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Abstract – Random finite sets are natural representations of multi-target states and observations that allow multi-sensor multi-target tracking to fit in the unifying random set framework for Data Fusion. Although
a rigorous foundation has been developed in the form
of Finite Set Statistics, optimal Bayesian multi-target
filtering is not yet practical. Sequential Monte Carlo
(SMC) approximations of the optimal filter are computationally expensive. A practical alternative to the optimal filter is the Probability Hypothesis Density (PHD)
filter, which propagates the PHD or first moment instead of the full multi-target posterior. The propagation
of the PHD involves multiple integrals which do not admit closed form. We propose to approximate the PHD
by a set of weighted random samples which are propagated over time using a generalised SMC method. The
resulting algorithm is very attractive as it is general
enough to handle non-linear non-Gaussian dynamics
and the computational complexity is independent of the
(time-varying) number of targets.
Keywords: Multi-target Tracking, Optimal Filtering,
Particle Methods, Point Processes, Random Sets, Sequential Monte Carlo.
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Introduction

Multi-sensor multi-target tracking is a class of dynamic state estimation problems in which the entity
of interest is a set that is random in the number of
elements as well as the values of individual elements
[2]. Finite random sets are therefore natural and intuitive representations of multi-target states and multitarget measurements. The modelling of multi-target
dynamic using random sets naturally leads to tracking
algorithms which incorporate track initiation, a procedure that has mostly been performed separately in traditional tracking algorithms. More importantly, random sets provide a rigorous unified framework for the
seemingly unconnected sub-disciplines of data fusion
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[7], [11].
Although stochastic geometrical models, including
deformable templates and random finite sets have long
been used by statisticians to develop techniques for
object recognition in static images [1], this representation has been largely overlooked in the data fusion
and tracking literature until recently [10], [11]. The
first systematic treatment of multi-sensor multi-target
tracking, as part of a unified framework for data fusion using random set theory was the work of Mahler
[10], [11]. By reconceptualising all sensors as a single meta sensor, the target set as a single meta target
with multi-target state, and the observations collected
by the sensor suite as a single set of measurements of
the meta sensor, the multi-sensor multi-target tracking
problem can be rigorously cast in a Bayesian framework.
Analogous to single-target tracking, Bayesian multitarget tracking (in the random finite set framework)
propagates the multi-target posterior density recursively in time. This involves the evaluation of multiple
(set) integrals and the computational intractability is
more severe than its single-target counterpart. Moreover, naive Sequential Monte Carlo (SMC) methods
have an efficiency decreasing exponentially with the
number of targets.
The Probability Hypothesis Density (PHD) filter
proposed by Mahler [12],[13] is a tractable alternative
to the optimal multi-target filter. It is a recursion propagating the PHD or first moment of the multi-target
posterior. Under the assumption that the predicted
multi-target density is Poisson, this recursion is exact
and completely characterises the statistics of the dynamic Poisson point process of interest. We emphasise
here that the PHD is a function defined on the space
where individual targets live, but it is not a probability
density. It is positive and integrable, but does not necessarily integrate to unity. Unfortunately, the PHD

propagation equations involve multiple integrals that
have no computationally tractable closed form expressions even for the simple case where individual targets
follow a linear Gaussian dynamic.
In this article, we propose to approximate the PHD
using a SMC method; i.e. the PHD is represented by
a large set of weighted random samples (or particles)
which are propagated over time using importance sampling and re-sampling strategies. SMC methods are
extremely powerful tools which have had an impact on
optimal (Bayesian) filtering [4], [5]. However, a direct
application of standard SMC methods to propagate the
multi-target PHD would fail as the PHD is not a probability density function and the PHD recursion is not a
standard Bayes recursion. In this paper, a probabilistic
interpretation of the PHD recursion is given which allows the derivation of an efficient SMC implementation
of the PHD filter. The proposed algorithm is general
enough to handle non-linear non-Gaussian dynamics.
The salient feature of this algorithm is that its computational complexity is independent of the time-varying
number of targets, though the number of particles can
be adaptively allocated in such a way that a constant
ratio between the number of particles and the expected
number of targets is maintained. Numerical studies
shows surprisingly good performance, even very short
tracks are picked up among clutter.
The rest of the paper is organised as follows. Section
2 briefly reviews the basics of random finite set, optimal multi-target tracking and the PHD recursion. Section 3 describes a particle implementation of the PHD
recursion. Simulation results are presented in Section
4. Finally, some potential extensions are discussed in
Section 5.

