering density pk (·|zk ), is a marginal of the posterior
density, which is defined as the probability density of the
state at time k given the observation history zk . From an
initial density p0 , the filtering density at time k can be
computed recursively using the Bayes (filtering) recursion,
which consists of the Chapman-Kolmogorov equation and the
Bayes update:
Z
pk|k−1 (xk |zk−1 ) = fk|k−1 (xk |x)pk−1 (x|zk−1 )dx, (7)
gk (zk |xk )pk|k−1 (xk |zk−1 )
,
pk (xk |zk ) = R
gk (zk |x)pk|k−1 (x|zk−1 )dx

(8)

where pk|k−1 (·|zk−1 ) is called the prediction density. The
smoothing density pk|k+l (·|z1:k+l ), the probability density of
the state at time k given the observation history z1:k+l , is
another marginal of the posterior density. Smoothing can yield
significantly better estimates than filtering by delaying the
decision time and using data at a later time [105], [58], [46],
[161].
C. The Kalman Filter
The Kalman filter (KF) is a closed form solution to the
Bayes (filtering) recursion for linear Gaussian models [1],
[8], [59], [64], [69], [126]. Specifically, the dynamical and
observation models are linear transformations with additive
Gaussian noise
xk
zk

= Fk,k−1 xk−1 + vk−1 ,
= Hk xk + wk ,

where Fk,k−1 is the (square) transition matrix, Hk is the
observation matrix, and vk−1 and wk are independent zeromean Gaussian noise variables with covariance matrices Qk−1
and Rk of appropriate dimensions. Thus, the transition density
and likelihood function are
fk|k−1 (xk |xk−1 ) = N (xk ; Fk,k−1 xk−1 , Qk−1 ),
gk (zk |xk ) = N (zk ; Hk xk , Rk ),

(9)
(10)

where N (·; m, P) denotes a Gaussian density with mean and
covariance m and P respectively. For example the nearly
constant velocity model:


xk


 yk 
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,
ẋk 
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ẏk
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I
2
2
2
2
,
Hk = I2 02 ,
Qk−1 = σw ∆43
2
∆ I2
2 I2
σv2 I2 ,

Rk =
where In and 0n denote the n × n identity and
zero matrices respectively, ∆ is the sampling period, σw and
σv are respectively the standard deviations of the process and
measurement noise.
Under these assumptions, suppose that initial prior is a
Gaussian p0 = N (·; m0 , P0 ), then all subsequent filtering
densities are Gaussians. Moreover, if at time k−1, the filtering
density is a Gaussian of the form
pk−1 (xk−1 |zk−1 ) = N (xk−1 ; mk−1 , Pk−1 ),

3

then the predicted density to time k is a Gaussian
pk|k−1 (xk |zk−1 ) = N (xk ; mk|k−1 , Pk|k−1 ),
where
mk|k−1
Pk|k−1

= Fk,k−1 mk−1 ,
= Qk−1 + Fk,k−1 Pk−1 F0k,k−1 ,

and the filtering density at time k is a Gaussian
pk (xk |zk ) = N (xk ; mk (zk ), Pk ),
where
mk (zk ) = mk|k−1 + Kk (zk − Hk mk|k−1 ),
Pk = [I − Kk Hk ]Pk|k−1 ,
Kk

= Pk|k−1 HTk S−1
k ,

Sk

= Rk + Hk Pk|k−1 HTk .

The matrix Kk is referred to as the Kalman gain, the residual
zk −Hk mk|k−1 is referred to as the innovation and the matrix
Sk is the innovation covariance.
The dynamic and measurement models in many real-world
problems such as the bearing-only tracking, angle-only tracking, radar tracking, video tracking, etc. [10], [15], [100], [101],
[126] are nonlinear. The process noise and measurement noise
can also be non-additive and non-Gaussian. The Kalman filter
is not applicable to these problems and in general, closed-form
solutions are not possible. A number of approximate filtering
algorithms such as the extended extended Kalman filter (EKF)
[1], [8], [50], [64], [126], unscented Kalman filter (UKF) [67],
[68], Gaussian sum filter [143], particle filter [4], [21], [44]–
[46], [55], [126], quadrature filter, quasi Monte Carlo, grid
based filter, cubature Kalman filter [3], [65], particle flow filter
(PFF) [37], [42] have been proposed.
The EKF is a first order approximation to the Kalman
filter based on linearization using the Taylor series expansion.
The UKF uses the deterministic sampling principles of the
unscented transform (UT) to propagate the first and second
moments of the predicted and updated densities. The particle
filter uses the sequential Monte Carlo (SMC) approach to
approximates the posterior density using random sample points
or particles. Next, we present two important approximate
filters, the Gaussian sum filter and the particle filter.
D. The Gaussian Sum Filter
The Gaussian sum filter is a generalization of the Kalman
filter to Gaussian mixture models [143]. Suppose that at time
k − 1, the filtering density is a Gaussian mixture of the form
pk−1 (xk−1 |z

k−1

)=

N
X

(i)

(i)

(i)

wk−1 N (xk−1 ; mk−1 , Pk−1 ).

i=1

Then the predicted density to time k and filtering density at
time k are Gaussian mixtures
N
X
(i)
(i)
(i)
pk|k−1 (xk |zk−1 ) =
wk−1 N (xk ; mk|k−1 , Pk|k−1 ), (11)
i=1
N
X
(i)
(i)
(i)
pk (xk |zk ) =
wk−1 N (xk ; mk (zk ), Pk ), (12)
i=1
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where
(i)
mk|k−1
(i)
Pk|k−1
(i)
mk (zk )
(i)
Pk
(i)

Kk

(i)
Sk|k−1

=

(i)
Fk,k−1 mk−1 ,

(13)

=

(i)
Qk−1 + Fk,k−1 Pk−1 F0k|k−1 ,
(i)
(i)
(i)
mk|k−1 + Kk (zk − Hk mk|k−1 ),
(i)
(i)
[I − Kk Hk ]Pk|k−1 ,
h
i−1
(i)
(i)
Pk|k−1 H0k Sk|k−1
,

(14)

=
=
=

= Rk +

(i)
Hk Pk|k−1 H0k .

(15)

4

(finite) expectation of h can be approximated by the empirical
expectation, i.e.
Z
N
X
h(x)p(x)dx ≈
w(i) h(x(i) ),
i=1

where

(16)
w(i)

=

w̃(x(i) )
,
PN
(j)
j=1 w̃(x )

w̃(i) (x(i) )

=

p(x(i) )
,
q(x(i) )

(17)
(18)

For clarity, we have presented the Gaussian sum filter
prediction and update for linear Gaussian model. In the more
general case where the transition density and/or likelihood
function are Gaussian mixtures, the predicted density (11) involves an additional sum over the components of the Gaussian
mixture transition density, and/or the filtering density (12) involves an additional sum over the components of the Gaussian
mixture likelihood function [143]. The number of Gaussians
required to represent the exact filtering density increases exponentially with time and Gaussian mixture reduction techniques
are required to manage memory and computational load [135],
[134], [137].
E. The Particle Filter
The particle or sequential Monte Carlo (SMC) method is
a class of approximate numerical solutions to the Bayes recursion that are applicable to nonlinear non-Gaussian dynamic
and observation models. The basis of the particle method is the
use of random samples (particles) to approximate probability
distributions of interest [4], [21], [44]–[46], [55], [126].
Consider N independently and identically distributed (i.i.d.)
samples {x(i) }N
i=1 from an arbitrary probability density p of
x. For any function h of x, the (finite) expectation of h can
be approximated by the empirical expectation, i.e.,
Z
N
1 X
h(x(i) ).
h(x)p(x)dx ≈
N i=1
The empirical expectation is unbiased and tends to the true
expectation almost surely as N tends to infinity. Moreover,
the rate of convergence is not dependent on the dimension of
the integral, but primarily on N , the number of independent
samples. Hence, we can regard the samples {x(i) }N
i=1 as a
point mass approximation of p, i.e.,

are known as the normalized importance weights and importance weights respectively. A ”good” proposal is one such that
the weights {w(i) }N
i=1 all have roughly the same value. For this
so-called importance sampling approximation, the empirical
expectation is biased. Nonetheless, it still tends to the true
expectation almost surely as N tends to infinity. Hence, we can
regard the weighted samples {(w(i) , x(i) )}N
i=1 as a weighted
point mass approximation of p, i.e.,
p(x) ≈

where δ denotes the Dirac delta.
Now consider the case where the density p is only known
up to a normalizing constant, i.e. p(x) ∝ p̃(x), such as in the
Bayes recursion where the normalizing constant is difficult to
compute. Since it is difficult to sample from p, we draw N
i.i.d. samples {x(i) }N
i=1 from a known density q, referred to
as the proposal or importance density, and then weight these
samples accordingly so as to obtain a weighted point mass
approximation to p. More concisely, for any function h, the

w(i) δ(x − x(i) ).

i=1

The key operation in particle filtering is the sequential
application of importance sampling to recursively approximate
the posterior. This is known as sequential importance sampling
(SIS) [55], [4], [44], [45], [126] and is described as follows:
Suppose that the posterior density p0:k−1 , at time
k − 1, is represented as a set of weighted particles
(i)
(i)
{(wk−1 , x0:k−1 )}N
i=1 , i.e.,
p0:k−1 (x0:k−1 |zk−1 ) ≈

N
X

(i)

(i)

wk−1 δ(x0:k−1 − x0:k−1 ),

i=1
(i)

and given a proposal density qk (·|xk−1 , zk ) that we can easily
sample from. Then the posterior density p0:k , at time k, is rep(i)
(i)
resented as a new set of weighted particles {(wk , x0:k )}N
i=1 ,
i.e.,
N
X
(i)
(i)
k
p0:k (x0:k |z ) ≈
wk δ(x0:k − x0:k ),
i=1

where
(i)

=

(i)

∼ qk (·|xk−1 , zk ),
XN
(i)
(i)
= w̃k /
w̃k ,

x0:k
xk

(i)

N
1 X
δ(x − x(i) ),
p(x) ≈
N i=1

N
X

wk

(i)
w̃k

(i)

(i)

(x0:k−1 , xk )
(i)

i=1

=

(i)
(i) (i)
(i) gk (zk |xk )fk|k−1 (xk |xk−1 )
.
wk−1
(i) (i)
qk (xk |xk−1 , zk )

The selection of optimal proposals along with practical strategies for constructing good proposals to this are considered
in [44], [80], [118]. If we are only interested in the filtering
density then only the most recent component of the samples
are kept, i.e. the filtering density is represented by the weight
(i)
(i)
samples {(wk , xk )}N
i=1 .
The basic SIS algorithm suffers from particle depletion
or degeneracy where the variance of the importance weights
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increases over time, thereby degrading the quality of the
particle approximation. Particle depletion is generally miti(i)
(i)
gated by resampling the weighted particles {(wk , x0:k )}N
i=1
to generate more replicas of particles with high weights
and eliminate those with low weights [55]. There are many
resampling schemes available, and the choice of resampling
scheme affects the computational load as well as the quality
of the particle approximation, see for example [19], [43], [46],
[107]. An additional Markov Chain Monte Carlo (MCMC)
step can then be used to rejuvenate particle diversity [25], [52]
if necessary. Relevant convergence results for particle filtering
can be found in [32], [41].
Various extensions of the particle filtering methodology have been proposed to improve performance. RaoBlackwellization techniques can be incorporated with the
particle filter (PF) [45], [126] to improve performance for
particular classes of state space models, e.g. the Mixture
Kalman Filter (MKF) [24]. The underlying idea is to partition
the state vector into a linear Gaussian component and a
nonlinear non-Gaussian component. Then, the former is solved
analytically using a Kalman filter and the latter with a particle
filter so that the computational effort is appropriately focused.
Continuous approximations to the posterior density can be
obtained with kernel smoothing techniques. Examples of this
approach are the convolution or regularized particle filter
[45], [126]. Related approaches are the Gaussian particle and
Gaussian sum particle filters [74], [75].

