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Abstract—We propose a Bayesian multi-target batch processing algorithm capable of tracking an unknown number of
targets that move close and/or cross each other in a dense
clutter environment. The optimal Bayes multi-target tracking
problem is formulated in the random finite set framework and a
Particle Marginal Metropolis-Hastings (PMMH) technique which
is a combination of Metropolis-Hastings (MH) algorithm and
sequential Monte Carlo methods is applied to compute the multitarget posterior distribution. The PMMH technique is used to
design a high dimensional proposal distributions for the MH
algorithm and allows the proposed batch process multi-target
tracker to handle a large number of tracks in a computationally
feasible manner. Our simulations show that the proposed tracker
reliably estimates the number of tracks and their trajectories in
scenarios with a large number of closely spaced tracks in a dense
clutter environment albeit, more expensive than on-line methods.
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Metropolis-Hastings, Metropolis-Hastings, Markov Chain
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I. I NTRODUCTION
Multi-target tracking (MTT) deals with the problem of
estimating sequences of the states of unknown and timevarying number of targets based on sequence of noisy and
clutter measurement sets from a variety of sensors. Over the
past 40 years MTT has emerged as a fundamentally important
technology with diverse applications [1], [2] such as radar
tracking for aircrafts, passive and active acoustic tracking for
seacrafts; video tracking of people for security applications;
tracking directions of arrival (DOAs) of an unknown number
of sources, using a passive array of sensors [3], etc.
The MTT problem is characterized by 1) the targets being
tracked may randomly appear and disappear from the field
of view; and 2) they may be temporarily obscured by other
objects; Furthermore, the sensor measurements suffer from
imperfections such as 3) noise corruption which introduced
location errors and may cause missed detection of objects;
4) the existence of false measurements which do not belong
to a valid object of interest which may lead to misidentification. The problem we investigate not only inherits the four
aforementioned challenges but also has the properties that 5)
targets may merge and split, and may cross or travel very
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close to each other for extended periods of time and 6) there
are a large numbers of targets moving in a dense clutter environment. The majority of traditional MTT algorithms such as
Multiple Hypothesis Tracking (MHT) [4], Joint Probabilistic
Data Association (JPDA) [5], Joint Integrated Probabilistic
Data Association - JIPDA [6], and their variants [7] have
been found to perform effectively provided the density of
targets and the number of false measurements are modest
by hypothesizing the association between the measurements
and targets. However, these techniques are no longer adequate
when the density of targets is high and the number of false
measurements is large.
In general, the number of unknown targets in MTT problems
also needs to be estimated along with their states so the random
finite set (RFS) framework provides a more natural treatment
than the traditional ones. Since the introduction of the RFS
based techniques [8]–[10], they have been attracting many
researchers around the world due to their capabilities to avoid
data association and to capture 1) the linear and non-linear
model and 2) the six properties of aforementioned problem.
Modeling the MTT problem in the RFS framework allows the
full multi-target Bayesian filter to propagate the full multitarget posterior distribution in a similar way to the single-target
Bayesian filter taking into account aforementioned properties.
An on-line solution to the full Bayes multi-target filter have
been proposed in [11]. Computationally efficient approximation have also been the subject to intensive investigation during
the last decade. The Probability hypothesis density (PHD)
filter [12], is introduced to propagate the first-order statistical
moment (intensity) of the posterior distribution in time and operates on the single-target state space. At each time t the PHD
filter estimates the number of targets Nt by integrating the
PHD (intensity) over the spatial region of interest, rounding Nt
to the nearest integer N̂t and then selecting N̂t local maximal
corresponding to N̂t target states. Its implementations [13]–
[15] using Gaussian mixture methods and sequential Monte
Carlo (SMC) were derived to track targets and its number
under linear-Gaussian or mildly non-linear target dynamic
assumptions. The PHD filter and its variants are justifiable
provided the signal to noise ratio (SNR) of a single target
is high enough to remediate the information loss from the
approximation of the full multi-target Bayesian filter and the
targets are not so close. As stated by [16], the PHD filter
did not give a reliable solution of the target numbers due
to missed detection and/or significant large clutter density.
The cardinality probability hypothesis density (CPHD) filter, a
generalization of PHD filter [17], was introduced to overcome
this issue by propagating not only the first-order moment
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of the posterior distribution in time but also the probability
distribution of target number and its probability generating
function. The CPHD filter were implemented using Gaussian
mixture [18] and showed more accurate and stable target
number estimates than Gaussian mixture PHD (GM-PHD)
filter. However, the computational complexity (≥ O(n3t mt )) is
much higher than the PHD filter (≥ O(nt mt )) where nt is the
number of measurements and mt is the number of detected
targets. Similar to the PHD filter, the CPHD filter does not
explicitly produce tracks without some post processing.
The main contribution of this paper is the development of
a Bayesian multi-target batch processing algorithm based on
RFS modeling and a Particle Marginal Metropolis-Hastings
(PMMH) numerical approximation [19] using an estimate
from a GM-PHD Tracker (GM-PHDT) [15] as initialization.
The multi-target Bayesian recursion, which involves multiple
integrals of a sequence of sets, can be solved by sampling
methods. The proposed technique involves three steps: 1)
Derive the posterior distribution of trajectories of multiple
targets conditional on all measurements; 2) Find independent
samples from this posterior distribution where each sample is
a sequence of multi-target states over time; and 3) Estimate
the trajectories of multiple targets based on the maximum
likelihood principles. The initial result of this work has been
published in [20]. Most current techniques only consider a
problem with at most the first 5 properties of the aforementioned problem. The proposed algorithm is derived to deal
with all these 6 properties by sampling directly from the
RFS based Bayesian multi-target posterior distribution so it
avoids information loss opposed to PHD or CPHD which
approximate the posterior distribution. Moreover, in order to
avoid a large number of data association, it only considers
one hypothesis concerning the relationship between targets and
measurements at a time compared to the MHT approach which
in principle, considers all possible hypotheses between targets
and measurements.
The proposed algorithm is called the PMMH Multi-target
tracker (PMMH-MTT). As a part of the PMMH-MTT, we
design a Markov chain (MC) which has the desired distribution
as the stationary distribution. The initial states of the MC is
chosen as an estimate from the Gaussian Mixture Probability
Hypothesis Density Tracker (GM-PHDT) [15] in order to
reduce significantly the computation time or the burn-in time
of the MC. The capabilities of the proposed algorithm are
illustrated in simulations. We show that the algorithm is able
to estimate reliable trajectories of the targets in a scenario with
closely spaced and crossing tracks immersed in dense clutter.
Moreover, we demonstrate that it can separate targets which
cross each other or close to each other for a long period.
The structure of this paper is as follows. Section II describes a Bayesian formulation of MTT problem using RFS
framework. The proposed tracker, PMMH-MTT, is presented
in Section III. Section IV presents the numerical simulations
and discussion.
II. P ROBLEM FORMULATION
This section presents a Bayesian formulation of the multitarget tracking problem. Subsection II-A describes the multi-
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target system model and subsection II-B is devoted to the
problem formulation in a RFS framework.
Notation: u1:t = (u1 , . . . , ut ) denotes a sequence with
elements u1 , . . . , ut where uj , j = 1, . . . , t is a vector or a
set. |A| denotes the cardinality of the finite set A. Let m > n,
m!
n
. For notational consistency, we use a
denote Cm
= n!(m−n)!
capital letter for a set and a lower case letter for a scalar or
vector. Also, a bold capital letter denotes a function whose
output is a set, and a bold lower case letter denotes a function
whose output is a vector or scalar. We make an exception for
ω and θ because we want to use the same notation as in [21]
and [10, Chapter 10.5.4, p.332].
A. Random Finite Set Model
Let T = {1, . . . , T } be the set of time indices where T
is the number of instances where measurements are taken.
In the RFS framework, a multi-target state and a multi-target
measurement at time t are respectively represented as finite
sets Xt and Zt . If mt targets are present at time t, the multitarget state is Xt = {x1 , x2 , . . . , xmt } ⊂ X where X ⊆ Rnx
is the single-target state space and nx is the dimension of the
single-target state space. Similarly, if there are nt observations
at time t, the multi-target observation is Zt = {z1 , . . . , znt } ⊂
Z where Z ⊆ Rnz is the measurement space and nz is the
dimension of the single-target measurement space.
Given a single-target state xt−1 ∈ Xt−1 at time t−1, its behavior at time t is modeled by the Bernoulli RFS St|t−1 (xt−1 )
that is either {xt } according to probability density f¯(xt |xt−1 )
when the target survives with the probability pSt (xt−1 ) or ∅
when the target dies with the probability 1 − pSt (xt−1 ). Thus
the set of the survival and death of all existing targets from
time t − 1 to time t is modeled by
[
S t|t−1 (Xt−1 ) =
St|t−1 (x).
x∈Xt−1