2

Random Finite Set Model of
Multi-target Dynamics

In a single-target system, the state and measurement at time k are two vectors of possibly different
dimensions, while in a multi-target system the state
and measurement are two collections of individual targets and measurements. The state and measurement
of a single-target system evolve in time with their dimensions unchanged. However, this is not the case
with a multi-target problem. As the multi-target state
and measurement evolve in time, the number of individual targets and measurements may change, i.e. the
dimensions of the multi-target state and multi-target
measurement also evolve in time.
Multi-target state and multi-target measurement at
time k are naturally represented as finite sets Xk and
Zk . For example, if at time k there are M (k) targets located at xk,1 , . . . , xk,M (k) ∈ Es then, Xk =

{xk,1 , . . . , xk,M (k) } ⊆ Es . Similarly, if N (k) observations zk,1 , . . . , zk,N (k) ∈ Eo are received at time k, then
Zk = {zk,1 , . . . , zk,N (k) } ⊆ Eo where some of the N (k)
observations may be due to clutter. Analogous to single target system, where uncertainty is characterised
by modelling the state and measurement by random
vectors, uncertainty in a multi-target system is characterised by modelling multi-target state and multitarget measurement as random finite sets (RFS) Ξk
and Σk on the state and observation spaces Es and Eo
respectively. A formal definition of a random finite set
is given in Section 2.1.
Given a realisation Xk−1 of the multi-target state
at time k − 1, the multi-target state at time k can be
modelled by the RFS
Ξk = Sk (Xk−1 ) ∪ Bk (Xk−1 ) ∪ Γk
where Sk (Xk−1 ) denotes the RFS of targets that have
survived at time k, Bk (Xk−1 ) denotes the RFS of targets spawned from Xk−1 and Γk denotes the RFS of
targets that appear spontaneously at time k. The statistical behaviour of the RFS Ξk is characterised by the
conditional probability “density” fk|k−1 (Xk |Xk−1 ) in
an analogous fashion to the Markov transition density
for random vector. The notion of probability density
for RFS is formalised in Section 2.1.
Similarly, given a realisation Xk of the multi-target
state at time k, the multi-target measurement can be
modelled by the RFS
Σk = Ek (Xk ) ∪ Ck (Xk )
where Ek (Xk ) denotes the RFS of measurements generated by Xk , and Ck (Xk ) denotes the RFS of clutter
or false alarms. The statistical behaviour of the RFS
Σk is described by the conditional probability “density” gk (Zk |Xk ) in an analogous fashion to the likelihood function for random vector observations.
Let pk|k (Xk |Z0:k ) denote the multi-target posterior
“density”. Then, the optimal multi-target Bayes filter
is given by the recursion
pk|k−1 (Xk |Z0:k−1 )
Z
=
fk|k−1 (Xk |X)pk−1|k−1 (X|Z0:k−1 )µs (dX)(1)

pk|k (Xk |Z0:k )
= R

gk (Zk |Xk )pk|k−1 (Xk |Z0:k−1 )
.
gk (Zk |X)pk|k−1 (X|Z0:k−1 )µs (dX)

(2)

where µs is a dominating measure to be discussed later.
The main difference between the recursion (1-2) and
standard clutter-free single-target filtering is that Xk
and Zk can change dimension as k changes. In most
cases, the above recursion cannot be done analytically.