5

A. Multitarget Systems
Driven by aerospace applications, MTT was originally developed for tracking targets from radar measurements. Fig. 1
shows a typical scenario describing the measurements by a
radar in which five true targets are present in the radar dwell
volume (the volume of the measurement space sensed by a
sensor at a scan time) and six measurements are collected
by the radar. We see from Fig. 1 that three target-originated
measurements and three false alarms (FAs) are generated, one
target is not detected by the radar, and two closely spaced
targets are not resolved. This type of information regarding the
nature and origin of measurements is not known for real radar
measurements due to measurement origin uncertainty. At each
discrete dwell/scan time tj , a set of noisy radar measurements
with measurement origin uncertainty is sent to a tracker, as
shown in Fig. 2.
Y
True target
Detection with
meas. error
False alarm (FA)

Dwell
volume

rmax

(rmin , rmax ),

A resolution
cell

(q min , q max ).
z4

z2

rmin

z1

z5
Two targets
in the same
resolution cell
(unresolved)

z6

Range

z3

F. Filtering Algorithms for Maneuvering Targets
The filtering algorithms discussed previously use a single
dynamic model and hence are known as single-model filters.
The motion of a maneuvering target involves multiple dynamic models. For example, an aircraft can fly with a nearly
constant velocity motion, accelerated/decelerated motion, and
coordinated turn [8], [10]. The multiple model approach is an
effective filtering algorithm for maneuvering targets in which
the continuous kinematic state and discrete mode or model
are estimated. This class of problems are known as jump
Markov or hybrid state estimation problems. The discretetime dynamic and measurement models for the hybrid state
estimation problem [8], [10], [126] are given, respectively, by
xk
zk

= fk,k−1 (xk−1 , µk , vk−1 ),
= gk (xk , µk , wk ),

where µk is the mode in effect from time k − 1 to k. The
interacting multiple model (IMM) and variable-structure IMM
(VS-IMM) estimators [8], [10], [77], [79], [104] are two
well known filtering algorithms for maneuvering targets. The
number of modes in the IMM is kept fixed, whereas in the
VS-IMM the number of modes are adaptively selected from
a fixed set of modes for improved estimation accuracy and
computational efficiency.
III. M ULTITARGET T RACKING
This section provides some background on the MTT problem and the main challenges, setting the scene for the rest of
the article.

Azimuth

q min q max

Missed
detection

X

Radar

Fig. 1. A typical radar measurement scenario.

t1

t2

tk

Measurements from
targets and clutter.

Fig. 2. Varying number of noisy radar measurements in dwells.

In a general multitarget system, not only do the states of the
targets vary with time, but the number of targets also changes
due to targets appearing and disappearing as illustrated in Fig.
3. The targets are observed by a sensor (or sensors) such as
radar, sonar, electro-optical, infrared, camera etc. The sensor
signals at each time step are preprocessed into a set of points
or detections. It is important to note that existing targets may
not be detected and that FAs (due to clutter) may occur. As
a result, at each time step the multitarget observation is a set
of detections, only some of which are generated by targets
and there is no information on which targets generated which
detections (see Fig. 3).
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observation space

observation set
produced by targets

state space
target motion
state set

Xk

Xk-1
5 targets

3 targets

Fig. 3. Multiple-target system model: the number of targets changes from 5
to 3, targets generate at each time a random number of measurements.

Most MTT algorithms assume a standard multitarget transition model, in which each existing target xk−1 , at time
k − 1, either continues to exist at time k with probability
PS,k|k−1 (xk−1 ) and moves to a new state xk with probability density fk|k−1 (xk |xk−1 ), or dies with probability 1 −
PS,k|k−1 (xk−1 ). In addition, a random number of new targets
can appear from random locations in the state space at time
k. Each target is assumed to appear and evolve independently
from others. Different multitarget tracking approaches employ
different models for target births and deaths.
In a standard multitarget observation model, each target
xk , at time k, is either detected with probability PD,k (xk )
and generates an observation zk with likelihood gk (zk |xk ),
or missed with probability 1 − PD,k (xk ). In addition to the
detections, the tracker also receives a random number of
FAs from random locations in the measurement space. It is
assumed that each target generates observations independently
from other targets and FAs and that each detection can only
be generated from at most one target. The standard multitarget
observation model is the most widely used. Other models
include: the merged or unresolved measurement model [23],
[71], [17], [91], [150], [14], where two or more targets can
share a detection; extended target/group measurement model,
where each target/group can generate multiple detections [51],
[72], [90] [114], [53], [48], [56], [81], [108]; track-beforedetect/image measurement model [136], [39], [160], [62], [63],
[49], and the superpositional measurement model [87], [111],
where the observed signal is a superposition of observations
generated by each of the targets present. This article only
considers the standard multitarget measurement model.
B. The MTT Problem
The objective of MTT is to jointly estimate, at each observation time, the number of targets and their trajectories from
sensor data. Even at a conceptual level, MTT is a non-trivial
extension of single-target tracking. Indeed MTT is far more
complex in both theory and practice.
The concept of estimation error between a reference quantity and its estimated values plays a fundamental role in any
estimation problem. In (single-target) filtering the system state
is a vector and the notion of state estimation error is taken
for granted. For example, the EAP estimator minimizes the
2
expected squared Euclidean distance kx̂ − xk between the
estimated state vector x̂ and true state vector x. However,
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the concept of Euclidean distance is not suitable for the
multitarget case. To see this consider the scenario depicted
in Fig. 4. Suppose that the multitarget state is formed by
stacking individual states into a single vector with the ground
truth represented by X and the estimate represented by X̂. The
estimate is correct but the Euclidean distance is ||X̂ −X|| = 2.
Moreover, when the estimated number of targets is different
from the true number the Euclidean distance is not defined.
é0 ù
ê0 ú
X =ê ú
ê1 ú
ê ú
ë1 û
True
multitarget
state

é1 ù
ê1 ú
X^ = ê ú
ê0 ú
ê ú
ë0 û
2 targets

Estimated
multitarget
state

2 targets

Fig. 4. A possible vector representation of multi-target states when the
estimated and true multi-target states have the same number of targets.

Central to Bayesian state estimation is the concept of Bayes
risk/optimality [70], [128]. A Bayes optimal solution is not
simply one that invokes Bayes rule. Criteria for optimality for
the single-target case such as the squared Euclidean distance
is not appropriate. In addition, the concept of consistency (of
an estimator) cannot be taken for granted since it is not clear
what is the notion of convergence in the multitarget realm.
From a practical point of view, MTT is not a simple
extension of classical (single-target) filtering. Even for the
simple special case with exactly one target in the scene,
classical filtering methods (described in Section II) cannot
be directly applied due to false detection, missed detection,
and measurement origin uncertainty. The simplest solution
is the nearest neighbor (NN) filter which applies the Bayes
filter to the measurement that is closest to the predicted
measurement [7], [10], [15]. A more sophisticated yet intuitively appealing solution is the Probabilistic Data Association
filter (PDAF) which applies the Bayes filter to the average
of all measurements weighted according to their association
probabilities [7], [10]. The solution based on enumerating
association hypotheses, proposed in [141], coincides with the
Bayes optimal filter in the presence of false detections, missed
detections, and measurement origin uncertainty proposed in
[158]. In the multitarget setting, even for the special case
where all targets are detected and no false detections occur,
classical filtering methods are not directly applicable since
there is no information on which target has generated which
measurements.
The simplest multitarget filter is the global nearest neighbor
(GNN) tracker, an extension of the NN filter to the multiple target case. The GNN tracker searches for the unique joint association of measurements to targets that minimizes/maximizes
a total cost, such as a total distance or likelihood. The GNN
filter then performs standard Bayes filtering for each target
using these associated measurements directly. Although the
GNN scheme is intuitively appealing and simple to implement,
it is susceptible to track loss and consequently exhibits poor
performance when targets are not well separated [15].
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The JPDAF [7], [10] is an extension of the PDAF to a
fixed and known number of targets. The JPDAF uses joint
association events and joint association probabilities in order
to avoid conflicting measurement to track assignments in the
presence of multiple targets. The complexity of the calculation
for joint association probabilities grows exponentially with the
number of targets and the number of measurements. Several
approximation approaches have been proposed such as the
deterministic strategies in [130], [131], [103], [61], [12], [169],
[132] and the Markov Chain Monte Carlo (MCMC) based
strategies in [112]. Moreover, since the basic JPDAF can
only accommodate a fixed and known number of targets,
several novel extensions have been proposed to accommodate
an unknown and time varying number of targets, such as the
joint integrated PDAF (JIPDAF) [109] along with an efficient
implementation [110], and automatic track formation (ATF)
[6]. Further detail on the JPDAF is given in Section IV.
MHT [123], [76], [15], [16], [10], [101] is a deferred
decision approach to data association based MTT. At each observation time, the MHT algorithm attempts to propagate and
maintain a set of association hypotheses with high posterior
probability or track score. When a new set of measurements
arrives, a new set of hypotheses is created from the existing
hypotheses and their posterior probabilities or track scores are
updated using Bayes rule. In this way, the MHT approach
inherently handles initiation and termination of tracks, and
hence accommodates an unknown and time-varying number
of targets. Based on the best hypothesis, a standard Bayes
(or Kalman when the models are linear Gaussian) filter can
be used on the measurements in each track to estimate the
trajectories of individual targets. The total number of possible
hypotheses increases exponentially with time and heuristic
pruning/merging of hypotheses is performed to reduce computational requirements. Further details on the MHT approach
is given in Section V.
Related deferred decision approaches, based on an intuitive and explicit formulation with hidden Markov models
and subsequent state estimation by application of the Viterbi
algorithm, can also be found in [171]. An innovative and
completely different approach proposed in [112] casts the
problem of finding the hypothesis with the highest posterior
probability as a combinatorial optimization problem, which
is solved using reversible jump Markov Chain Monte Carlo
(RJ-MCMC) techniques in order to generate samples from the
posterior density.
The probabilistic MHT (PMHT) is a tractable approach
that operates over several frames, reducing the complexity by
formulating the problem as one of maximum likelihood estimation and applying Expectation-Maximization (EM) [146],
[168], [33]. The computation is simplified at a sacrifice in
performance, by removing the requirement for each target to
have a single measurement. An efficient implementation of
PMHT termed the turbo PMHT was proposed in [133] based
on the idea of turbo coding, which exhibits good tracking performance with a very low computational complexity. PMHT
with track maintenance is decribed in [38].
The RFS approach retains the same Bayesian estimation
methodology for single-target (in Section II), by representing
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the multitarget state as a finite set [86], [96], which admits
suitable distances between multitarget states (see [60], [140]).
This framework provides appropriate notions of multitarget
probability density, that enables concepts such as state space
model, Bayes recursion, Bayes optimality to be directly translated to the multitarget case. Moreover it covers more complex multitarget tracking problems such as non-Poisson, nonhomogeneous FAs, state dependent probability of detection
[93], [95], extended targets [86], [56], merged measurements
[14], non-standard measurement (including image, fuzzy and
Dempster-Shafer) [86], distributed multitarget tracking [11],
etc. under one single umbrella without any ad hoc modifications [96]. Further detail on the RFS approach is given in
Section VI.
Two types of tracking architectures, centralized and distributed, are used in multisensor multitarget tracking (MTT)
[10], [15], [101]. This article only addresses centralized tracking. The three data association based MTT algorithms GNN,
JPDAF, MHT [10], [15], [101], have been widely used for
more than three decades, while the RFS-based algorithms [86],
[96] developed during the last decade have received considerable interest. The computational cost of the MHT is much
higher than that of the GNN or JPDAF. Numerous studies
have shown that the MHT works significantly better than the
GNN and JPDAF for tracking scenarios with low signal-tonoise ratio (SNR) and closely spaced targets [15, Section
6.8.1]. Recent independent studies [147], [149] demonstrated
that a sub-optimal RFS-based filter called the cardinalized
probability hypothesis density filter [85], [156] has comparable
performance to MHT which much lower computational cost.