In addition to the set of the surviving targets, there is a set
of spawned targets, denoted by Bt|t−1 (Xt−1 ) and a set of
spontaneous births, denoted by Γt such that
Xt = S t|t−1 (Xt−1 ) ∪ Bt|t−1 (Xt−1 ) ∪ Γt .
The set S t|t−1 (Xt−1 ), Bt|t−1 (Xt−1 ) and Γt are conditionally independent (given Xt−1 ). Let πS,t|t−1 (·|Xt−1 ),
πB,t|t−1 (·|Xt−1 ) and πΓ,t (·) be the probability densities of
the RFS of survival S t|t−1 (Xt−1 ), spawning Bt|t−1 (Xt−1 )
and spontaneous birth Γt respectively. Then the multi-target
state transition can be described as a multi-target transition
density
X
X
ft|t−1 (Xt |Xt−1 ) =
πS,t|t−1 (U |Xt−1 )
πB,t|t−1 (V |Xt−1 )
U ⊆Xt

V ⊆Xt −U

×πΓ,t (Xt − U − V )

(1)

where f1|0 (X1 |X0 ) = µ0 (X1 ).
In order to distinguish multiple target trajectories we augment each single-target state with a target label. Thus our
augmented single-target state space is
Xe = X × K.

(2)
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where K = {1, · · · , K} is a set of target labels and K is the
maximum number of targets which is assumed known.
Let x̃t−1 = (xt−1 , k) and x̃t = (xt , k 0 ), then the augmented
single-target transition density f¯t|t−1 (x̃t |x̃t−1 ) is given by

f¯(xt |xt−1 ), if k = k 0 ;
¯
ft|t−1 (x̃t |x̃t−1 ) =
(3)
0,
otherwise.
et−1 ) be a set of target labels of X
et−1 . The set
Let L(X
et : k ∈
of surviving targets is denoted by W ∗ = {(x, k) ∈ X
e
L(Xt−1 )} and its transition density is the third product of (4).
Let T(U, V ) denote the set of all 1 − 1 functions from a finite
et−1 ) associates
set U to a finite set V . Then α ∈ T(W ∗ , X
targets at time t with targets at time t − 1. Specifically,
(xt−1 , k) = α(xt , k 0 ) if k = k 0 , i.e. the target state xt−1
at time t − 1 has evolved to target state xt at time t. Since
the survival of a target x̃t−1 = (xt−1 , k) is independent of its
label, we write pSt (x̃t−1 ) = pSt (xt−1 ). Target state x̃t−1 at
time t−1 not associated with any target state at time t is dead.
et−1 −α(W ∗ ) and their probabilities
The set of dead targets is X
et and X
et−1 we know
are the second product of (4). Given X
e
e
the target labels of Xt and Xt−1 and hence we know which
target survives, dies or is new (spawning or birth).
Assume that the number of new targets follows a Poisson distribution with mean µf (Xt−1 ) (Since the appearance
of a new target is independent of target label, we denote
et−1 ) = µf (Xt−1 )); and that b(x̃|X
et−1 ) is the intensity
µf (X
1
e
of a new target x̃ = (x, k) ∈ Xt . The set of new targets is
et − W ∗ and its transition density is the first term and the
X
e t |X
et−1 )
first product of (4). The transition density ft|t−1 (X
is(see [22, Chapter 3.2.1, p.44-48 and Chapter 6.2.1.1, p.104]
for details)
Y
1
et−1 )
et |X
et−1 ) =e−µf (Xet−1 )
b(x̃|X
ft|t−1 (X
et − W ∗ |!
|X
et −W ∗
x̃∈X
Y
×
(1 − pSt (x̃))
et−1 −α(W ∗ ):α∈T(W ∗ ,X
et−1 )
x̃∈X

!
×

Y

pSt (α(x̃))f¯t|t−1 (x̃|α(x̃)) .

(4)

x̃∈W ∗

At time t, each single-target state xt of x̃t is either detected
with probability pDt (xt ) and generates measurement zt with
likelihood ḡt (zt |xt ) or is missed with probability 1 − pDt (xt ).
Thus a target generates an RFS D t (xt ) which can take either
the value {zt } with likelihood ḡt (zt |xt ) or ∅. The set of targetgenerated measurements is
[
D t (Xt ) =
D t (x).
x∈Xt

Apart from target-originated measurements, the sensor also
receives a set of false/spurious measurements or clutter which
is modeled by an RFS Λt . Thus, Zt , the measurement set at
time t, is the union of the target-generated measurement set
and the clutter set, hence
Zt = D t (Xt ) ∪ Λt .
1 In

x̃ = (x, k) only x is stochastic, k is assigned the smallest available
target label.

3

Given the probability density πD,t (·|·) of target-generated
measurement D t (·) and the probability density πΛ,t (·) of
clutter Λt , the augmented multi-target likelihood is given by
X
et ) = gt (Zt |Xt ) =
πD,t (U |Xt )πΛ,t (Zt − U ). (5)
gt (Zt |X
U ⊆Zt

Since the target-generated measurements is independent of
et ) = gt (Zt |Xt ) and ḡt (z|x̃) = ḡt (z|x)
target labels, gt (Zt |X
e
where x̃ ∈ Xt . We can use pDt (x̃) instead of pDt (x) since
the probability of detection is independent of target label.
Assuming that the clutter RFS is Poisson with intensity κt ,
then (5) is expanded as follows
X
X
Y
et ) =
gt (Zt |X
pDt (α(z))ḡt (z|α(z))×
W ⊆Zt α∈T(W,X
et ) z∈W

!
e

−hκt ,1i

Y

κt (z)

z∈Zt −W

Y

(1 − pDt (x̃)). (6)

et −α(W )
x̃∈X

R
et ) = ∅ if |W | >
where hu, vi = u(x)v(x)dx; and T(W, X
|X̃t | and the sum over the empty set is zero. The first product
in (6) is the density of measurements corresponding to detected
targets, the second product and e−hκt ,1i is the density of
clutter; the last product is the probabilities of undetected
targets.
et |X
et−1 ) and g(Zt |X
et ) are
For notational simplicity, f (X
et |X
et−1 ) and gt (Zt |X
et ) respectively
used in place of ft|t−1 (X
if there is no ambiguity.
B. Track in the RFS framework
In this section, we define the notion of a track hypothesis
which is a particular collection of tracks. A track (trajectory
of a target) in a track hypothesis is a collection of at least m∗
single-target states at consecutive times with the same label.
The track gate m∗ is a minimum number of states a track
must contain in order to be called a track. A track is defined
as follows
Definition 1 (Track) Given a track gate m∗ , a track τ is an
array of the form
τ = (k, t, x0 , . . . , xm ),

m ≥ m∗ − 1

(7)

where k ∈ K is the track label, t ∈ T is the initial time
of the track, xi ∈ X is state of the track at time t + i for
i = 0, . . . , m.
For the track τ in (7), we denote the instances of track
existence, the initial time of the track, and the track label
respectively by
T(τ ) = {t, t + 1, . . . , t + m},

t0 (τ ) = t,

0

l(τ ) = k.
0

For t ∈ T(τ ), we denote the state at time t and the
augmented state at time t0 respectively by
xt0 (τ ) = xt0 −t ,

x̃t0 (τ ) = (xt0 −t , k).