In Section 2.3, we outline a sequential Monte Carlo
approach to implement this recursion. Section 2.1
presents a formal definition of RFS and formalises the
notion of density. In Section 2.2, we outline how fk|k−1
and gk may be constructed from the underlying physical model of the sensors, individual target dynamics as
well as target births and deaths. Sections 2.1 and 2.2
can be omitted without loss of continuity provided the
notions of RFS and its density are accepted on faith.

2.1

Random Finite Sets

For completeness, this section outlines some background materials on random finite sets (RFS) or simple point processes. Background materials on RFS are
abundant in the spatial statistics literature; see for example [3], [15]. However, works with an inclination to
multi-target tracking are quite new; the major body
of work appears to be that of Mahler [7], [10]. The
monograph [11] is an excellent introduction accessible
to a wide range of readers.
Given a compact subset E of Rn , let F(E) denote
the collection of finite subsets of E. A random finite set Ξ on E is defined as a measurable mapping
from a probability space (Ω, A, P ) to the collection
(F(E), B(F)) of finite subsets of E
Ξ : Ω → F(E).
The probability measure P on the sample space Ω induces a probability law for Ξ, which can be specified
in terms of probability distribution, void probabilities
or belief function. The probability distribution PΞ on
the (Borel) subsets B(F) of F(E) is the most natural
description of the probability law for Ξ
PΞ (T ) = P Ξ−1 (T ) = P ({ω : Ξ(ω) ∈ T }).
However, from random set theory [7], [14], the probability law for Ξ can also be given in terms of the belief
function βΞ on the bounded Borel subsets of E
βΞ (S) = P ({ω : Ξ(ω) ⊆ S}).
An equivalent description that is closely related to the
belief function is the void probability vΞ [3], [15], on
the bounded Borel subsets of E
vΞ (S) = P ({ω : |Ξ(ω) ∩ S| = 0}) = βΞ (S c ).
Note that the above discussion is still valid when E is
replaced by any locally compact Haussdorff separable
space. We will use E to denote either the state space
Es or observation space Eo .
A direct extension of Bayesian reasoning to multitarget systems can be achieved by interpreting the
probability density pΞ of a RFS Ξ as the RadonNikodym derivative of the corresponding probability

distribution PΞ with respect to an
R appropriate dominating measure µ, i.e PΞ (T ) = T pΞ (X)µ(dX). In
spatial statistics, the dominating measure that is often
used is given by [6]
∞
X
µ(T ) =
λi (T ∩ E i )/i!,
(3)
i=0

i

where λ denotes the Lebesgue measure on E i .
For any Borel subsets U ⊆ F(Es ), V ⊆ F(Eo )
let Pk|k (U|Z0:k ) ≡ P (Ξk ∈ U|Z0:k ) denote the posterior probability measure, Pk|k−1 (U|Xk−1 ) ≡ P (Ξk ∈
U|Xk−1 ) and Pk (V|Xk ) ≡ P (Σk ∈ V|Xk ) denote
the conditional probability measures which describes
the multi-target Markov motion and measurement respectively. Then the multi-target posterior density
pk|k (Xk |Z0:k ), transition density fk|k−1 (Xk |Xk−1 ) and
likelihood gk (Zk |Xk ) used in (1-2) are the RadonNikodym derivatives of Pk|k (·|Z0:k ), Pk|k−1 (·|Xk−1 )
and Pk (·|Xk ) respectively i.e.
Z
pk|k (Xk |Z0:k )µs (dXk ),
Pk|k (U|Z0:k ) =
ZU
fk|k−1 (Xk |Xk−1 )µs (dXk ),
Pk|k−1 (U|Xk−1 ) =
ZU
Pk (V|Xk ) =
gk (Zk |Xk )µo (dZk ).
V

where µs and µo are dominating measures on the Borel
subsets of F(Es ) and F(Eo ) respectively.