IV. J OINT P ROBABILISTIC DATA A SSOCIATION F ILTER
List of mathematical symbols:
NT
Zk
Zk
θjtj
θ
Ω

number of targets
vector of observations at time k
(Z1 , Z2 ..., Zk )
event that measurement j originated from target tj
joint association event [θjtj ], j = 1, . . . , m
validation matrix:
[ωjt ] , j = 1, . . . , m; t = 0, 1, . . . , NT
Ω̂(θ) event matrix:
[ω̂jt (θ)] , j = 1, . . . , m; t = 0, 1, . . . , NT
δt (θ) detection indicator for event θ
δ(θ)
vector of target detection indicators for event θ
τj (θ) measurement association indicator for event θ
φ(θ)
number of false measurements in event θ
µF (φ) prior pmf of the number of false measurements
V
volume of the surveillance region
λ
spatial density of false measurements
mk
number of measurements in the union of the
validation regions
t
PD
detection probability of target t
jt (θ)
index of the measurement associated with target t
in event θ
βjt
marginal assocation probability
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A. Overview
The joint probabilistic data association filter (JPDAF) is the
multitarget extension of the probabilistic data association filter
(PDAF) for single target tracking [10].
1) Assumptions:
• There is a known number of established targets NT in
clutter.
• Measurements from one target can fall in the validation
region of a neighboring target — this can happen over
several sampling times and acts as a persistent interference.
• The past is summarized by an approximate sufficient
statistic — state estimates (approximate conditional
means) and covariances for each target.
• The states are assumed Gaussian distributed with the
above means and covariances.
• The models for the various targets do not have to be the
same.
• The targets are resolved — there are no unresolved
(merged) measurements.
2) The Approach:
• The measurement to target association probabilities are
computed jointly across the targets.
• The association probabilities are computed only for the
latest set (scan) of measurements.1
• The state estimation is done
– separately for each target as in the PDAF (decoupled), or
– in a coupled manner using a stacked state vector
in the JPDA coupled filter (JPDACF) (see [10] for
details).
B. The Key Feature of the JPDAF
The evaluation of the conditional probabilities of the following joint association events θ pertaining to the current
time k (the time index k is omitted for simplicity where
it does not cause confusion) consisting of θjtj , the event
that measurement j originated from target tj , j = 1, . . . , m,
t = 0, 1, . . . , NT ; tj is the index of the target to which measurement j is associated in the event θjtj under consideration.
1) Remark: For the purpose of deriving the joint probabilities, no individual validation gates will be assumed for the
various targets. Instead, each measurement will be assumed
validated for each target, i.e., every validation gate coincides
with the entire surveillance region.
This approach is adopted in order to have the pdf of each
false measurement the same, i.e., uniformly distributed in the
entire validation region.
C. The Feasible Joint Events
Validation gates are used for the selection of the feasible
joint events but not in the evaluation of their probabilities.
This logic avoids considering events whose probabilities are

negligible and thus has a negligible effect on the other probabilities.
1) The Validation Matrix: Define the validation matrix
Ω = [ωjt ]

j = 1, . . . , m;

t = 0, 1, . . . , NT

(19)

with binary elements that indicate if measurement j lies in the
validation gate of target t. The index t = 0 stands for “none of
the targets” and the corresponding column of Ω has all units
since each measurement could have originated from clutter or
false alarm.
2) The Event Matrix: A joint association event θ is represented by the event matrix
Ω̂(θ) = [ω̂jt (θ)]

(20)

consisting of the units in Ω corresponding to the associations
in θ, with ω̂jt (θ) = 1 if θjt ∈ θ and 0 otherwise.
A feasible association event is one where
(i) a measurement can have only one source,
(ii) at most one measurement can originate from a target,
for which the detection indicator is denoted as δt (θ).
3) Generation of the Feasible Joint Association Events:
The generation of the event matrices Ω̂ corresponding to
feasible events can be done by scanning Ω and picking
(i) one unit per row, and
(ii) one unit per column except for t = 0 where the number
of units (which is the number of false measurements) is
not restricted.
The binary variable δt (θ) is called the target detection
indicator since it is unity if one of the m measurements is
associated to target t in event θ, i.e., target t has been detected.
It is also convenient to define another binary variable, called
the measurement association indicator τj (θ) to indicate if
measurement j is associated with a target in event θ.
With this definition, the number of false (unassociated)
measurements in event θ is
φ(θ) =

m
X
[1 − τj (θ)].

(21)

j=1

D. Evaluation of the Joint Probabilities
The joint association event probabilities are, with Bayes’
formula,
1
p(Zk |θ k , mk , Zk−1 ) Pr(θ k |mk ),
(22)
c
where c is the normalization constant.
1) Assumption: The states of the targets conditioned on the
past observations are mutually independent.2
2) The Likelihood Function of a Joint Association Event:
The likelihood function of the joint association event on the
r.h.s. of (22) is
Pr(θ k |Zk ) =

p(Zk |θ k , mk , Zk−1 ) =

mk
Y

p(zj,k |θ k,jtj , Zk−1 ),

j=1

1 This

is in view of the fact that, if a sufficient statistic is available, then
there is no need to consider the past (previous measurements). However, it
should be recalled that the Gaussian sufficient statistic is an approximation.
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2 This

assumption can be relaxed, and results in the JPDACF [10].

(23)
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where mk is the number of measurements in the union of the
validation regions at time k. The product form of (23) follows
from the above assumption.
The conditional pdf of a measurement given its origin is

ftj (zj,k )
if τj (θ k ) = 1,
k−1
p(zj,k |θk,jtj , Z
)=
V −1
if τj (θ k ) = 0,
(24)
where
tj
t
ftj (zj,k ) = N (zj,k ; ẑk|k−1
, Skj )
(25)
t

j
is the predicted measurement for target tj , with
and ẑk|k−1
t
associated innovation covariance Skj .
Measurements not associated with a target are assumed
uniformly distributed in the surveillance region of volume V .
Using (24), the pdf (23) can be written as follows
Y
p(Zk |θ k , mk , Zk−1 ) = V −φ [ftj (zj,k )]τj .
(26)

j

In the above V −1 is raised to power φ(θ), the total number
of false measurements in event θk and the indicators τj (θ)
select the single measurement densities according to their
associations in event θ k .
3) The Prior Probability of a Joint Association Event: The
prior (to time k) probability of an event θ(k), the last term
in (22), is obtained next. Denote by δ(θ) the vector of target
detection indicators corresponding to event θ k .
The joint probability can be written as
Pr(θ k |mk ) = Pr(θ k |δ(θ), φ(θ), mk )
· Pr(δ(θ), φ(θ)|mk ).

(27)

The first term on the r.h.s. of the above is obtained from
the following reasoning based on combinatorics:
(i) In event θ k the set of targets assumed detected consists
of mk − φ targets.
(ii) The number of measurement to target assignment events
θ k in which the same set of targets is detected is given
by the number of permutations of the mk measurements
taken as mk − φ, the number of targets to which a
measurement is assigned under the same detection event.
Therefore, assuming each such event a priori equally likely,
one has
−1

mk !
.
(28)
Pr(θ k |δ(θ), φ(θ), mk ) =
φ!
After some manipulations [34] and assuming δ and φ
independent, the last term in (27) becomes
"
#
Y
µF (φ)
t δt
t 1−δt
Pr(δ(θ), φ(θ)|mk ) =
(PD ) (1 − PD )
,
Pr(m
k)
t
(29)
t
where PD
is the detection probability of target t and µF (φ) is
the prior pmf of the number of false measurements (the clutter
model). The indicators δt (θ) have been used in (29) to select
the probabilities of detection and no detection events according
to the event θ k under consideration. The term Pr(mk ) in (29)
will be absorbed in the normalization constant in (31).
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Combining (28) and (29) into (27) yields the prior probability of a joint association event θ k as
φ!µF (φ) Y t δt
t 1−δt
. (30)
)
(PD ) (1 − PD
Pr(θ k |mk ) =
mk ! Pr(mk ) t
4) The Posterior Probability of a Joint Association Event:
Combining (26) and (30) into (22) yields the posterior probability of a joint association event θ k as
Y
1 φ!
Pr(θ k |Zk ) =
µF (φ)V −φ [ftj (zj,k )]τj
c mk !
j
Y
t 1−δt
t δt
,
(31)
· (PD ) (1 − PD )
t

where φ , δt and τj are all functions of the event θ k under
consideration.
The above still needs the specification of the pmf of the
number of false measurements µF (φ), carried out in the next
section.
E. The Parametric and Nonparametric JPDAF
As in the case of the PDAF, the JPDAF has two versions,
according to the model used for the pmf µF (φ) of the number
of false measurements.
1) The Parametric JPDAF: The parametric JPDAF uses
the Poisson pmf µF (φ) with parameter λV which requires
the spatial density λ of the false measurements.
Using the Poisson pmf in (31) leads to the cancellation of
V φ and φ!. Furthermore, each term contains e−λV and mk !,
which also cancel since they appear in the denominator c of
(31), which is the sum of all the numerators.
Thus the joint association probabilities of the parametric
JPDAF are
Y
λφ Y
t δt
Pr(θ k |Zk ) =
[ftj (zj,k )]τj
(PD
) (1 − PD )1−δt ,
c1 j
t
(32)
where c1 is the appropriate normalization constant.
Since mk is a fixed number, the joint association probabilities can be rewritten as
Y
1
P (θ k |Zk ) =
[λ−1 ftj (zj,k )]τj
c1 λ−mk j
Y
t δt
· (PD
) (1 − PD )1−δt
(33)
t

by defining a new normalization constant.
Each term in the first product above is the likelihood ratio
of the corresponding measurement having originated from a
particular target vs. from clutter. The denominator of these
likelihood ratios is the spatial density of the clutter, which
plays the role of the pdf of clutter originated measurements.
This is a consequence of the Poisson prior.
2) The Nonparametric JPDAF: The nonparametric JPDAF
uses the diffuse prior
µF (φ) = 

∀φ,

which does not require the parameter λ.