Similarly, given an augmented single-target state x̃ = (x, k)
we also denote the label of x̃ by l(x̃) = k. We are only
interested in a special collection of tracks which represents the
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estimates of the trajectories of underlying targets and which
is defined next.
Definition 2 (Track Hypothesis) A Track Hypothesis ω is a
set of tracks such that no two tracks share the same label and
no two tracks share the same state at the same time i.e. for
all τ, τ 0 ∈ ω
1) l(τ ) 6= l(τ 0 ) and
2) xt (τ ) 6= xt (τ 0 ) for any t ∈ T(τ ) ∩ T(τ 0 ).
For a Track Hypothesis ω, we denote the set of augmented
multi-target states at time t ∈ T by
e t (ω)
X

One of our objective in this paper is to sample the Track
Hypothesis ω from the posterior distribution p(ω|Z1:T ). Note
that ω can be equivalently specified by an array of auge 1:T (ω) = (X
e 1 (ω), . . . , X
e T (ω)).
mented multi-target states X
e
e
Let Xt = Xt (ω) for t = 1, . . . , T , then p(ω|Z1:T ) of ω
conditional on Z1:T is (detail in [22, Chapter 6.23, p.108])
QT
e e
e
e1:T |Z1:T ) = t=1 f (Xt |Xt−1 )g(Zt |Xt ) . (8)
p(ω|Z1:T ) = p(X
p(Z1:T )
The multi-target posterior distribution in (8) is computationally intractable for a large number of tracks in a dense environment because the computations of the likelihood function
et ) in (8) involves all possible combinations between
g(Zt |X
the target states and measurements. Our objective is to find
a numerical approximation of the posterior distribution of ω.
Later on we will use the PMMH sampler to find such an
approximation and we next rewrite (8) in a form convenient
for this purpose.
Let nt ∈ {0} ∪ N, B = {0, . . . , nt }, A ∈ {U : U ⊂
N or U = ∅}. Then define an auxiliary function θtA,nt as a
mapping from A to B with the property that
θtA,nt (k) = θtA,nt (k 0 ) > 0 implies that k = k 0 .

i=0

f ),n
L(X
t
t

θt

e ),n
L(X

et) is
By (6) and (11), g(z1:nt , θt t t |X
Y
pDt (x̃)ḡt (z L(Xft ),nt
θt

(9)

.

(l(x̃))

× e−hκt ,1i

Y

Y

κt (zi )

(1 − pDt (x̃)). (12)

f ),n
t
t (l(x̃))=0
et :θ L(X
x̃∈X
t

For each nt and |Zt | = nt (note that if |Zt | 6= nt ,
e ),n
L(X
et ) = 0), the summation in (11) is over
g(z1:nt , θt t t |X
e ),n
L(X
et ) to {0, . . . , nt }. i ∈
all functions from L(X
/ θt t t (i.e
e ),n
L(X
et ))) are those measurement indices which
i∈
/ θt t t (L(X
are not associated with a target, i.e measurement indices not
e ),n
L(X
in the range of the function θt t t is assumed clutter.
θtA,nt is extended to an augmented auxiliary function θ̃tA,nt
θ̃tA,nt (k) = (θtA,nt (k), k).
p(θ̃tA,nt )

t
Let ΘA,n
be the collection of all functions θtA,nt with the
t
property (9). It is easy to show that p(θtA,nt ) given in (10) is
t
a probability measure on the function space ΘA,n
.
t
If nt is the number of elements in Zt , z1:nt is a random
ordering of the elements, and if A is the set of target labels
et )), then the auxiliary function
at time t (i.e. A = L(X
et ),nt
L(X
θt
assigns target labels to measurement indices, e.g.
et ),nt
L(X
θt
(k) = j. If j > 0, a target with label k has
generated the measurement zj otherwise the target is not
detected. We also require that no two targets are assigned the
same measurement index. If this happens one of the targets
will be regarded as undetected.
e ),n
L(X
Given θt t t , in addition to the association between
targets and target-generated measurements, we also know
which targets are undetected and which measurement are

(13)

p(θtA,nt ).

Since k is deterministic,
=
For notational convenience, we drop the superscripts n
and
A. Note
t
QT
that θ̃t , t ∈ T are independent so p(θ̃1:T ) = t=1 p(θ̃t ) and
θ̃1:T represent all information about the targets apart from their
locations. In fact, if θt (k) = 0 for t ≤ t0 and t ≥ t1 then the
target k appears at time t0 +1 and dies at time t1 . Moreover, we
e X,
e θ̃ in place of Z1:T , Ze1:T , X
e1:T , θ̃1:T respectively
use Z, Z,
if there is no ambiguity.
Now (8) takes the form
X
e
e θ̃|Z)
e
p(ω|Z) = p(X|Z)
=
p(X,
(14)
θ̃

where |Zt | = nt , and θ̃ = (θ̃
By Bayes rule we also have

, . . . , θ̃L(XT ),nT ).

e θ̃|Z)
e =p(X|
e Z,
e θ̃)p(θ̃|Z).
e
p(X,
(10)

|x̃)

f ),n
t
t (l(x̃))>0
et :θ L(X
x̃∈X
t

e1 ),n1
L(X

Thus, the probability p(θtA,nt ) is naturally defined by
i Ci
i!C|A|
nt

clutter. Employing a form of the multi-target likelihood given
in [10, Chapter 10.5.4, p.332], (6) can be written as
X
e ),n
L(X
et ).
et ) =
g(z1:nt , θt t t |X
(11)
g(Zt |X

f ),n
L(X
t
t
i∈θ
/ t

= {x̃t (τ ) : τ ∈ ω}.

1
p(θtA,nt ) = Pmin{|A|,n }
t

4

e

(15)

e from p(X,
e θ̃|Z)
e in (14). The
Our aim is to sample θ̃ and X
right hand side of (15) suggests that we can first sample θ̃
e and then sample X
e from p(·|Z,
e θ̃). Based on this
from p(·|Z)
idea, the PMMH-MTT is presented in the section III. It uses a
variant of SMC presented in subsection III-A to sample from
e θ̃, Z)
e where θ̃ is sampled from p(θ̃|Z)
e based on proposal
p(X|
moves [22] as discussed in subsection III-C.
From now on, we let vC (A|B) denote v(A|B, C) where
C = θ̃1:t , t ∈ T and v can be p, p̂, q and q.
III. PARTICLE M ARGINAL M ETROPOLIS -H ASTINGS M ULTITARGET TRACKER
This section presents the PMMH-MTT based on the PMMH
sampler which exploits the strengths of SMC and MetropolisHastings (MH) approaches by combining these algorithms
to sample from a high dimension probability distribution
e θ̃|Z)
e that cannot be satisfactorily sampled by using
p(X,
only SMC or MH algorithms [19]. The PMMH algorithm,
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an approximation of a Marginal metropolis-Hastings (MMH)
algorithm, provides a flexible framework to carry out the
inference by using particles obtained from SMC as a proposal
density for an MH acceptance ratio. The MH acceptance ratio
e ∗ , θ̃∗ |Z)
e is of the form
of p(X
e ∗ , θ̃∗ |Z)q̃(
e X,
e θ̃|X
e ∗ , θ̃∗ , Z)
e
p(X
e θ̃|Z)q̃(
e X
e ∗ , θ̃∗ |X,
e θ̃, Z)
e
p(X,