2.2

Finite Set Statistics

In this section, key concepts in finite set statistics
and its relationship with conventional spatial statistics
are highlighted.
Individual target motion in a multi-target problem
is often modelled by a transition density on Es while
the measurement process is modelled as a likelihood on
Eo . Consequently, multi-target transition density and
likelihood as Radon-Nikodym derivatives (of measures
on the Borel subsets of F(Es ) and F(Eo )) are difficult
to construct. Finite set statistics [7], [11] provides an
alternative notion of density for a RFS based on belief
function. Since belief functions are defined on subsets
of Es , Eo , models for multi-target motion and measurement of the form βk|k−1 (S|Xk−1 ) ≡ P (Ξk ⊆ S|Xk−1 ),
βk (T |Xk ) ≡ P (Σk ⊆ T |Xk ) can be easily constructed.
However, belief functions are non-additive, hence their
Radon-Nikodym derivatives are not defined. This
problem can be addressed by the introduction of set
integrals and set derivatives [7].
For a given function f : F(E) → [0, ∞), the set
integral over a bounded Borel subset S ⊆ E is defined
as
Z
Z
∞
X
1
f ({x1 , ..., xi })λi (dx1 ...dxi ),
f (X)δX ≡
i!
i
S
S
i=0

Note that using the dominating measure given by Eq.
i
(3), we have for any U = ∪∞
i=0 S ,
Z
Z
f (X)µ(dX) =
f (X)δX.
(4)
U

S

For a set function F : B(E) → [0, ∞) its density f :
F(E) → [0, ∞) is defined by
Z
F (S) =
f (X)δX.
S

The set derivative of a function F : B(E) → [0, ∞) at
a point x is a mapping (dF )x : B(E) → [0, ∞) defined
as
F (S ∪ ∆x ) − F (S)
.
(dF )x (S) ≡ lim
λ(∆x )
λ(∆x )→0
where ∆x denotes a neighbourhood of x. Note that this
is a simplified definition, see [7] for a proper definition.
Furthermore, the set derivative at a finite set X =
{x1 , ..., xn } is defined by the recursion
(dF ){x1 ,...,xn} (S) ≡ (d(dF ){x1 ,...,xn−1} )xn (S),
where (dF )∅ ≡ F by convention.
Central to finite set statistics is the generalised fundamental theorem of calculus
Z
f (X) = (dF )X (∅) ⇔ F (S) =
f (X)δX
S

which allows the density of a non-additive set function to be determined constructively. It is clear from
Eq. (4) that (dβΞ )(·) (∅) = dPΞ /dµ, i.e. the density
of the belief function βΞ is, in fact, the density of the
corresponding probability measure PΞ with respect to
the dominating measure µ. Consequently, the multitarget transition density fk|k−1 (Xk |Xk−1 ) and likelihood gk (Zk |Xk ) can be determined explicitly by
fk|k−1 (Xk |Xk−1 )
gk (Zk |Xk )

= (dβk|k−1 (·|Xk−1 ))Xk (∅),
= (dβk|k (·|Xk ))Zk (∅).

Finite set statistics converts the construction of multitarget densities from multi-target models into computing set derivatives of belief functions. Procedures for
analytically differentiating belief functions have also
been developed [7], [11] to facilitate the task for practising tracking engineers.

2.3

single-target particle filter can be directly generalised
to the multi-target case. Assume at time k − 1, a set
(i)
(i)
of weighted particles {wk−1 , Xk−1 }N
i=1 is available, the
particle filter proceeds as follows at time k

Multi-target Particle Filter

The propagation of the multi-target posterior density recursively in time involves the evaluation of multiple set integrals and hence the computational requirement is much more intensive than single-target
filtering. Particle filtering techniques permits recursive propagation of the full posterior [4], [5]. The

Multi-target Particle filter
At time k ≥ 1,
Step 1: Sampling Step


e (i) ∼ qk ·| X (i) , Zk
• For i = 1, ..., N , sample X
k
k−1
and set




e (i) X (i)
e (i) fk|k−1 X
g k Zk | X
k−1
k
k
(i)
(i)


wk−1 .
w
ek =
(i)
(i)
e
qk Xk Xk−1 , Zk
• Normalise weights:

PN

i=1

Step 2: Resampling Step
n
oN
(i) e (i)
• Resample w
ek , X
k

(i)

w
ek = 1.

i=1

to get

n

(i)

(i)

w k , Xk

oN

.

i=1

In this context, the importance sampling density
e (i) ∼
qk (·|Xk−1 , Zk ) is a multi-target density and X
k
(i)
qk ( ·| Xk−1 , Zk ) is a sample from a point process.
There are many possible ways to perform the resampling step. Most methods consists of copying each pare (i) N (i) times under the constraint PN N (i) =
ticle X
k
k
i=1 k
(i)
N to obtain {Xk }N
The (random) resampling
i=1 .
(i)
(i)
mechanism is chosen such that E[Nk ] = N αk where
P
(i)
(i)
N
αk > 0,
i=1 αk = 1 is a sequence of weights set
by the user. This resampling step could be achieved
using multinomial resampling but the efficient stratified resampling algorithm described in [9] has better statistical properties. The new weights are set to
(i)
(i)
(i) PN
(i)
(i)
(i)
wk ∝ w
ek /αk , i=1 wk = 1. Typically, αk = w
ek
(i)
(i) ν
but alternatively we can select αk ∝ (w
ek ) where
ν ∈ (0, 1).
In this algorithm, each particle corresponds to a
sample from a point process and the particles can thus
be of varying dimensions. The main practical problem with this approach is the need to perform importance sampling in very high dimensional spaces if
many targets are present. Moreover, it can be difficult
to come up with an efficient importance distribution
and the choice of a naive importance distribution like
(i)
(i)
qk ( ·| Xk−1 , Zk ) = fk|k−1 ( ·| Xk−1 ) will typically lead to
an algorithm whose efficiency would decrease exponentially with the number of targets for a fixed number of
particles.

2.4

The PHD Filter

for any integrable function α on Es , where

The Probability Hypothesis Density (PHD) of a RFS
is the analogue of the expectation of a random vector. The expectation of a random set, however, has no
meaning since there is no notion of addition for sets.
Nevertheless, an indirect construction can be used by
representing random sets as random counting measures
or random density functions.
A finite subset X ∈ F(E) can also be equivalently
represented by the counting measure NP
X (on the Borel
subsets of E) defined by NX (S) =
x∈X 1S (x) =
|X ∩ S|, where the notation |A| denotes the number
of elements in A. Alternatively, the density δX of NX
can also
P be used to represent the finite set X. Indeed,
δX = x∈X δx , where δx denotes the Dirac delta function centred at x. Consequently, the random finite set
Ξ can also be represented by a random counting measure NΞ defined
P by NΞ (S) = |Ξ ∩ S| or its random
density δΞ = x∈Ξ δx . These representations are commonly used in the point process literature [3], [15].
Using the random density representation, the first
order moment (or PHD) DΞ of a RFS Ξ is defined by
DΞ (x) ≡ E[δΞ (x)] =

Z

Z

fΞ ({x} ∪ W )δW = (dβΞ )x (E).

The PHD DΞ of Ξ is a unique function (except on a
set of measure zero) on the space E. Given a measurable
region S ⊆ E, the PHD measure of S, i.e.
R
S DΞ (x)λ(dx), gives the expected number of elements
of Ξ that are in S. The peaks of the PHD of Ξ provide
estimates for the elements of Ξ.
Let γk denote PHD of the spontaneous birth RFS Γk ,
bk|k−1 ( ·| ξ) denote the PHD of the RFS Bk|k−1 ({ξ})
spawned by a target with previous state ξ, ek|k−1 (ξ)
denote the probability that the target still exist at time
k given that it has previous state ξ, fk|k−1 ( ·| ·) denote
the transition probability density of individual targets,
gk ( ·| ·) denote the likelihood of individual targets, ck
denotes clutter probability density, λk denotes average number of Poisson clutter points per scan, and pD
denotes probability of detection. Define the PHD prediction and update operators Φk|k−1 , Ψk respectively
as
Z
(Φk|k−1 α)(x) = φk|k−1 (x, ξ)α(ξ)λ(dξ) + γk (x), (5)
#
"
X
ψk,z (x)
α(x), (6)
(Ψk α)(x) = υ(x) +
κk (z) + hψk,z , αi
z∈Zk