(34)
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With this, (31) becomes after canceling the constant  and
mk !, which appear in each expression,
1 φ! Y
[ftj (zj,k )]τj
Pr(θ k |Zk ) =
c3 V φ j
Y
t δt
· (PD
(35)
) (1 − PD )1−δt ,
t

where c3 is the appropriate normalization constant.
Similarly to the nonparametric case, the joint association
probabilities can be rewritten as
Y
φ!
Pr(θ k |Zk ) =
[V ftj (zj (k))]τj
c3 V −mk j
Y
t δt
· (PD
(36)
) (1 − PD )1−δt .
t

As it can be seen from (35), the nonparametric JPDAF
expressions contain a term that can be called pseudo sample
spatial measurement density φ!/V φ in place of λφ in the
parametric JPDAF.
F. The State Estimation
1) Assumption: The states of the targets conditioned on the
past observations are mutually independent.3
In this case one needs the marginal association probabilities, which are obtained from the joint probabilities by
summing over all the joint events in which the marginal event
of interest occurs. This summation can be written as follows
X
βjt :=
Pr(θ|Zk ).
(37)
θ:θjt ∈θ

The state estimation equations are then exactly the same as
in the standard PDAF.
2) Standard PDAF Estimation Equations: The PDAF updates the target state by combining the predicted state with the
combined innovation multiplied by the filter gain W (k). The
combined innovation is the summation of the individual innovations, weighted by the marginal association probabilities,
i.e.,
mk
X


νk =
βi,k zi,k − x̂k|k−1 .
(38)
i=1

Since it is not known which of the validated measurements is
correct, the term P̃ , which is positive semidefinite, increases
the covariance of the updated state — this is the effect of the
measurement origin uncertainty.
G. A Modification of the JPDAF: Coupled Filtering
In Sections IV-D and IV-E the JPDAF was developed
assuming that, conditioned on the past, the target states (and,
thus, the target originated measurements) are independently
distributed. Consequently, the joint association was followed
by decoupled filtering of the targets’ states — this is an
approximation that simplifies the resulting algorithm.
For targets that “share” measurements (in the JPDAF sense)
for several sampling times, a dependence of their estimation
errors ensues and this can be taken into account by calculating
the resulting error correlations.
The resulting algorithm, called JPDA Coupled Filter (JPDACF), does the filtering in a coupled manner for the targets
with “common” measurements, yielding a covariance matrix
with off-diagonal blocks — cross-covariances — that reflect
the correlation between the targets’ state estimation errors.
The conditional probability for a joint association event (31)
becomes
Pr(θ k |Zk ) =

1 φ!µF (φ)
ft ,t ,... (zj,k , j : τj = 1)
c mk !V −φ j1 j2
Y
t δt
t 1−δt
· (PD
) (1 − PD
)
,
(41)
t

where ftj1 ,tj2 ,... is the joint pdf of the measurements of the
targets under consideration; tj1 is the target to which zj1 (k)
is associated in event θ.
The joint probabilities are not reduced to the marginal
association probabilities as in (37) for use in decoupled PDA
filters. Instead, these joint probabilities are used directly in a
coupled filter.
1) The JPDACF: Denote the stacked vector of the predicted
states of the targets under consideration (assumed here to be
2) and the associated covariance matrix
"
#
x̂1k|k−1
T
x̂k|k−1 =
,
(42)
x̂2k|k−1

The covariance associated with the updated state is
Pk|k = Pk|k−1 + [β0,k −

1]Wk Sk Wk0

+ P̃k ,

"
PTk|k−1

(39)

where Sk is the innovation covariance and the spread of the
innovations term is4
X
mk


P̃k := Wk
βi,k zi,k − x̂k|k−1
i=1


0
0
· zi,k − x̂k|k−1 − ν k ν k Wk0 .
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(40)

=

P11
k|k−1
P21
k|k−1

P12
k|k−1
P22
k|k−1

#
,

(43)

where x̂t and Ptt correspond to target t; Pt1 t2 is the crosscovariance between targets t1 and t2 (it will be zero before
these targets become “coupled”).
The coupled filtering is done as follows
X
x̂Tk|k = x̂Tk|k−1 + WkT
Pr(θ k |Zk )[zTk (θ) − ẑTk|k−1 ], (44)
θ

3 Considering

the targets’ states, given the past, as correlated — characterized by means, covariances as well as cross-covariances — leads to coupled
estimation for the targets under consideration — the JPDA Coupled Filter
(JPDACF) (See [10] Section 6.2.7 for details).
4 This assumes that all the measurements have the same noise covariance
and, hence, the same filter gain. The generalization to the case where each
measurement has a different covariance is straightforward.

where
zTk (θ) =



zj1 (θ),k
zj2 (θ),k


,

(45)

and jt (θ) is the index of the measurement associated with
target t in event θ at time k.
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The filter gain in (44) is
i−1
0 h T T
0
WkT = PTk|k−1 HTk
Hk Pk|k−1 HTk + RTk
, (46)
where
δθ1 H1k
0
=
0
δθ2 H2k
 1

Rk 0
T
Rk =
,
0 R2k

HTk




,

(47)
(48)

are the (block diagonal) measurement matrix and noise covariance matrix, respectively, for the two targets under consideration. The (binary) detection indicator variables δθt above take
care of the situation when only one of the targets is detected
in event θ [129]. The predicted stacked measurement vector
is
ẑTk|k−1 = HTk x̂Tk|k−1 .
(49)
The update of the covariance of the (stacked) state is as in
(39).
H. Extensions
1) Multiple Source Measurements: One can have an unresolved (merged) measurement from, e.g., two nearby targets.
The JPDAM — JPDA with Merged measurement includes
a special model for a merged measurement (see [10] Section
6.4). A version of this is the JPDAMCF — JPDA with Merged
measurement and Coupled Filter.
2) Splitting Target: A possible situation of interest is a
platform that launches a weapon, where one has the situation
of a splitting target.
The JPDAF has been extended to cover such a situation by
using multiple models with the IMM configuration:
• there is a single non-maneuvering target.
• there is a single maneuvering target.
• the target splits into two targets.
This provides a “warm start” for the new target. For details,
see Chapter 4 in [7].
3) The Coalescence Problem: Track coalescence can occur
for the JPDAF if the tracks are close to each other for an
extended time. Modifications of the JPDAF that counter the
coalescence tendency are available [18], [35], [148], [170].
I. The JPDAF — Summary
Assumptions of the JPDAF:
• There are several targets to be tracked in the presence of
false measurements.
• The number of targets is known.
• The track of each target has been initialized.
• The state equations of the targets are not necessarily the
same.
• The validation regions of these targets can intersect and
have “common” measurements.
• A target can give rise to at most one measurement — no
multipath.
• The detection of a target occurs independently over time
and from other targets according to a known probability.

11

A measurement could have originated from at most one
target (or none) — no unresolved measurements are
considered here.
• The conditional pdf of each target’s state given the past
measurements is assumed Gaussian (a quasi-sufficient
statistic that summarizes the past) and independent across
targets, with means and covariances available from the
previous cycle of the filter.
With the past summarized by an approximate sufficient
statistic, the association probabilities are computed (only for
the latest measurements) jointly across the measurement and
the targets.
1) The JPDAF Steps:
• A validation matrix that indicates all the possible sources
of each measurement is set up
• From this validation matrix all the feasible joint association events are obtained according to the rules
– one source for each measurement,
– one measurement (or none) from each target.
• The probabilities of these joint events are evaluated
according to the assumptions
– Target originated measurements are Gaussian distributed around the predicted location of the corresponding target’s measurement,
– False measurements are uniformly distributed in the
surveillance region,
– The number of false measurements is distributed
according to
∗ Poisson prior — Parametric JPDAF,
∗ Diffuse prior — Nonparametric JPDAF.
• Marginal (individual measurement to target) association
probabilities are obtained from the joint association probabilities.
• The target states are estimated by separate (uncoupled)
PDA filters using these marginal probabilities.
•