(16)

e e
e
e θ̃|Z)
e = p(X|Z, θ̃)p(Z|θ̃)p(θ̃)
p(X,
e
p(Z)

(17)

η=
where

By (17), it is natural to choose the proposal distribution as
e ∗ , θ̃∗ |X,
e θ̃, Z)
e = q (θ̃∗ |Z)p
e ∗ (X
e ∗ |Z),
e
q̃(X
θ̃
θ̃

(18)

then (16) becomes
η=

e θ̃∗ )q ∗ (θ̃|Z)
e
pθ̃∗ (Z)p(
θ̃
.
e θ̃)q (θ̃∗ |Z)
e
p (Z)p(
θ̃

(19)

θ̃

The idea behind this ratio is that algorithm first propose θ̃∗
e in subsection III-C, then calculate the marginal
from qθ̃ (·|Z)
R
e = p (X,
e Z)d
e X.
e This approach is the called
density pθ̃ (Z)
θ̃
R
e Z)d
e X
e is
MMH algorithm. In general, computing pθ̃ (X,
intractable so its approximation, namely the PMMH
R algorithm,
e Z)d
e X
e
is proposed [19] by using an approximation of pθ̃ (X,
∗
e
for the MH acceptance ratio where sampling X from
e ∗ |Z)
e is presented in subsection III-A. Convergence of
pθ̃∗ (X
the distribution of samples generated from PMMH is discussed
and proved in [19, Theoren 4 and its proof]. Thus the MH
acceptance ratio for PMMH is
η̂ =

e θ̃∗ )q ∗ (θ̃|Z)
e
p̂θ̃∗ (Z)p(
θ̃
.
∗
e θ̃)q (θ̃ |Z)
e
p̂ (Z)p(
θ̃

(20)

θ̃

Choosing an initial θ̃ for the MC plays an important role
for computational cost so we choose an estimate from GMPHDT to obtain θ̃ for an initial state of an MC. The Pseudo
code for the PMMH-MTT algorithm is given in Algorithm 1,
which will be explained next.

In SMC algorithms [19, p.272], for any given θ̃1:t the
e1:t |Ze1:t ), t ≥ 1} are sequentially
posterior densities {pθ̃1:t (X
e n , W n }N
approximated by the weighted samples {X
t n=1
1:t
N
X

Algorithm 1 :PMMH-MTT Algorithm
e pS , pD , κt , b(·) for t ∈ T and L the
Input: Given Z,
t
t
maximum number of iterates in the MC.
e S the sequence of θ̃; and
Output: SX is the sequence of X;
θ̃
e given in (31).
Sp̃ˆ the sequence of p̃ˆθ̃ (Z)
At iteration l = 1:
e finding θ̃ from X;
e denoting
• run GM-PHDT to obtain X;
e
SX (l) = X, Sθ̃ (l) = θ̃;
e1:t ), t = 1, . . . , T using (23), and S ˆ(l)
• calculate w̃t (X
p̃
using (31).
At iteration l > 1:
∗
e described in subsection III-C;
• propose θ̃ ∼ qS (l−1) (·|Z)
θ̃
• run an SMC algorithm 2 in subsection III-A; then sample
e ∗ ∼ p̂ ∗ (·|Z);
e calculate p̃ˆ ∗ (Z)
e using (31) and the
X
θ̃
θ̃
acceptance rate using (32)
)
(
e ∗ (S (l − 1)|Z)
e
p̃ˆθ̃∗ (Z)q
θ̃
θ̃
;
υ = min{1, η̂} = min 1,
e
ˆ (l − 1))qS (l−1) (θ̃∗ |Z)
p̃(S
θ̃

•

θ̃

e ∗ and θ̃∗ if υ ≥ u where u ∼
accept the proposal X
e and
e ∗ , S ˆ(l) = p̃ˆ ∗ (Z)
U nif [0, 1], set SX (l) = X
p̃
θ̃
∗
Sθ̃ (l) = θ̃ . Otherwise SX (l) = SX (l − 1), Sθ̃ (l) =
Sθ̃ (l − 1), Sp̃ˆ(l) = Sp̃ˆ(l − 1).

generating particle n at time t, we first select which particle
at time t − 1 to propagate according to the weight of the
particles. This is done in (26) in Algorithm 2 where P(·|Wt ) is
the discrete probability distribution on the set {1, . . . , N } such
that P(n|Wt ) = Wtn ≥ 0 with Wt := (Wt1 , . . . , WtN ). That is,
we select to propagate particle Ant−1 , which then becomes the
en
parent of particle n at time t. Then a new multi-target state nX
t
At−1
et
is sampled using the proposal distribution q (·|Zet , X
)
θ̃1:t

n

e n is formed by concatenating (X
e At−1 , X
etn ).
and the sample X
1:t
1:t
The proposal distribution at time t is
e e e
e
e
e1:t |Ze1:t ) = p
qθ̃1:t(X
θ̃1:t−1(X1:t−1 |Z1:t−1 )qθ̃t(Xt |Zt , Xt−1 ) (21)
then the corresponding weight is (note that θ̃ = θ̃1:T where
θ̃t+1:T does not contribute the calculation of wt (X̃1:t ))

A. Sequential Monte Carlo Algorithm

e1:t |Ze1:t ) ≈ p̂ (X
e1:t |Ze1:t ) =
pθ̃1:t (X
θ̃1:t

5

n
e1:t
e1:t ).
Wtn δ(X
−X

n=1

PN
where δ(·) is a Dirac delta and n=1 Wtn = 1. The idea is
e1 conditionally on Ze1 and θ̃1 , and then
to find a sample X
e2 , X
e3 , . . . to build up a sample X
e1:t .
to sequentially sample X
The pseudo code for SMC is given in Algorithm 2, which
e1 |Ze1 )
will be explained next. SMC first approximates pθ̃1 (X
e
e
using the proposal density qθ̃1 (X1 |Z1 ) to generate N pare n , n = 1, . . . , N and use the ratio between two
ticles X
1
e1 |Ze1 )p (Z
e1 ) and q (X
e1 |Ze1 ) for calculating
densities pθ̃1 (X
θ̃1
θ̃1
the weight. The proposal is typically chosen as a Gaussian
mixture. At time t > 1, we also generate N particles. When

e1:t ) =
wt (X

e1:t |Ze1:t )p(Zet )
pθ̃ (X
e1:t |Z
e1:t )
q (X
θ̃

e1:t−1 |Ze1:t−1 )g(Zet |X
et , θ̃t )f (X
e t |X
et−1 , θ̃t )
p (X
= θ̃
e1:t−1 |Z
e1:t−1 )q (X
et |Zet , X
et−1 )
p (X
θ̃

θ̃t

et )f (X
et |X
et−1 ) 1
g(Zet , θ̃t |X
=
et |Zet , X
et−1 )
p(θ̃t )
qθ̃t (X

(22)

e t |X
et−1 , θ̃t ) = f (X
e t |X
et−1 ). Denote
where f (X
e1:t ) =
w̃t (X

et , θ̃t |X
et )f (X
et |X
et−1 )
g(Z
et |Zet , X
et−1 )
q (X

(23)