= ek|k−1 (ξ)fk|k−1 ( x| ξ) + bk|k−1 ( x| ξ),

υ(x) = 1 − pD (x),
ψk,z (x) = pD (x)gk ( z| x),
κk (z) = λk ck (z).
Let Dk|k , denote the PHD of the multi-target posterior pk|k . Assuming that the RFS involved are Poisson, it was shown in [12],[13] that the PHD recursion
is given by
Dk|k = Ψk ◦ Φk|k−1




Dk−1|k−1 .

(7)

Observe that the prediction operator Φk|k−1 is affine
while the update operator Ψk is highly non-linear. The
update operator appears to be linear at first glance
since it only scales the argument. However, the scaling
factor is a highly non-linear function of the argument.

3

δX (x)PΞ (dX).

It can be shown that [12],[13]
DΞ (x) =

φk|k−1 (x, ξ)

Sequential Monte Carlo Implementation of the PHD Filter

In this section, we detail a novel Sequential Monte
Carlo (SMC) method to implement the recursion described by (5)-(6). A particle interpretation of the prediction and update operators is presented first followed
by the full algorithm.

3.1

The prediction operator

Suppose that at time step k − 1, we have a function
αk−1 characterised (exactly) by the set of particles and
Lk−1
(i)
(i)
weights {wk−1 , xk−1 }i=1
i.e.
Lk−1

αk−1 (x) =

X

(i)

wk−1 δx(i) (x)
k−1

i=1

(i)

(i)

L

k−1
(the notation {wk−1 , xk−1 }i=1
is used interchangePLk−1 (i)
ably with i=1 wk−1 δx(i) ). Then
k−1

(Φk|k−1 αk−1 )(xk ) =

Z

φk|k−1 (xk , ξ)αk−1 (ξ)λ(dξ)

+ γk (xk )
Lk−1

=

X

(i)

(i)

wk−1 φk (xk , xk−1 ) + γk (xk )

i=1

To obtain a particle approximation of Φk|k−1 αk−1 ,
we apply importance sampling to each of its terms. Let
(i) Lk−1
{xk }i=1
be Lk−1 samples from the proposal density

(i)

+J

(i) L

k−1
k
qk ( ·| xk−1 , Zk ) and {xk }i=L
be Jk i.i.d. samples
k−1 +1
from another proposal density pk ( ·| Zk ) i.e.


(
(i)
qk ·| xk−1 , Zk , i = 1, ..., Lk−1
(i)
xk ∼
pk ( ·| Zk ) , i = Lk−1 + 1, ..., Lk−1 + Jk

We can now define the approximate prediction opb k|k−1 that maps the particle representation
erator Φ
(i)

(i)

L

k−1
{wk−1 , xk−1 }i=1
to another particle representation

(i)

(i) L

k−1
{wk|k−1 , xk }i=1

+Jk

3.3

(i)

b k|k−1 )αk−1 .
αk = (Ψk ◦ Φ

Lk−1 +Jk

X

(i)

wk|k−1 δx(i) (xk )
k

i=1

where

(i)

wk|k−1 =

 “ (i) (i) ” (i)
φk xk ,xk−1 wk−1

” , i = 1, ..., Lk−1

 “ (i) ˛˛ (i)




qk xk ˛xk−1 ,Zk
“
”
(i)
γk x k
˛ ”, i
“
(i) ˛
Jk pk xk ˛Zk

= Lk−1 + 1, ..., Lk−1 + Jk

Note that we started with αk−1 having Lk−1 particles,
which are then predicted forward by the kernel φk|k−1
to another set of Lk−1 particles. Additionally, we also
have Jk new particles arising from the birth process.
The number of new particles Jk can be a function of
k to accommodate the varying number of new born
targets at each time step. Assuming that the total
mass of γk has closed form, then typically JkR is chosen
to be proportional to this mass, i.e. Jk = ρ γk (x)dx,
so that on average we have ρ particles per new born
target.