V. M ULTIPLE H YPOTHESIS T RACKING
The MHT algorithm is described in a number of excellent
papers [16], [76], [123], and books [10], [15], [101]. We will
explain key concepts of the MHT algorithm through examples
while keeping the mathematics to a minimum. The interested
reader is encouraged to refer to books and papers mentioned
in this section.
A number of terms such as target, track, track hypothesis, hypothesis, global hypothesis, association hypothesis, etc.
[10], [15], [16], [76], [101] are commonly used in the MTT
literature which are not clearly explained. Often a target and
a track are used interchangeably. In order to remove such
ambiguities we first explain these terms. To the best of our
knowledge, a standard taxonomy does not exist.
1) Target: A target refers to the true object.
2) True trajectory: A true trajectory of a target is a time
history of the true states {xk } of the target.
3) Track or track hypothesis: A track represents an estimated trajectory of a target.
4) Track label or identity (ID): A distinct label or ID,
usually a positive integer to uniquely identify a track.
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5) Compatible tracks: A number of tracks are said compatible, if they do not have common measurements.
6) Target tree: In Kurien’s track-oriented MHT (TOMHT)
[76], an estimated target is represented by a target tree
with a resolved track, a root node, and a number of
tracks (branches) originating from the root node. The
resolved track is a single branch from the first node
to the current root node in a target tree. The first
node is created when a new track is created using a
measurement. The resolved tracks for a number of target
trees are compatible and the branches in a target tree are
not compatible. The location of the root node is moved
forward by one scan when a new scan of measurements
is processed.
7) Gating: A process which defines a volume in the measurement space to determine if a measurement can be
associated with a predicted measurement corresponding
to a predicted track.
8) Association hypothesis: An association hypothesis is
generated when a measurement is associated with a
predicted track.
9) Global hypothesis or hypothesis: A global hypothesis is
a collection of compatible tracks representing a number
of estimated trajectories.
10) Assignment algorithm: An algorithm which generates a
number of compatible tracks using association between
a number of tracks and measurements in one or more
scans.
A. Single Hypothesis and Multiple Hypothesis Tracking
A simple multitarget tracking scenario is shown in Fig. 5, to
illustrate the single and multiple hypothesis tracking methods
where two resolved tracks T1 and T2 are present at scan k −1.
We have a single global hypothesis G1 = {T1 , T2 } at scan
k−1 and at scans k and k+1, the tracker receives measurement
sets {z1 , z2 , z3 } and {z4 , z5 }, respectively. It is not known if
a measurement is from a target or due to clutter. Secondly,
it is not known which measurement originates from which
target. Thirdly, it is not known if missed detection events have
occurred due to less than unity probability of detection. This
phenomenon is known as the measurement origin uncertainty.
In order to limit the number of candidate measurement-toScan

k -1

k

k +1

T1

z1

z4

T2

z2

followed by a fine gating (ellipsoidal gating) is commonly
used. A coarse gating is based on rectangular gating with a
large value along each measurement coordinate. The coarse
gating eliminates many unlikely M2TAs for computational
efficiency. In Fig. 6, we assume that the measurements are 2D
position measurements. The tracks T1 and T2 at scan k − 1
are predicted to scan time k to obtain predicted tracks T̄1 and
T̄2 , respectively. Fig. 6 shows that measurements {z2 , z3 } and
{z1 , z2 , z3 } can be associated with predicted tracks T̄1 and
T̄2 , respectively, by gating. Fig. 7 shows the generation of

z2
T2
T1

z3

five M2TA hypotheses based on gating in Fig. 6, two missed
detection hypotheses, and three new tracks T3 , T4 and T5
corresponding to measurements z1 , z2 and z3 , respectively.
We note that two estimated targets are represented by two
target trees with root nodes at scan k − 1. The track from
the first node at scan 1 to the root node at scan k − 1
represents a resolved track for T1 or T2 . We shall see in later
discussion that this representation is used in the TOMHT first
proposed by Kurien [76]. Table I shows ten possible global
hypotheses corresponding to track hypotheses in Fig. 7. It
is a coincidence that the number of track hypotheses and
global hypotheses are the same for this scenario. In the single

Scan

1

k -1

T1

z5

T2

Measurements
Association
hypothesis

Fig. 5. A multitarget tracking scenario.

track associations (M2TAs), a data association based MTT
algorithm uses gating [10], [15], [76], [123]. A coarse gating

z1

Fig. 6. Measurement-to-track association at scan k.
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Tracks
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Misseddetection
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Track
hypotheses
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h2
h3

z1
z2
z3

h4
h5
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h7

z1 h8 = T3 (new)
z 2 h9 = T4 (new)
z 3 h10 = T5 (new)

Fig. 7. Generation of track hypotheses at scan k.
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hypothesis tracking (SHT) algorithm such as the GNN, the
best global hypothesis (BGH) based on the maximum total
track score or the minimum total cost is selected using the
existing set of tracks and the current scan of measurements
and all other M2TAs are discarded for future consideration.
Suppose G3 is the best global hypothesis. Then only the
M2TAs {T1 − z3 , T2 − z1 , T4 − z2 } contained in G3 are kept
and all other M2TAs are discarded in the GNN algorithm.
An MHT algorithm uses a deferred decision logic [15],
[16] by allowing more than one scan of measurements to be
used in the M2TA process. It is hoped that measurements in
more than one scan can provide more accurate M2TA than
those in a single scan. The assignment of measurements in
one scan to one set of tracks is known as the 2D assignment
problem [10], [15], [117]. The assignment of measurements
in s − 1, s > 3 scans to a set of tracks is known as the s−D
assignment (also known as the multi-frame assignment (MFA)
or multi-dimensional assignment (MDA)) problem [10], [15],
[16], [40], [116], [117].
The number of association hypotheses or tracks in a
TOMHT can grow exponentially as measurements in scans
are processed sequentially. An MHT algorithm usually uses a
number of techniques such as clustering, gating, N-scan pruning, and track-score based pruning to limit this exponential
growth. These will be described in Section V-C.
For simplicity, the example described here has not considered false alarm hypotheses (i.e. all measurements are
accounted for in track hypotheses), nor have we considered
undetected target birth hypotheses. The same is true of the
example discussed later in Sec. VII.C. As discussed in [30],
it is beneficial to decouple data association and track extraction processes; the latter discards spurious returns. Thus,
it is sufficient to consider hypotheses that account for all
returns. Further, a recent MHT generalization that accounts
for undetected target births is in [31].
Additionally, again for simplicity, we have not considered
target death events. Generally, MHT hypothesis generation
logic spawns only a target missed detection or target death
track hypothesis, the latter after a sufficient number of missed
detections.
B. Types of MHT Algorithms
There are two types of MHT, the hypothesis-oriented MHT
(HOMHT) [10], [15], [123] and TOMHT [10], [15], [76],
[101], [139], [149], [151]. Reid first proposed the HOMHT
[123]. There are two different types of the TOMHT, tree based
[29], [76], [101], [149] and non-tree based [138], [151]. Both
types of TOMHT solve the same binary MDA problem and
can yield the same binary (0-1) solutions. In the TOMHT
approach, measurements in the last s-1 scans are associated
with a number of tracks in the previous scan. The difference
is due to the representation by which tracks are represented.
Kurien first formulated a computationally efficient version of
the tree based TOMHT [76] in which a hypothesized target is
represented by a target tree. The non-tree based TOMHT [10],
[138], [151] does not use a target tree. When a hypothesized
target is represented by a target tree, N −scan pruning [15],
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[29], [76], [101] can be performed to reduce the number
of tracks. The non-tree based TOMHT cannot perform the
N −scan pruning. Therefore, the total number of tracks will be
different in these two TOMHT implementations. Subsections
V-C and V-D present tree based TOMHT and non-tree based
TOMHT, respectively.
We model targets as points and assume that a tracker
receives measurements in scans. Each scan contains the scan
time, sensor state related information (e.g. sensor position,
velocity, etc.), measurements and associated measurement
error covariances, and sensor probability of detection. A
conventional tracker is based on the fundamental assumption
that a point target generates at most one measurement per
scan [10], [15]. Multiple detections per scan for a point target
arising in the over the horizon radar (OTHR) tracking problem
[57], [121], [139] requires advanced algorithms where this
fundamental assumption can be relaxed.
C. Tree Based TOMHT
The HOMHT keeps a number of global hypotheses between
consecutive scans whereas tree based TOMHT only maintains
a number of target trees, each containing a number of tracks
which are not compatible. In tree based TOMHT, the best
global hypothesis is formed from the existing set of tracks
and the N −scan pruning and track-score based pruning are
used to limit the number of tracks from growing exponentially.
In tree based TOMHT, there are many more tracks than the
number of tracks in the best global hypothesis. For large-scale
tracking problems, there may be several thousand comparable
global hypotheses from several hundred tracks in a cluster
[16]. From practical experience, several hundred tracks can
be easily handled by tree based TOMHT. Therefore, this tree
based TOMHT has computational advantage over HOMHT.
Based on software architecture development, maintenance,
debugging, and cost effectiveness, most tracking groups at
present use the tree based TOMHT.
A block diagram in Fig. 8 shows various processing steps
of a tree based TOMHT. When the first scan is received,
the measurements are partitioned into a number of clusters
[123] first using a coarse method and then using the location
and measurement error covariances. The use of clustering
in MTT was first proposed by Reid [123] to partition the
tracking problem to a number of sub-problems so that an MHT
algorithm can be applied to each cluster for computational
efficiency. For each measurement a new track is initiated using
a single-point (SP) track initiation algorithm [8], [97], [98],
[100] which calculates the initial state estimate and associated
covariance. Additionally, the track score for a new track, which
generates a new target tree is also calculated. A sensor usually
collects measurements in a region of the measurement space
known as the dwell or scan volume. For a radar measuring
range and azimuth in a plane, the dwell volume (area in this
case) can be specified by the minimum and maximum values
of the range and azimuth. Thus a sensor has no information
about targets outside the dwell volume.
Assumptions:
1) The number of FAs in the dwell volume is Poisson
distributed [10]. Let λFA denote the expected number of
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TABLE I
T EN

POSSIBLE GLOBAL HYPOTHESES .

Global hypothesis
G1
G2
G3
G4
G5
G6
G7
G8
G9
G10

Structure of a global hypothesis
{T1 − z2 , T2 − z1 , T5 − z3 }
{T1 − z2 , T2 − z3 , T3 − z1 }
{T1 − z3 , T2 − z1 , T4 − z2 }
{T1 − z3 , T2 − z2 , T3 − z1 }
{T1 − ∅, T2 − z1 , T4 − z2 , T5 − z3 }
{T1 − ∅, T2 − z2 , T3 − z1 , T5 − z3 }
{T1 − ∅, T2 − z3 , T3 − z1 , T4 − z2 }
{T1 − z2 , T2 − ∅, T3 − z1 , T5 − z3 }
{T1 − z3 , T2 − ∅, T3 − z1 , T4 − z2 }
{T1 − ∅, T2 − ∅, T3 − z1 , T4 − z2 , T5 − z3 }

respectively. The LLR for a new track is given by [9], [76]
Meas.

Meas.

Clustering/
M2TA

Track
Initiation

New
Tracks
Global
Hypothesis
Formation

Existing
Tracks

Updated
Tracks

Track
Update

Tracks
Pruning

L∆LRk = log

Reported
Tracks

PD p(zk |Zk−1 )
,
λFA

L∆LRk = log(1 − PD PG ).

User

Fig. 8. Processing steps of a TOMHT.