θ̃t

et ) is given in (12). This is the step given
where g(Zet , θ̃t |X
by (24) and (27) in Algorithm
2. The nfinal nth particle can
B1n
n
e
e
e BT ) where B n is the
be written as X1:T = (X1 , . . . , X
1:T
T
Bn
ancestral lineage with BTn = n, Btn := At t+1 for t ∈ T \{T }.
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Algorithm 2 : SMC Algorithm
e q (·|Z̃), and number of samples N .
Input: θ̃, Z,
θ̃
N
e n , wt (X
e n ), W n , An
Output: {X
t0
1:t0
1:t0
1:t0 −1 }n=1 , t0 ≤ T
0
At time t = 1: for n = 1, . . . , N ,
e n ∼ q (·|Z̃1 ),
− sample X
1
θ̃1
and use (23) to compute and to normalize the weights
e
en
en
e1n ) = g(Z1 , θ̃1 |X1 )f (X1 ) ,
w̃1 (X
e n |Ze1 )
qθ̃1 (X
1

B. Representation of Proposal Distribution
Now we proceed to construct the proposal distribution
e given θ̃. Designing this proposal distribution involves
qθ̃ (·|Z)
constructing a MC on the space of θ̃ which is not easy. Instead
we construct an MC on an equivalent space whose element θ̃τ
is defined as auxiliary track
(24)

N
N
X
X
e1n )/ w1 (X
e1m ) = w̃1 (X
e1n )/ w̃1 (X
e1m ), (25)
W1n = w1 (X
m=1

m=1

(W11 , . . . , W1N ).

− assign W1 :=
At time t = 2, . . . , t0 : for n = 1, . . . , N ,
− sample
Ant−1 ∼ P(·|Wt−1 );

(26)

n
e At−1 );
qθ̃t (·|Zet , X
t−1

6

n
e At−1 , X
etn );
(X
1:t−1

etn ∼
en =
− sample X
set X
1:t
and use (23) to compute and to normalize the weights
n

θ̃τ = (k, t, j0 , . . . , jm )

(33)

with k = l(τ ), t = t0 (τ ) and θ̃t+i (k) = (ji , k) for
i = 0, . . . , m. Note that if ji > 0, then ji represents θt+i (k)
in (13) and is the measurement index at time t + i. Hence,
the auxiliary track θ̃τ contains information about the measurements associated with a track τ and inherits the following
properties from track τ : 1) label i.e. l(θ̃τ ) = l(τ ), 2) the
instances of the track existence i.e. T(θ̃τ ) = T(τ ), 3) the
initial time of appearance t0 (θ̃τ ) = t0 (τ ). Thus the track τ
and the auxiliary track θ̃τ are used interchangeably in terms
of these properties. Conversely, given θ̃τ , we also find θ̃ by
denoting the measurement index of θ̃τ at time t0 ∈ T(θ̃τ ) as

e At−1 )
etn |X
etn )f (X
g(Zet , θ̃t |X
t−1
n
e
,
w̃t (X1:t ) =
n
etn |Zet , X
e At−1 )
q (X

(27)

It0 (θ̃τ ) = jt0 −t .

n
e1:t
Wtn = w̃t (X
)/

(28)

We also know that the target l(τ ) is undetected if It0 (θ̃τ ) = 0
or generates the measurement zIt0 (θ̃τ ) if It0 (θ̃τ ) > 0. Similar
to track hypothesis ω, if we denote
n
o
θ̃ω = θ̃τ : τ ∈ ω ,

Once particles are obtained, an approximation of the target
e Z)
e is given by
distribution pθ̃ (X|

then θ̃ω represents ω and is called a auxiliary track hypothesis.
θ̃ω and θ̃ are equivalent representations of the combination
between track labels and their measurement indices. Given
θ̃ω , then augmented auxiliary function θ̃t (where t = 1, . . . , T )
assigns target labels to
S measurement indices at time t, and it
is defined as ∅ if t ∈
/ θ̃τ ∈θ̃ω T(θ̃τ ), otherwise it is defined as

θ̃t
N
X

t−1

m
e1:t
w̃t (X
),

m=1

− assign Wt := (Wt1 , . . . , WtN ).

e Z)
e =
p̂θ̃ (X|

N
X

e −X
e n ).
WTn δ(X

(29)

n=1

θ̃t (l(θ̃τ )) = (It (θ̃τ ), l(θ̃τ )),

Furthermore, the SMC algorithm provides an estimate
e =
p̂θ̃ (Z)

T
N
Y
1X
n
e1:t
wt (X
)=
N
t=1 n=1

QT

PN
1

en
n=1 w̃t (X1:t )

t=1 N

p(θ̃)

(30)

of the marginal likelihood
Z
e X)d
e X
e=
pθ̃ (Z,

T Z
Y

θ̃τ ∈ θ̃ω .

(34)

Thus constructing an MC on the space of θ̃ is equivalent to
constructing an MC on the space of θ̃ω . At time t, we denote
the clutter of track hypothesis ω by
(
)
[
/
{It (θ̃τ )} .
(35)
Λt (ω) = zj ∈ Zt : j ∈
τ ∈ω


e1:t )q (X
e t |Z
et , X
et−1 )dX
et
wt (X
θ̃1:t

t=1

e θ̃ω ).
The proposal distribution of θ̃ω is denoted by q(θ̃ω∗ |Z,
The equivalent proposal distribution on the θ̃ space is denoted
e = q(θ̃ω∗ |Z,
e θ̃ω ) where θ̃ and θ̃∗ correspond to
by qθ̃ (θ̃∗ |Z)
θ̃ω and θ̃ω∗ respectively.

e1 |Ze1 , X
e0 ) = q (X
e1 |Ze1 ). Denote
where qθ̃1 (X
θ̃1
T
N
Y
1 X
e =
e n ).
p̃ˆθ̃ (Z)
w̃t (X
1:t
N
t=1
n=1

C. Construction of Proposal Distribution
(31)

Then by (30) and (31), (20) can be written as
η̂ =

e ∗ (θ̃|Z)
e
p̃ˆθ̃∗ (Z)q
θ̃
.
e (θ̃∗ |Z)
e
p̃ˆ (Z)q
θ̃

θ̃

where p(θ̃) is canceled out in acceptance rate η̂.

(32)

This section presents the construction of the proposal dise θ̃ω ). In order to reduce the computational
tribution q(θ̃ω∗ |Z,
cost, we first make the following assumptions.
(A.1) The maximum speed of any target is v̄.
(A.2) The maximum number of consecutive missed detec¯ (d¯ ≥ 1).
tion for any track is d,
¯
d in Assumption (A.2) can e.g. be chosen such that the
probability of d¯ consecutive missed detections is below an
acceptable threshold (the choice of d¯ is discussed in [21]).
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e θ̃ω ) is constructed using
The proposal distribution q(θ̃ω∗ |Z,
NP M = 15 proposal moves [22] which are classified into
twelve groups in Table I where m is a parameter to indicate
the types of proposal moves. The moves in groups I, II, III,
and X are from [21]. If a group consists of two moves, the
moves are inverses of each other. If a group contains only one
move, the move and its reverse move are the same.
Table I: List of Proposal Moves
Group
I
II
III
IV
V
VI
VII
VIII
IX
X
XI
XII

m
1/12
7/5
2/8
4/14
6
3/9
4/13
4/14
14/14
10
11
15

Type
Birth(B)/Death (D)
Split(S)/ Merge(M)
Extension (E)/Reduction (R)
Extension Merge(EM)/Birth Merge(BM)
Switch (Sw)
Backward Extension(BE)/Backward Reduction(BR)
Extension Merge (EM)/Delete Split (DS)
Extension Merge (EM)/Birth Merge (BM)
Birth Merge (BM)/Birth Merge (BM)
Update (Up)
Point Update (PUp)
Update-Merge-Extension (UpMerE)