3.2

The update operator

For the update step of the recursion, assume that
we have from the prediction a function αk|k−1 charac(i)

(i) L

k−1
terised by {wk|k−1 , xk }i=1
operator gives

+Jk

. Applying the update

X

=

(i)
wk

=

"

υ(x(i) ) +

z∈Zk

Lk−1 +Jk

Ck (z) =

X

X

k

#
(i)
ψk,z (xk )
(i)
wk|k−1 , (8)
κk (z) + Ck (z)

(j)

(j)

ψk,z (xk )wk|k−1 .

(9)

j=1

The update operator maps the function with parti(i)
(i) Lk−1 +Jk
into one with
cle representation {wk|k−1 , xk }i=1
(i)
(i) Lk−1 +Jk
{wk , xk }i=1

Algorithm

Based on the elements presented above, it is possible to propose the following generic particle filtering
algorithm for the operator recursion.

(i)

wk δx(i) (x),

i=1

where

(10)

Note that since αk has Lk = Lk−1 + Jk particles, the
number Lk of particles increases over time even if the
number of targets does not. This is very inefficient,
since computational resource is wasted in exploring regions of the state space where there are no targets. On
the other hand if Lk is fixed then the ratio of particles
to targets would fluctuate as the number of targets
changes. In other words, at times we may have an insufficient number of particles to resolve the targets (up
to the PHD limitations) while at other times we may
have an excess of particles for a small number of targets or no target at all. It would be computationally
more efficient to adaptively allocate approximately say
ρ particles per target at each time epoch.
Since the expected
R number of targets Nk|k (given
by the total mass Dk|k (ξ|Z0:k )dξ) can be estimated
bk|k = PLk−1 +Jk w(j) , it is natural to have the
by N
j=1
k
bk|k . Furthermore, we also
number of particles Lk ∼
= ρN
want to eliminate particles with low weights and multiply particles with high weights to focus on the important zones of the space. This can be achieved by rebk|k particles from {w (i) , x(i) }Lk−1 +Jk
sampling Lk ∼
= ρN
k
k i=1
bk|k among the Lk
and redistributing the total mass N
resampled particles.

3.4

Lk−1 +Jk

(Ψk αk|k−1 )(x)

(i)

k
For any k ≥ 0, let αk = {wk , xk }L
i=1 denote a particle approximation of Dk|k . The algorithm is designed
such that the concentration of particles in a given region of the state space, say A, represents the expected
number of targets in A.
Using the PHD recursion, a particle approximation
of the PHD at time step k > 0 can be obtained from a
particle approximation at the previous time step by

as follows

b k|k−1 αk−1 )(xk ) ≡
(Φ

Particle propagation

particle representation
by modifying the weights of these particles according to Eq. (8).

Particle PHD filter
At time k ≥ 1,
Step 1: Prediction step


(i)
(i)
• For i = 1, ..., Lk−1 , sample x
ek ∼ qk ·| xk−1 , Zk
and compute the predicted weights
(i)

(i)

w
ek|k−1 =

(i)

φk (e
x , xk−1 )
(i)
 k
 wk−1
.
(i)
(i)
qk x
ek xk−1 , Zk

4

• For i = Lk−1 + 1, ..., Lk−1 + Jk , sample

For visualisation purposes, a one-dimensional scenario is considered. The targets move along the line
segment [−100; 100]. The states of the targets consist
of position and velocity, while only position measurements are obtained. Targets can appear or disappear
in the scene at any time. We assume a Poisson model
for spontaneous target birth. Without loss of generality, we consider targets with linear Gaussian dynamics.
Note that the algorithm presented is general enough to
handle non-linear non-Gaussian dynamics. In the first
example the data shows four trajectories with no clutter, see Figure 1. Figure 2 plots the PHD of position
against time. Observe that all four trajectories are automatically initiated and tracked.