FAs per unit volume of the measurement space, known
as the spatial density of FAs.
2) The number of new targets appearing in the dwell
volume is also Poisson distributed [10]. Let λnew denote
the expected number of new targets per unit volume of
the measurement space, known as the spatial density of
new targets.
1) Track Score: Tracks can have different number of detections and missed detections. In order to treat the tracks in a
normalized manner, the likelihood ratio (LR), normalized by
the FA probability density is used [9], [15], which is dimensionless. For computational convenience, the logarithm of the
LR (LLR) is used for the track score [9], [15]. High and low
track scores represent high and low quality tracks, respectively.
Let LLRk denote the track score at scan k. Assuming that
measurements at different scans are independent given the
state, the LLRk is related to the LLRk−1 by
LLRk = LLRk−1 + L∆LRk ,

λnew
.
λFA

(51)

Let Zk−1 denote the measurements associated with a track up
to time tk−1 . For generality, we assume that Zk−1 includes
detections and missed detections. Then the L∆LRk s for the
association of zk with the track and missed detection event,
respectively, are given by [9], [76]

Tracks &
BGH

Predicted
Tracks
Track
Prediction

LLRnew = log

(50)

where L∆LRk is the incremental log-likelihood ratio or incremental track score at scan k. As described in Section V-A,
three possible cases arise; a measurement zk can be associated
with a track, a track can have a missed detection, and a
new track corresponding to zk can be created. Let PD and
PG denote the probability of detection and gate probability,

(52)
(53)

2) Best Global Hypothesis Generation using MFA and
Pruning: As seen in Section V-A, the number of tracks can
grow exponentially as scans of measurements are processed
sequentially. This can lead to a serious computational problem
when a few hundred targets are present in the surveillance area.
In order to have practical solutions for real-world tracking
problems, the tree based TOMHT uses a number of pruning
methods to delete tracks with low track score while keeping
tracks with high scores. Next we describe the formation of
the best global hypothesis using the example shown in Fig. 9,
described in [101]. The notations and symbols used here are
slightly different from those in [101]. This example is different
from the example in Fig. 6.
We assume that at scan k − 1 we have two resolved tracks
T1 , T2 and at scans k and k + 1, the tracker receives measurement sets {z1 , z2 } and {z3 }, respectively. Following the procedure described in Section V-A, ten tracks {h1 , h2 , ..., h10 }
are generated at scan k + 1. The problem shown in Fig. 9 is
a 3-dimensional (s = 3) assignment problem. Let N and M
denote the number of tracks at scan k + 1 and the sum of the
number of resolved tracks at the root node and the number
of measurements in the last s − 1 scans, respectively. For our
example, M = 5, N = 10. Let a and u be N − dimensional
column vectors, where each element of a is zero or one and
ui = LLRi , i = 1, 2, ...N. Let b be an M − dimensional
column vector where each element of b is one. We refer to a
and u as the assignment and utility vectors, respectively. The
best global hypothesis is determined by solving the binary
programing problem where {ai ∈ [0, 1]} are determined by
maximizing the total utility as shown in Fig. 10.

Preprint: Wiley Encyclopedia of Electrical and Electronics Engineering, Wiley, Sept. 2015.

Scan

T1

k -1

T2

z1 z 2

k

k +1

Missed
detection

N-scan = 1

Resolved tracks

T3
z1

z1

z3
h1 h2 h3 h4

h5

T4
z2

z3
h7 h8

h6

h9

T5
z3
h10

15

of non-tree based TOMHT. To illustrate this approach, we
consider the example in Fig. 9 and use the method described in [151]. This multi-frame assignment problem is a
3D assignment problem. Following the approach in [151],
we have depicted this 3D assignment problem in Fig. 11,
where two resolved tracks T1 and T2 at scan k − 1 and
three measurements {z1 , z2 } and {z3 } at scans k and k + 1
are shown. Secondly, a dummy track corresponding to an
”extraneous” measurement (new target or false alarm) at scan
k − 1 and dummy measurements corresponding to missed
detections at scans k and k + 1 are also shown in Fig. 11.

Best global
hypothesis

k -1

Scan

Fig. 9. Formation of best global hypothesis and N -scan pruning.
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Fig. 11. Multi-frame assignment problem in non-tree based TOMHT.

Track initiation, track score computation, and track confirmation in this type of non-tree based TOMHT are similar to
those in tree based TOMHT. An s−D assignment is used to
determine best global hypothesis. Two tracks present in the
best global hypothesis are shown in Fig. 11 by solid lines
originating from resolved tracks T1 and T2 .
E. Track Filtering

Fig. 10. Multi-frame assignment problem.

The Lagrangian relaxation algorithm [117], [119], [120] and
approximate linear programming (LP) [29], [145] can be used
to solve the MFA problem.
Suppose the tracks h2 and h5 are included in the BGH
and we choose N -scan as 1. In N -scan pruning, we move
one scan back from the current scan k + 1 to scan k and for
target trees T1 and T2 , we delete branches not included in the
BGH. Thus, tracks h1 , h4 , h6 , h7 , h8 , and h9 are deleted by
N -scan pruning. In addition to N -scan pruning, track score
based pruning is used to delete tracks with low track score.
In order to remove spurious tracks and keep good tracks, the
status of a track is specified by new, tentative, and confirmed.
A number of track-confirmation logic described in [15], [30]
are used to keep good tracks. Generally, track management
is performed in a sliding window and is either logic-based or
score-based, the latter making use of the sequential probability
ratio test (SPRT) for quickest change detection [15].
D. Non-tree Based TOMHT
Details of non-tree based TOMHT are presented in [10],
[138], [151]. There are a number of variants of this type

A single model filter (e.g KF, EKF, UKF, PF, PFF) and multiple model filter (e.g. IMM, VS-IMM) for a non-maneuvering
and maneuvering target, respectively, are used in an MTT
system. The dynamic and measurement models in a filter
can be linear or nonlinear. Some of these filters have been
described in Subsections II-C, II-D, and II-E. A detailed
overview of the dynamic and measurement models and filters
for non-maneuvering and maneuvering targets are presented
in [101].
F. Applications of MHT
The MHT has been successfully used for solving many realworld problems in ground target tracking, maritime tracking,
air target tracking, missile defense systems, computer vision
systems, video tracking, persistence surveillance, and space
object tracking (SOT) [15], [16], [101]. Computer hardware
and software have advanced significantly during the last two
decades. As a result, large-scale real-world problems involving
thousands of targets can now be solved by the TOMHT using
high performance computing (HPC) and cluster computing. As
mentioned in [16], due to military applications and company
proprietary policies, many of these studies are not available in
the open literature.
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G. Future Work
Future areas of research include multiple detection systems
in which multiple measurements for a target can arise in a
scan. These problems arise in over the horizon radar (OTHR)
tracking [57], [121], [139], tracking using high range resolution radar (HRR), and passive coherent location system
(PCL) [152]. Multiple detections per scan can also arise for an
extended target [81]. Large-scale real-world problems which
will involve HPC and cluster computing are SOT [102] and
giga-pixel video surveillance system [2]. An important area of
research is the comparative evaluation of the TOMHT and RFS
based algorithms. Research in this area is quite limited [147].
Optimal solution to a complex MTT system is not possible. A
key goal of an advanced MTT system is to have numerically
efficient, near-optimal, robust, and scalable algorithms and
software.
VI. T HE R ANDOM F INITE S ET A PPROACH
List of mathematical symbols:
Q
multitarget exponential: x∈X h(x), h∅ = 1
(set-valued) multitarget state at time k
(set-valued) multitarget observation at time k
multitarget observation history (Z1 , Z2 , ..., Zk )
multi-target density
Probability Hypothesis Density (PHD)
cardinality distribution
space of labels for targets born at time k
space of labels for targets up to time k
the set of labels of X
distinct label indicator: δ|X| [|L(X)|]
association map taking L0:k to {0, 1, ..., |Zk |}
such that θ(`) = θ(`0 ) > 0 implies ` = `0
Θk
space of association maps at time k
Θk (L) subset of Θk with domain L

hX
Xk
Zk
Zk
π(·)
v(·)
ρ(·)
Lk
L0:k
L(X)
∆(X)
θ

The RFS approach represents the multitarget state as a finite
set of single-target states, and the MTT problem is formulated
as a dynamic multitarget state estimation problem, analogous
to the single-target case in Section II.
A. Random Finite Set
An RFS X, of X , is a random variable taking values in
F(X ), the collection of all finite subsets of X . While F(X )
does not inherit the usual Euclidean notion of probability
density from X , a measure-theoretic notion of probability
density on F(X ) is available [154]. However, we adopt the
Finite Set Statistic (FISST) notion of density since it is
convenient and by-passes measure theoretic constructs [54],
[86].
The FISST density of an RFS X is a non-negative function
π on F(X ) such that for any region S ⊆ X ,
Z
Pr(X ⊆ S) =
π(X)δX,
S

where the integral above is a set integral defined by [54], [84]
Z
Z
∞
X
1
π({x1 , ..., xi })d(x1 , ..., xi ),
π(X)δX =
i! S i
S
i=0
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i.e. the set integral of the FISST density over a region S, yields
the probability that X is contained in S. Although π is not
a probability density, the function defined by π(X)K |X| is,
where K denotes the unit of hyper-volume on X [154].
A Bernoulli RFS X has probability 1−r of being empty, and
probability r of being a singleton whose element is distributed
according to a probability density p (on X ). The density of a
Bernoulli (RFS) is given by

1 − r,
X = ∅,
π(X) =
rp(x), X = {x}.
A multi-Bernoulli RFS is a union of independent Bernoulli’s.
The cardinality distribution of an RFS is defined by
ρ(n) = Pr(|X| = n).
An i.i.d. cluster RFS X has elements i.i.d. according to a
probability density p (on X ), and is completely characterized
by ρ and p [36]. Its density is given by
Yn
π({x1 , ..., xn }) = n!ρ(n)
p(xi ),
i=1

with π(∅) = ρ(0). A Poisson RFS is a special case of i.i.d.
cluster RFS with Poisson cardinality.
The first moment of an RFS is the Probability Hypothesis
Density (PHD) also known as the intensity function [84], [154].
The PHD is a non-negative function v (on X ) whose integral
over any region S ⊆ X gives the expected number of elements
of the RFS that are in S, i.e.
Z
E [|X ∩ S|] =
v(x)dx.
(54)
S

The PHD is computed from the multitarget density by [84]
Z
v(x) = π({x} ∪ X)δX.
(55)
The local maxima of the PHD are points in X with the
highest local concentration of expected number of elements.
Intuitively, we can use n̂ = E [|X|] or n̂ = arg maxn ρ(n)
as the estimated number of targets, and the n̂ highest local
maxima of the PHD as the estimated target states.
When a multitarget state, with prior density π, is observed
as Z (e.g. a set of points, an image, or a function) modelled
by the likelihood function π(Z|X), all information about the
multitarget state given the observation is contained in the
multitarget posterior density, given by Bayes rule (cf. (1))
π(X|Z) = R

π(Z|X)π(X)
.
π(Z|X)π(X)δX

(56)