We use more proposal moves than in [21] in order to
speed up the convergence to the stationary distribution and
to reduce the chance that the MC is trapped in certain states
for a long time. If we only consider 8 proposal moves as in
[21], the probability of Extension merge move is 1/64 since
it can only be created by an extension move followed by a
Merge move which have probability 1/8 each. With 15 moves
its probability is 1/15. The relationships between the NP M
proposal moves are illustrated in Figure 1 on the space of θ̃ω
with d¯ = 2 and track gate m∗ = 3 (for details on the moves
and their interpretation see [22, p.117]).
θ̃τ = (k1 , t1 , 8, 1, 2, 3, 9, 1, 2)
θ̃τ • = (k3 , t3 , 1, 2, 4, 5)

θ̃τ = (k1 , t1 , 8, 1, 2, 3, 2, 1, 5)
θ̃τ • = (k3 , t3 , 1, 9, 4, 2)
c

Sw

p

q

BM

θ̃τ = (k1 , t1 , 8, 1, 2, 3, 0, 0, 3)
θ̃τ 0 = (k2 , t2 , 9, 4, 5)
θ̃τ • = (k3 , t3 , 1, 7, 6)

EM

S

E
Me

M
d
BR

R

BE
E

θ̃τ = (k1 , t1 , 8, 1, 2, 4)
θ̃τ 0 = (k2 , t2 , 9, 1, 2)

i

p

B

PU

D

h

a

θ̃τ = (k1 , t1 , 8, 1, 2, 3)
θ̃τ 0 = (k2 , t2 , 9, 1, 2)
θ̃τ • = (k3 , t3 , 1, 2, 4, 5)

θ̃τ = (k1 , t1 , 8, 1, 2, 4)
θ̃τ 0 = (k2 , t2 , 9, 1, 2)
θ̃τ • = (k3 , t3 , 1, 2, 4, 5)

EM

b

θ̃τ = (k1 , t1 , 8, 1, 2, 3)
θ̃τ 0 = (k2 , t02 , 6, 9, 1, 2)
θ̃τ • = (k3 , t3 , 1, 2, 4, 5)

g

θ̃τ = (k1 , t1 , 8, 1, 2)
θ̃τ 0 = (k2 , t2 , 9, 1, 2)
θ̃τ • = (k3 , t3 , 1, 2, 4, 5)

θ̃τ = (k1 , t1 , 8, 1, 2, 3)
θ̃τ 0 = (k2 , t2 , 9, 4, 5)
θ̃τ • = (k3 , t3 , 1, 7, 6, 3)

f

Sw

θ̃τ = (k1 , t1 , 8, 1, 2, 3)
θ̃τ 0 = (k2 , t2 , 9, 4, 5)
θ̃τ • = (k3 , t3 , 1, 2, 1, 2)

Up

EM

DS

Up

θ̃τ = (k1 , t1 , 8, 1, 2, 3)
θ̃τ 0 = (k2 , t02 , 6, 9, 4, 5)
θ̃τ • = (k3 , t3 , 1, 2, 3, 6)

e

Figure 1: The fifteen moves of the MC on the space of θ̃ω
where t3 = t1 + 3, t2 = t3 + 1 and t02 = t2 − 1. Each node
represents a state of an MC and an arrow describes that the
current θ̃ω moves to a new θ̃ω∗ .

7

e θ̃ω , let P e (m)
e θ̃ω ). Given Z,
Now we construct q(θ̃ω∗ |Z,
Z,θ̃ω
be a set of all θ̃ω∗ which can be constructed from a proposal
move type m, m = 1, . . . , NP M that satisfies Assumption
(A.1) and (A.2). Specifically,
• If θ̃ω = ∅, only a Birth move is proposed i.e. PZ,
e θ̃ω (m) =
∅ for m 6= 1.
• If |θ̃ω | = 1 i.e. only one track exists, neither Merge,
Extension Merge, Update-Merge-Extension moves nor
Switch move occur i.e. PZ,
e θ̃ω (m) = ∅ for m = 4, 5, 6, 15.
Based on this construction, θ̃ω∗ is chosen as follows: first the
type of move m is chosen uniformly at random (u.a.r) from the
possible moves, and then θ̃ω∗ is chosen u.a.r from PZ,
e θ̃ω (m).
θ̃ω∗ specifies a track hypothesis ω ∗ and θ˜∗ is the corresponde 1:T (ω ∗ ).
ing sequence of augmented auxiliary functions of X
∗
e is drawn from q(·|Z,
e θ̃ ) in the SMC
Hence whenever X
algorithm 2, there exists a track hypothesis ω ∗ such that
e 1:T (ω ∗ ). Knowing whether a measurement is clutter
e =X
X
or a potentially target-generated measurement will reduce the
computations when sampling from the proposal distribution
e θ̃ω ). Next we introduce the set of all measurements
q(θ̃ω∗ |Z,
that could potentially have been generated from the same target
(see [21] for more detail). The introduction of this set will
reduce the number of possible auxiliary tracks θ̃τ associated
with the proposal moves introduced below.
Given a measurement z at time t, a measurement z 0 at time
t + d, d = 1, 2, . . . , d¯ + 1 is called a d−neighbor of z if
kz 0 − zk ≤ dv̄ where z 0 ∈ Zt+d . The d−neighborhood of z at
time t, denoted by Ld (z, t), consists of all d-neighbors of z,
Ld (z, t) = {z 0 ∈ Zt+d : kz 0 − zk ≤ dv̄} .

(36)

The idea is that if a measurement z is generated from a
target k at time t then the measurements in Ld (z, t) are the
only possible measurements generated by target k at time time
t+d. The next subsection details how the proposal distribution
associated with the NP M proposal moves is constructed using
the neighborhoods.
1) Proposal Moves: Figure 2 illustrates the 15 proposal
moves. More detail on these moves can be found on [22].
(a) Birth and death moves (Figure 2a): A Birth move
adds a new track τ ∗ such that |T(τ ∗ )| ≥ m∗ (the duration of
existence greater than or equal to m∗ ) to the track hypothesis ω
while keeping all other tracks as before, forming the proposed
track hypothesis ω ∗ = ω ∪ {τ ∗ }. Its reverse move, a death
move is constructed so that it may revert to the initial track
after a birth move. A track τ ∗ is removed from ω while
keeping all other tracks as before, forming ω ∗ = ω \ {τ ∗ }.
(b) Split and Merge moves (Figure 2b): In a Split move
a track τ ∗ with |T(τ ∗ )| ≥ 2m∗ (the duration of existence
greater than or equal to 2m∗ ) is split into two tracks τ and τ 0
where t0 (τ 0 ) = tf (τ )+1, tf (τ ) denotes the last existence time
index of track τ . If t0 (τ 0 ) > tf (τ ) + 1 this move becomes the
Delete Split move (see point (e) below). The reverse, a Merge
move, can be applied to any two tracks τ, τ 0 ∈ ω in which
the first target-generated measurement of the target l(τ 0 ) is a
d−neighbor (d = 1) of the last target-generated measurement
of the target l(τ ). If d > 1 the move is called an Extension
Merge move (see point (e) below).
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(a) Birth and Death moves