(i)

x
ek ∼ pk ( ·| Zk )

and compute the weights of new born particles


(i)
x
e
γ
k
k
1
(i)

.
w
ek|k−1 =
(i)
Jk p x
e Z
k

k

Step 2: Update step

• For each z ∈ Zk , compute
Lk−1 +Jk

Ck (z) =

X
j=1

(j)

(j)

ψk,z (e
xk )w
ek|k−1 .

80

• For i = 1, ..., Lk−1 + Jk , update weights
#
"
(i)
X
ψk,z (e
xk )
(i)
(i)
(i)
w
ek|k−1 .
w
ek = υ(e
xk ) +
κk (z) + Ck (z)

60
40

position

k

Simulations
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0
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−40

z∈Zk
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Step 3: Resampling step

•

(i) b
(i)
Resample
w
ek /N
ek
k|k , x
n
o Lk
(i) b
(i)
wk / N
,
x
.
k|k
k
i=1

j=1

oLk−1 +Jk
i=1

(i)
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Care must be taken when implementing the resampling step for the particle PHD filter. In this case,
(i)
k
the new weights {wk }L
i=1 are not normalised to 1
bk|k . Similarly to the standard case,
but sum to N
(i)
(i)
each particle x
ek is copied Nk times under the conPLk−1 +J
(i)
(i)
k
k
straint i=1
Nk = Lk to obtain {xk }L
i=1 . The
(random) resampling mechanism is chosen such that
PLk−1 +Jk (i)
(i)
(i)
(i)
αk = 1
E[Nk ] = Lk αk where αk > 0, i=1
is a sequence of weights set by the user. This is
achieved using stratified resampling [9]. However,
(i)
(i)
(i)
the new weights are set to wk ∝ w
ek /αk with
PLk (i)
P
(i)
L
k
bk|k instead of
= N
= 1. Typii=1 wk
i=1 wk
(i)
(i) b
cally, αk = w
ek /Nk|k but alternatively we can select
(i)

10

2

(j)

w
ek

velocity

n

PLk−1 +Jk

5

3

αk ∝ (w
ek )ν where ν ∈ (0, 1).
This filter reduces to the standard particle filter in
the case where there is only one target with no birth,
no death and no clutter.
In the standard particle filtering context, choosing
the importance distribution so as to minimise the (conditional) variance of the weights, is well known. In the
PHD context, this becomes much more difficult and is
the subject of further study.
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time

Figure 1: 4 tracks, no death, no birth
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Figure 2: PHD of position
In the second example, we consider an unknown and
time varying number of targets observed in clutter.
The targets appear spontaneously according to a Poisson process with intensity 0.2N ( ·| 0, 1). For simplicity
we consider no spawning. Each existing a target has
a (state independent) probability of survival e = 0.8.
The clutter process is Poisson with uniform intensity

over the region [−100; 100] and has an average rate of
10. Figure 3 shows the tracks with clutter on the position measurements and Figure 4 plots the PHD of
position against time. Observe from Figure 4 that the
PHD filter shows surprisingly good performance, even
very short tracks are picked up among clutter.
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Figure 3: birth rate 0.2, death rate 0.2, clutter rate 10
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Figure 4: PHD of position
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Conclusion

In this paper, we have highlighted the relationship
between Radon-Nikodym derivative and set derivative
of random finite sets. Our main contribution is a sequential Monte Carlo implementation of the probability hypothesis density filter for multi-target tracking.
We have demonstrated the efficiency of the algorithm
in simulations. There are various potential extensions
to this work. First, choosing the importance distributions so as to minimise the (conditional) variance of the
weights is a challenging problem. Second, it would be
of great practical interest to be able to model targets
of different types.
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