Bayes optimal multitarget estimators can be formulated by
minimizing the Bayes risk as in the single-target case. One
such estimator is the Marginal multitarget estimator [86]: X̂ =
arg supX:|X|=n̂ π(X|Z), where n̂ = arg maxn ρ(n|Z).
B. Multitarget State Space Model
In a standard multitarget transition model (see Section III),
at time k − 1, each target xk−1 of a multitarget state Xk−1 ,
generates a Bernoulli RFS Sk|k−1 (xk−1 ) at time k. New
targets at time k are modeled by an RFS of spontaneous births
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Γk . Thus, the multitarget state Xk generated by Xk−1 is given
by the multitarget state transition equation (cf. (2))
[
Xk =
Sk|k−1 (xk−1 ) ∪ Γk .
(57)
xk−1 ∈Xk−1

In general the multitarget transition equation can be described
by a Markov multitarget transition density (cf. (3))
φk|k−1 (Xk |Xk−1 ),

(58)

i.e. the probability density that a given multitarget state Xk−1
evolves to Xk . The multitarget transition density captures the
underlying models of target motion, births and deaths.
In a standard multitarget observation model (see Section
III), each target xk of a multitarget state Xk , generates a
Bernoulli RFS Dk (xk ). The observation Zk generated by Xk
is given by the multitarget observation equation (cf. (4))
[
Zk =
Dk (xk ) ∪ Fk ,
(59)
xk ∈Xk

where Fk is an RFS of false detections. In general the multitarget observation model can be expressed as the multitarget
likelihood function (cf. (5))
ϕk (Zk |Xk ),

(60)

i.e. the likelihood that the observation Zk is generated by the
multitarget state Xk . In a standard observation model, the
multitarget observation likelihood captures underlying models of target detections, observation noise, and FAs. Unlike
traditional techniques, this framework accommodates nonhomogeneous, non-Poisson FAs, and state-dependent probability of detection in a principled way. Non-standard observations
such as images, functions, etc. can also be described by the
multitarget observation likelihood.
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A generic particle implementation of the multitarget recursions (61) and (62)-(63) was given in [154]. Multitarget
trackers based on incorporating labels in the target states
include the generalized labeled multi-Bernoulli filter [163],
[164], which solves the filtering recursion (62)-(63) analytically, and the particle marginal Metropolis-Hasting tracker
[166], which simulates the posterior (61). Algorithms that only
estimate the multitarget state include the PHD, Cardinalized
PHD and multi-Bernoulli filters, [84]–[86], [159], [160], which
are analytic approximations of the filtering recursion (62)-(63).
D. The PHD Filter
The PHD filter is a computationally inexpensive approximation of the multitarget Bayes filter derived by Mahler using
FISST [84]. An alternative derivation of the PHD filter based
on classical point process theory was given in [142], while an
intuitive interpretation was given in [47].
Instead of propagating the multitarget filtering density
πk (·|Z k ), the PHD filter propagates its first moment, the
filtered PHD vk (·|Z k ). In addition to the standard multitarget
state space model with Poisson FAs, the PHD recursion
assumes that the updated and predicted multitarget RFSs are
k
Poisson. For compactness, we drop the
R dependence on Z , and
denote by hα, βi P
the inner product α(ζ)β(ζ)dζ when α, β
∞
are functions, or `=0 α(`)β(`) when α, β are sequences.
The PHD recursion consists of a prediction and an update
vk|k−1 (x) = hPS,k|k−1 fk|k−1(x|·), vk−1 i +γk (x),
vk (x) = [1−PD,k (x)] vk|k−1 (x)
X
ψk (z; x)vk|k−1 (x)
,
+
λF,k +hψk (z; ·), vk|k−1 i

(64)

(65)

z∈Zk

where γk is the PHD of the RFS of new targets,
C. Multitarget Bayes Recursion

ψk (z; x) = PD,k (x)gk (z|x)/pF,k (z)

All information about the multitarget state history to
time k is encapsulated in the multitarget posterior density
π0:k (·|Z1:k ), which can be computed recursively from an
initial prior π0 , via the multitarget Bayes recursion (cf. (6))
π0:k (X0:k |Z k ) ∝
ϕk (Zk |Xk )φk|k−1 (Xk |Xk−1 )π0:k−1 (X0:k−1 |Z k−1 ). (61)
Target trajectories are accommodated by incorporating a label
in each target’s state vector [54], [86], [163], [166]. The
multitarget posterior, thus contains all information on the RFS
of target trajectories, given the observation history.
The multitarget filtering density πk (·|Z k ), is a marginal of
the posterior density at time k, which is of interest for on-line
multitarget tracking. The multitarget filtering density can be
computed recursively using the multitarget Bayes prediction
and update equations (cf. (7), (8))
Z
k−1
πk|k−1 (X|Z
) = φk|k−1 (X|Y )πk−1 (Y |Z k−1 )δY, (62)
πk (X|Z k ) = R

ϕk (Zk |X)πk|k−1 (X|Z k )
.
ϕk (Zk |Y )πk|k−1 (Y |Z k )δY

(66)

is the detection-to-FA ratio of z given a target x, λF,k is
expected number of FAs at time k, and pF,k is the probability
density of each FA.
The PHD recursion (64)-(65) admits a closed form solution called the Gaussian Mixture PHD (GM-PHD) filter
[155] under the linear Gaussian multitarget model: linear
Gaussian single-target model, i.e. (9)-(10); constant survival
and detection probabilities, i.e. PS,k|k−1 (x) = PS,k|k−1 , and
PD,k (x) = PD,k (Gaussian mixture PS,k|k−1 (x) and PD,k (x)
can also be accommodated); and Gaussian mixture birth PHD
XJΓ,k (j)
(j)
(j)
γk (x) =
wΓ,k N (x; mΓ,k , PΓ,k ).
j=1

In this case, if vk−1 is a Gaussian mixture of the form
XJk−1 (i)
(i)
(i)
vk−1 (x) =
wk−1 N (x; mk−1 , Pk−1 ),
(67)
i=1

then the predicted PHD to time k is given by
Jk−1

(63)

vk|k−1 (x) = γk (x)+

X
i=1

(i)

(i)

(i)

wk|k−1 N (x; mk|k−1 , Pk|k−1 ), (68)
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(i)

(i)

(i)

(i)

where wk|k−1 = PS,k|k−1 wk−1 , and mk|k−1 , Pk|k−1 are given
by the Gaussian sum filter prediction (13), (14), respectively.
If we rewrite vk|k−1 as
XJk|k−1 (i)
(i)
(i)
vk|k−1 (x) =
wk|k−1 N (x; mk|k−1 , Pk|k−1 ) (69)
i=1

then, the updated PHD at time k is given by
vk (x) = (1 − PD,k )vk|k−1 (x)
+ PD,k

k|k−1
X JX

(i)

(i)

(i)

wk (z)N (x; mk (z), Pk )

(70)

z∈Zk i=1

where
(i)

(i)
wk (z)

(i)

wk|k−1 qk (z)
=
PJk|k−1 (`)
(`)
λF,k + PD,k `=1
wk|k−1 qk (z)

(i)

(i)

(i)

qk (z) = N (z; Hk mk|k−1 , Sk|k−1 )/pK,k (z),
(i)
mk (z),

(i)
Pk ,

(71)

with
given by the Gaussian sum filter
update (15)-(18) respectively.
Mixture reduction by pruning negligible components and
merging similar components are needed to manage the growing the number of components [155]. Multitarget state estimation in the GM-PHD filter involves first estimating the number
of targets from the sum of the weights, and then extracting the
corresponding number of components with the highest weights
from the PHD as state estimates. Alternatively, we can choose
the means of components whose weights exceed a prescribed
threshold.
For highly nonlinear problems, vk can be approximated
(i)
(i)
k
by a set of weighted particles {(wk , xk )}L
i=1 . A generic
particle PHD filter is given in the algorithm below [154].
Convergence results similar result to that in [32] also hold for
the particle PHD filter under standard assumptions [154], [26],
[66]. Multitarget state estimation for the particle PHD filter
requires the clustering of particles into groups, which involves
additional processing. Techniques such as the auxiliary particle
PHD filter [167], the measurement driven particle PHD filter
[127] provide partial solutions to this problem.
Algorithm: Particle PHD filter

(i)

w
ek|k−1 =

(i)

and compute

(i)
(i) (i)
PS,k|k−1(xk−1 )fk|k−1(e
xk |xk−1 ) (i)
wk−1 .
(i) (i)
qk (e
xk |xk−1 , Zk )

For i = 1, ..., Jk , sample
(i+L

(i+Lk−1 )

ek
x
)

w
ek|k−1k−1 =
For each z

(i)

ek ∼ qk (·|xk−1 , Zk )
x

∼ rk (·|Zk )

and compute

(i+L
)
γk (e
xk k−1 )
.
(i+L
)
Jk rk (e
xk k−1 |Zk )

∈ Zk , compute
XLk−1 +Jk
(j)
(j)
e k )w
Ck (z) =
ψk (z; x
ek|k−1 .
j=1

For i = 1, ..., Lk−1

+ Jk , update weights

"
(i)
w
ek

= 1−

(i)
PD,k (e
xk )
(i)

Resample to get {(wk

+

(i)

X
z∈Zk

k
, xk )}L
i=1 .

E. The Cardinalized PHD Filter
The cardinalized PHD (CPHD) filter is a generalization
of the PHD filter that jointly propagates the PHD vk and
cardinality distribution ρk to provide better performance albeit
at higher computational complexity [85]. In addition to the
standard multitarget state space model with i.i.d. cluster FAs,
the CPHD recursion assumes that the prior and predicted
multitarget densities are i.i.d. cluster. We use the alternative
form of the CPHD recursion given in [156] since it facilitates
implementations.
The CPHD prediction is the same as the PHD prediction except for the additional calculation of the predicted cardinality
distribution ρk|k−1 , which is the convolution:
Xn
ρk|k−1 (n) =
ρΓ,k (n − j)ρS,k|k−1 (j),
j=0

(72)

(i)
Sk|k−1

For i = 1, ..., Lk−1 , sample
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#
(i)
ek )
ψk (z; x
(i)
w
ek|k−1 .
λF,k + Ck (z)

of the birth cardinality distributions ρΓ,k (given in the birth
model) and surviving target cardinality distribution
ρS,k|k−1(j) =

∞
X

`−j

j
Cj` P̄S,k|k−1
(1− P̄S,k|k−1 )

ρk−1(`)

`=j

P̄S,k|k−1 = hPS,k|k−1 , vk−1i/h1, vk−1i
The CPHD update is given by [85], [156]
(0)

ρk (n) =

Υk [vk|k−1 , Zk ](n)ρk|k−1 (n)
(0)

hΥk [vk|k−1 , Zk ], ρk|k−1 i

,

(1)

vk (x) =
+

hΥk [vk|k−1 , Zk ], ρk|k−1 i(1 − PD,k (x))vk|k−1 (x)
(0)

hΥk [vk|k−1 , Zk ], ρk|k−1 i
XhΥ(1) [vk|k−1 , Zk −{z}], ρk|k−1 iψk (z; x)vk|k−1 (x)
k

(0)

hΥk [vk|k−1 , Zk ], ρk|k−1 i

z∈Zk

where
n−|S|

(u)

Υk [v, Z](n) =

X
S⊆Z

Pu
u Ξk [v, Z, S|n]
h1 − PD,k , vi
S

n
Ξk [v, Z, S|n] = P|S|
[ψ̄k ] (1− P̄D,k )

n−|S|

ρF,k(|Z −S|)|Z −S|!