(b) Split and Merge moves

(c) (Forward) Extension and (Forward) Reduction moves

(d) Switch moves

(e) Extension Merge moves

(f) Extension Merge and Birth Merge moves

(g) Birth Merge moves

(h) Extension Merge and Delete Split moves

8

(d) Switch move (Figure 2d): This move considers the
possibility that two targets move so close to each other and
cross each other. In Figure 2d, given θ̃τ = (k, j0 , . . . , j4 ) and
θ̃τ 0 = (k 0 , j00 , . . . , j50 ), the Switch move is proposed to form
θ̃τ∗ = (k, j0 , j20 , j30 , j3 , j50 ) and θ̃τ∗0 = (k 0 , j00 , j10 , j1 , j2 , j40 , j4 ).
(e) Extension Merge move/Birth Merge move and Extension Merge move/Delete Split move: An Extension Merge
move is a combination of an Extension move and a Merge
move. It may be self-reversible (Figure 2e). A reverse of
the Extension Merge move where a new born track merged
with a current track is called a Birth Merge move and is a
combination of a Birth move and a Merge move (Figure 2f).
The Birth Merge move may be self-reversible (Figure 2g).
Another reverse of the Extension Merge move is a Delete
Split move in which a current track is split into two tracks
after deleting some states (Figure 2h).
(f) Backward Extension move and Backward Reduction
move (Figure 2i): A Backward Extension move extends a
track backwards in time while a Backward Reduction move
removes initial states.
(g) Update move and Point Update move: The Update
move modifies the state from time t0 and onwards of the track
τ ∈ ω where t0 is not the first existing time of the target τ
(Figure 2j). A Point Update move modifies a single state of a
track by modifying the measurement index at that time (see
Figures 2k and 2l).
(h) Update-Merge-Extension move (Figure 2m): An
Update-Merge-Extension move is a combination of an Update,
a Merge and an Extension move. This self-reverse move is
first proposed as an Update move for the top track τ of Figure
2m.a, then this track is merged to the bottom track τ 0 of Figure
2m.a. The remaining initial states of track τ 0 is extended as
(Forward) Extension move.
IV. N UMERICAL R ESULTS

(i) Backward Extension and Backward Reduction moves

(j) Update moves

(k) Point Update moves

In this section, we demonstrate the PMMH-MTT on simulated examples. The performances is evaluated using the
Optimal Sub-pattern Assignment distance (OSPA) metric [23]
and is presented in subsection IV-A. Two examples are used
to illustrate the PMMH-MTT. The first example shows that
the algorithm is able to handle a large number of closelyspaced and crossing tracks. The second example illustrates
the capability to handle situation where two targets cross and
move close each other for a long time.
1000

1000

Measurement
Track 1
Track 2

(l) Point Update moves between 2 tracks
500

y coordinate (in m)

(m) Update-Merge Extension moves

y coordinate (in m)

500

0

Figure 2: Illustration of 15 proposal moves in groups.
−500

(c) Extension and Reduction move (Figure 2c): The
objective of the Extension move [21] is to extend the duration
of a track by one or more states. In reverse, the Reduction
move is applied to remove a track by the last state or the last
few states but not below m∗ .

0

−500
Measurement
True tracks

−1000
−1000

−500

0

500

x coordinate (in m)

(a) True Tracks of example 1

1000

−1000
−1000

−500

0

500

x coordinate (in m)

(b) True Tracks of example 2

Figure 3: Ground true tracks of examples 1 and 2.

1000
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A. OSPA metric
Let X = {x1 , ..., xm } and Y = {y1 , ..., yn } be two
finite sets and assume that m < n. The set X with smaller
cardinality is initially chosen as a reference. We want to
determine the assignment between the m points of X and the n
points of Y that minimizes the sum of distances, subject to the
constraint that distances are capped at a preselected maximum
or cut-off value c. This minimum sum of distances can be
interpreted as the total localization error, which is assigned
to the points in Y by giving the points in X as reference.
All points which remain unassigned are charged with c the
maximum error value. These errors can be interpreted as
cardinality errors which are penalized at the maximum rate.
The total error committed is then the sum of the localization
error and the cardinality error. Remarkably, the per target error
obtained by normalizing total error by n (the largest cardinality
of the two given sets) is a proper metric.
(c)
The OSPA metric d¯p
is defined as follows. Let
d¯(c) (x, y) := min(c, kx − yk) for x, y ∈ X , and Πk denotes
the set of permutations on {1, 2, ..., k} for any positive integer
k. Then, for p ≥ 1, c > 0,
• if m ≤ n:
!# p1
"
m
X
1
(c)
p
p
(c)
min
d¯ (xi , yπ(i) ) +c (n − m)
d¯p (X, Y ) =
n π∈Πni=1
(c)
(c)
if m > n: d¯p (X, Y ) := d¯p (Y, X); and
(c)
(c)
• if m = n = 0: d¯p (X, Y ) := d¯p (Y, X) = 0
The OSPA distance is interpreted as a p−th order per-target
error, comprised of a p−th order per-target localization error
and a p−th order per-target cardinality error. Precisely, for
p < ∞ these components are given by
• if m ≤ n:
! p1
n
X
1
(c)
(c)
p
ēp,loc (X, Y ) :=
min
d¯ (xi , yπ(i) )
,
n π∈Πn i=1
 p
1
c (n − m) p
(c)
ēp,card (X, Y ) :=
.
n
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106 (m2 ), and the sampling interval Ts = 1 (second). The
state vector is xt = [ξt , ζt , vξt , vζt ]T r where xT r denotes the
transpose and (ξt , ζt ) is the target position in the 2D Cartesian
plane and (vξt , vζt ) is its velocity t = 1, . . . , T = 100. Linear
state and measurement models are used
xt = Axt−1 + vt−1 ,

if m > n:
(c)
(c)
(c)
(c)
ēp,loc (X, Y ) = ēp,loc (Y, X), ēp,card (X, Y ) = ēp,card (Y, X).

The decomposition of the OSPA metric into separate components is usually not necessary for performance evaluation, but
may provide valuable additional information.
This metric is suitable for evaluating the MTT problem
because at each time it considers not only the error between
the number of estimated targets and the number of true targets
but also the error between the position of estimated targets
and the position of the true targets. The order parameter p
determines the sensitivity of the metric to outliers, and the
cut-off parameter c determines the relative weighting of the
penalties assigned to cardinality and localization errors. In
simulation, we choose c = 80, p = 2.
B. Example 1
1) Ground truths: The surveillance area is the square region
R = [−1000, 1000] × [−1000, 1000](m2 , m2 ) so V = 4 ×

(37)

where


1 0 Ts
 0 1 0

A=
0 0 1
0 0 0



1
0

Ts 
, C =  0
 0
0 
0
1

T r
0
1 
 ,
0 
0

and where vt and wt are zero mean Gaussian process with
covariance Q and R, respectively
 T2

s
I2 T2s I2
4
2
 , R = σw
Q = σv2 
I2
Ts
I
I
2
2 2
σv = 5 is the standard deviation of the velocity process noise;
σw is the standard deviation of the measurement noise.
38 targets move from top right or middle of the surveillance
area to bottom left, and middle of the surveillance area to top
right. Targets appear from J = 24 possible locations and can
be born at any time in these J possible locations according to
a Poisson process with intensity