ψ̄k (z) = hψk(z; ·), vi/h1, vi
P̄D,k = hPD,k , vi/h1, vi.
ρF,k = cardinality distribution of FAs
Multitarget state estimation for the CPHD filter is similar
to that for the PHD filter. In addition, the number of targets
can be estimated using arg max ρk (·).
The bottleneck of the CPHD update is the evaluation of the
elementary symmetric function
X Y
ej (Y ) =
ζ,
S⊆Y,|S|=j ζ∈S

for a finite subset Y of real numbers, with e0 (Y ) = 1 by
convention [20]. Using the Newton-Girard formulae (or Vieta’s
Theorem) ej (Y ) can be evaluated efficiently by expanding out
the polynomial with roots given by the elements of Y , and
collect the coefficient of the |Y | − j power [156]. Both the
PHD and CPHD filter are linear in the number of targets. The
PHD filter is linear in the number of observations while the
CPHD filter has a complexity of O |Zk |2 log |Zk | [156].
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Under the linear Gaussian multitarget model, the CPHD
recursion also admits a closed form solution. If vk−1 is a
Gaussian mixture of the form (67), then vk|k−1 is the same
as the GM-PHD prediction (68), and ρk|k−1 is the convolution
of ρΓ,k and ρS,k|k−1 with P̄S,k|k−1 = PS,k|k−1 . If vk|k−1 is a
Gaussian mixture of the form (69), then
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for targets at time k (including those born prior to k) is denoted
as L0:k . Note that L0:k = L0:k−1 ∪ Lk .
PXOWL WDUJHW VWDWHV

Υk [wk|k−1 , Zk ](n)ρk|k−1 (n)
(0)

hΥk [wk|k−1 , Zk ], ρk|k−1 i

,

(1)

vk (x) = (1 − PD,k )

+ PD,k

hΥk [wk|k−1 , Zk ], ρk|k−1 i
(0)

hΥk [wk|k−1 , Zk ], ρk|k−1 i

X
X Jk|k−1
z∈Zk

(i)

(i)

vk|k−1 (x)

VWDWH VSDFH

(0)

ρk (n) =

(i)

wk (z)N (x; mk (z), Pk ),

«
WLPH

i=1

where
(1)

(i)
wk (z)

=

(i)

(i)

hΥk [wk|k−1 , Zk −{z}], ρk|k−1 iqk (z)wk|k−1
(0)

hΥk [wk|k−1 , Zk ], ρk|k−1 i
(J

(1)

)

k|k−1 0
wk|k−1 = [wk|k−1 , ..., wk|k−1
],

n−|S|

(u)

Υk [w, Z](n) =

X
S⊆Z

Pu
u Ξk [w, Z, S|n]
[(1 − PD,k )10 w]
S

n
Ξk [w, Z, S|n] = P|S|
[ψ̄k ] (1−PD,k )
0

n−|S|

ρF,k(|Z −S|)|Z −S|!

0

ψ̄k (z) = PD,k w qk (z)/1 w
(Jk|k−1 )

(1)

qk (z) = [qk (z), ..., qk
(i)

(i)

WUDFNV

(z)]0 ,

(i)

and mk (z), Pk and qk (z) are the same as in the GM-PHD
filter.
As with the Kalman filter, the extended PHD/CPHD filters are GM-PHD/CPHD filters with linearized state space
equations, and the unscented PHD/CPHD filters are GMPHD/CPHD filters with unscented transform approximations
[155]. The particle implementation of the CPHD filter follows that for the PHD filter [154]. The PHD/CPHD filters
can be applied to jointly estimate the FA parameters, statedependent detection probability, and the multitarget state [13],
[93], [95]. They have also been extended to multiple models
[115], [94], extended targets [90], [28], [56], superpositional
measurements [111], multiple sensors [87], [89], [92], [28]
and distributed multitarget filtering [11], [153]. We refer the
reader to the text [96] for more details on advances in PHD
filtering.
F. The Generalized Labeled Multi-Bernoulli Tracker
In addition to the PHD/CPHD filters, other approximations
of the multitarget Bayes filter include the multi-Bernoulli
filters [159], [160] and their extensions [122] [113], [162],
[170]. While these filters are not formulated to output tracks,
their generalization, the Generalized Labeled Multi-Bernoulli
(GLMB) filter, is [163], [164].
Targets are labeled by an ordered pair of integers ` = (k, i),
where k is the time of birth, and i is a unique index to
distinguish targets born at the same time. Figure 12 illustrates
the assignment of labels to target trajectories. The label space
for targets born at time k is denoted as Lk and the label space

Fig. 12. A label assignment example: The two tracks born at time 1 are given
labels (1,1) and (1,2), while the track born at time 4 is given label (4,1).

An existing target at time k has state (x, `) consisting of the
kinematic/feature x ∈ X and label ` ∈ L0:k , i.e. single-target
state space X is the Cartesian product X×L0:k . To ensure
that the labels of a multitarget state X ⊂ X×L0:k are distinct,
we require X and the set of labels of X, denoted as L(X), to
have the same cardinality. The function ∆(X) , δ|X| [|L(X)|]
is called the distinct label indicator.
An association map at time k is a function θ : L0:k →
{0, 1, ..., |Z|} such that θ(`) = θ(`0 ) > 0 implies ` = `0 .
Such a function can be regarded as an assignment of labels to
measurements, with undetected labels assigned to 0. The set
of all such association maps is denoted as Θk ; the subset of
association maps with domain L is denoted by Θk (L); and
Θ0:k , Θ0 × ... × Θk .
In the GLMB filter, the multitarget filtering density at time
k − 1 is a GLMB of the form
X (ξ)
(ξ)
πk−1 (X|Z k−1 ) = ∆(X)
wk−1 (L(X))[pk−1 ]X , (73)
ξ∈Θ0:k−1
(ξ)
pk−1 (·, `)

where each
is a probability density, and each weight
(ξ)
wk−1 (L) is non-negative with
X
X
(ξ)
wk−1 (L) = 1.
L∈F(L) ξ∈Θ0:k−1

The cardinality distribution of the GLMB in (73) is given by
X
X
(ξ)
ρk−1 (n) =
δn (|L|)wk−1 (L).
(74)
L∈F (L) ξ∈Θ0:k−1

Each ξ = (θ0 , ..., θk−1 ) ∈ Θ0:k−1 represents a history
of association maps up to time k − 1, and contains the
history of target labels encapsulating both births and deaths.
A tractable suboptimal multitarget estimate is obtained by the
following proceedure: determine the MAP cardinality estimate
n∗ ; ∗determine the label set L∗ and ξ ∗ with highest weight
(ξ )
wk−1 (L∗ ) among those with cardinality n∗ ; determine the
(ξ ∗ )
expected values of the states from pk−1 (·, `), ` ∈ L∗ [163].
The set of targets born at time k is modelled by a GLMB
with one term: fΓ,k (X) = ∆(X)wΓ,k (L(X))pX
Γ,k (a full
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GLMB birth can also be easily accommodated) [163]. Since
the label of a target does not evolve with time, we have
fk|k−1 (xk , `k |xk−1 , `k−1 ) = fk|k−1 (xk |xk−1 , `k−1 )δ`k−1 [`k ].
The GLMB density is a conjugate prior with respect to
the standard multitarget likelihood function and is also closed
under the multitarget prediction. Under the standard multitarget model, if the multitarget filtering density, at the previous
time, πk−1 is a GLMB of the form (73), then the multitarget
prediction density πk|k−1 is a GLMB given by [163]
X
(ξ)
(ξ)
πk|k−1 (X|Z k−1 ) = ∆(X)
wk|k−1 (L(X))[pk|k−1 ]X ,
ξ∈Θ0:k−1

where
(ξ)

(ξ)

wk|k−1(L) = wS,k|k−1 (L ∩ L0:k−1 )wΓ,k (L ∩ Lk ),
(ξ)

(ξ)

pk|k−1(x, `) = 1L0:k−1(`)pS,k|k−1(x, `)+1Lk(`)pΓ,k (x, `),
X
(ξ)
(ξ)
(ξ)
(ξ)
[1− P̄S,k|k−1 ]I−L wk−1(I),
wS,k|k−1(L) = [P̄S,k|k−1 ]L
I⊇L

E
(ξ)
= PS,k|k−1 (·, `), pk−1 (·, `) ,
D
E
(ξ)
PS,k|k−1 (·, `)fk|k−1(x|·, `), pk−1 (·, `)
(ξ)
,
pS,k|k−1(x, `) =
(ξ)
P̄S,k|k−1 (`)
(ξ)
P̄S,k|k−1(`)

D

and the multitarget filtering density πk is a GLMB given by
X X (ξ,θ)
πk(X|Z k ) = ∆(X)
wk (L(X)|Zk )[p(ξ,θ)(·|Zk )]X,
ξ∈Θ0:k−1 θ∈Θk

where
(ξ,θ)

(ξ,θ)

(ξ)

(L|Z) ∝ 1Θk(L) (θ)[Ψ̄Z,k ]L wk|k−1 (L),
D
E
(ξ,θ)
(θ)
(ξ)
Ψ̄Z,k (`) = ΨZ,k (·, `), pk|k−1 (·, `) ,
(
ψk (zθ(`) ;(x,`))
,
if θ(`) > 0
(θ)
λF,k
ΨZ,k (x, `) =
1 − P D,k (x, `), if θ(`) = 0

wk

(θ)

(ξ,θ)

pk

(x, `|Z) =

(ξ)

ΨZ,k (x, `)pk|k−1 (x, `)
(ξ,θ)

.

Ψ̄Z,k (`)

The GLMB recursion above is the first exact close form
solution to the Bayes multitarget filter. Truncating the GLMB
sum is needed to manage the growing the number of components in the GLMB filter. In [164] an implementation of the
GLMB filter based on discarding ”insignificant” components
was detailed, and it was shown that such truncation minimizes
the L1 error in the multitarget density. This algorithm has
a worst case complexity that is cubic in the number of
observations.
A one term approximation to the GLMB filter, known
as the LMB filter [124], was used to track thousands of
targets simultaneously in relatively dense FAs on a laptop
computer [165]. Moreover, it has been deployed as a realtime multitarget tracker in automative safety systems [125].
Recently, the GLMB filter was extended to the more realistic
and very challenging problem of multitarget tracking with
merged measurements [14].
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