•

•

zt = Cxt + wt

γt (x) =

J
X
1
N (x; m(i)
γ , Pγ )
J
i=1

(38)

where Pγ = diag(P ), P = [100, 100, 25, 25] are used to
(i)
model spontaneous births in the vicinity of mγ , i = 1, . . . , J.
(i)
Note that mγ specifies both the location and velocity of
the targets. The initial speed of the targets as specified by
(i)
mγ is less than 150 meters per second. Target spawning
et−1 ) = γt (x).
is not considered in this example so b(x̃|X
The expected number of target µf (Xt−1 ) = 0.1. Whenever,
a target is born, we form augmented single target state by
assigning that target a label different from existing targets
during T .
Each target x survives with probability pSt (x) = PS = 0.99
and is detected with probability pDt (x) = PD = 0.8. The
detected measurements are immersed in clutter modeled as a
Poisson RFS Λt with intensity
κt = λc u
where u = 1/V is the uniform density over the surveillance
region and λc = 50. Thus the average number of clutter returns
per unit volume is hκt , 1i = λc . We tested the performance of
the proposed algorithm on this example.
2) PMMH - MTT: The track is confirmed if a target exists
at least 3 consecutive times so m∗ = 3. In the PMMH-MTT,
we choose the maximum speed v̄ to be 150(m/s) and d¯ is
chosen as 4 such that the probability that a target is detected
at least one in 5 scans is 1 − (1 − PD )5 = 0.9997. All other
parameters, statistical distribution etc are the same as in the
ground truth. With these parameters the average number of
1, 2, 3, 4 and 5 neighbors of each potential track measurement
is 62.
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Figure 5: OSPA metric.
To check the average performance we repeated the previous scenario 99 times with the same ground truth (true
tracks) but new measurements generated according to the same

50

(b) The OSPA errors

Figure 6: Errors of GM-PHDT and PMMH-MTT estimates
(10000x100 estimates) using OSPA metric over 100 Monte
Carlo runs with PD = .8.
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Figure 7: Errors of GM-PHDT and PMMH-MTT estimates
(10000x100 estimates) using OSPA metric over 100 Monte
Carlo runs with PD = .9.
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The average of OSPA errors of the last 10000 samples
from the PMMH-MTT (Figure 5b) is much lower than the
OSPA errors for GM-PHDT (Figure 5a) because the target
number is incorrectly estimated using GM-PHDT. Figure 5b
shows that the performance of the PMMH-MTT is able to
deal successfully with target labels and positions. Indeed, the
average OSPA error (Figure 5b) is the same as the average
location errors when there is no cardinality errors except
during the time between 1 and 7, when a track exists but only
is detected at time 1, 3 and 7. Otherwise, the PMMH-MTT is
able to track successfully the number of targets and its states.
Note that the location errors for the GM-PHDT is much lower
than the PMMH-MTT because there are many targets are not
tracked in GM-PHDT.
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Figure 4: Estimated tracks are plotted against ground truth.
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distribution. We calculated the average OSPA error between
ground truths and the last 10000 samples of each Monte Carlo
run using OSPA metric. The results in Figure 6 shows that
the PMMH-MTT performed well compared to the filtering
technique when tracking a large number of closely-spaced
and crossing tracks. Note that the location errors for the GMPHDT is lower than the PMMH-MTT because many targets
are not tracked in GM-PHDT (Figure 7a). The PMMH-MTT
performed better in term of target number. We repeated the
previous scenario with the same ground truth and PD = 0.9,
and then the result was plotted in Figure 7. The performance
of Figure 6 and 7 showed that the PMMH-MTT is sensitive to
the probability of detection. By the nature of MC Monte Carlo
(MCMC), there is a trade-off between the performance and the
computation time where the state of the MC (the estimate of
target trajectories) converges to the target distribution.

OSPA (in m)

1000

y coordinate (in m)

y coordinate (in m)

3) Numerical result and discussion: In the absence of a
proper estimator we use PMMH-MTT Algorithm 1 and we
stop when at least 50 accepted updates are associated with
the Point Update move, subject to that the MC has been
run at least 100000 times, which indicates that the algorithm
has ”settled” on a fixed number of targets. In this example,
we found successfully 38 trajectories of targets (as illustrated
in Figure 3a together with the false measurements). Due to
the many closely-spaced targets and large number of false
measurements, the filtering technique either performed poorly
(such as GM-PHDT in Figure 4a because GM-PHDT use
pruning and merging technique to obtain the estimates).
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C. Example 2
1) Ground truths: This example considers the situation
where two tracks appear at time 1 and move close to each other
from time t = 10 to time t = 17. The exception are at time
t = 9 where the target make turns such that they move close
together and at time t = 18 they separate from each other as
shown in Figure 3b. The targets follow the same system model
with the same parameter values as in Example 1 with intensity
as in (38) but with J = 2 and m(1) = [−700, 300, 20, −30]T r ,
m(2) = [−700, −250, 20, 30]T r and T = 30.

50
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Figure 8: Estimated tracks
The average OSPA errors between state estimates and
ground truth from the last 10000 samples are plotted in
Figure 9b. In this figure, the performance of the PMMH-MTT
improves the initial estimate efficiently by correctly tracking
the number of targets at most times (Figure 9b). The location
errors for the PMMH-MTT are similar to the OSPA errors
because there is no cardinality errors.
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Figure 10: average errors of 100 Monte Carlo runs (10000x100
estimates)
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Similar to Example 1, we repeated the previous scenario
99 times with the same ground truth (true tracks) but new
measurements generated according to the same distribution.
We also calculated the average OSPA errors between ground
truths and the last 10000 samples of each Monte Carlo run.
Figure 10b shows that the PMMH-MTT performed better than
the GM-PHDT and was able to track the targets when they
made unexpected turns and moved close to each other.

OSPA Loc (in m)

2) PMMH - MTT: The track is confirmed if a target exists
at least 5 consecutive times so m∗ = 5. In the PMMH-MTT,
it is assumed that targets appear at any time t = 1, . . . , T with
the same intensity as in subsection IV-C1. The parameters v̄, d¯
are chosen as in Example 1. All other parameters, statistical
distribution etc are the same as in the ground truth. With these
parameters the average number of 1, 2, 3, 4 and 5 neighbors
of each potential track measurement is 35.
3) Numerical result and discussion: The result in Figure
8b shows that without knowing the number of targets the
algorithm handles this scenario successfully by tracking the
correct tracks even when the tracks are moving close to each
other from time 10 to time 17. The algorithm recovers all of
the target states. GM-PHDT on the other hand have difficulties
with this scenario due to the unexpected turns at time t = 9
and 18 and due to that the targets are undetected at time indices
in the vicinities of the time indices 9 an 18.
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Figure 9: OSPA metric
In Figure 9b, for the PMMH-MTT the average OSPA errors
are the same as the average local errors because there is no
average cardinality errors while for the GM-PHDT in Figure
9a, the OSPA errors are much larger than the local errors
during the periods from 0 to 4 and from 11 to 30 due to
the cardinality errors albeit no or very small location errors.

V. C ONCLUSION
In this paper, we had proposed a batch MTT technique
for solving the problem where a large number of targets
move close to each other and cross each other in a dense
clutter. The problem was formulated in an RFS framework
using Bayesian statistics. An expression for the multi-target
distribution was derived and a numerically tractable PMMHMTT was developed to draw independent samples from it.
A key ingredient in the PMMH-MTT was the construction
of the proposal distribution based on the proposal moves in
section III-C1. A simulation was successfully carried out on
a moderately difficult scenario with medium probability of
detection (PD = 0.8). The trajectories of a variable number
of targets were tracked successfully under two challenging
scenarios. Tracking performance was reliable compared to
standard filtering methods. However, the run-time cost is
high for the batch method 5 hours (example 1) and 2 hours
(example 2) on a standard PC while the running time for
the GM-PHDT is 30 minutes for example 1 and 20 minutes
for example 2 but the results are unreliable. In order for an
MC to converge to the stationary distribution (distribution of
ground truth) in a reasonable time, the initial state, transition
matrix (proposal moves in our case) must be selected. A good
estimator which combine samples obtained by Markov chains
should also be developed. These are still the issues for further
research. In practice, this algorithm is useful when the filtering
techniques do not give a satisfactory performance. Particle
MCMC methods also attract researchers to track multiple
targets such as in [24]. With super computer, the computation
cost will be no problem in batch methods for challenging
problems which cannot be solved reliably by online methods.
However, it is also of interest to explore different methods to
reduce the computation.
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