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Closed Form Solutions to Forward-Backward
Smoothing

Ba-Ngu Vo, Ba-Tuong Vo, and Ronald P. S. Mahler

Abstract— We propose a closed form Gaussian sum smoother
and, more importantly, closed form smoothing solutions for
increasingly complex problems arising from practice, including
tracking in clutter, joint detection and tracking (in clutter),
and multiple target tracking (in clutter) via the Probability
Hypothesis Density. The solutions are based on the corresponding
forward-backward smoothing recursions that involve forward
propagation of the filtering densities, followed by backward prop-
agation of the smoothed densities. The key to the exact solutions
is the use of alternative forms of the backward propagations,
together with standard Gaussian identities. Simulations are also
presented to verify the proposed solutions.

Index Terms— Smoothing, Filtering, Gaussian Sum Smoother,
PHD, Bernoulli model, target tracking.

I. INTRODUCTION

This paper considers the problem of smoothing for state
space models. These models have attracted considerable re-
search interest for several decades, spanning diverse disci-
plines from statistics, engineering, to econometrics [2], [36].
Smoothing together with filtering and prediction are three
important interrelated problems in state space estimation,
which essentially amount to calculating

pk|l(xk|z1:l) (1)

the probability density of the state xk at time k given the ob-
servation history z1:l = (z1, . . . , zl) up to time l. Smoothing,
filtering and prediction, respectively, refer to the cases l > k,
l = k, and l < k. In filtering the objective is to recursively
estimate the current state given the observation history up to
the current time k. Smoothing can yield significantly better
estimates than filtering by delaying the decision time (k) and
using data at a later time (l > k) [24], [12].

Analytic filtering solutions such as the Kalman filter and
Gaussian sum filter, for linear Gaussian and linear Gaussian
mixture models, have opened up numerous research avenues
and pervaded many application areas [14], [27], [1], [2]. For
general non-linear models, Sequential Monte Carlo (SMC) or
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particle filters have recently emerged as powerful numerical
approximations [11], [17], [6], [7].

Research in smoothing has experienced similar develop-
ments as in filtering, except for the smoothing analogue of
the Gaussian sum filter. For general non-linear models, SMC
approximations have been proposed for various smoothing
schemes including smoothing-while-filtering [17], forward-
backward smoothing [13], [6], [10], (generalized) two-filter
smoothing [5], [8], and block-based smoothing [9]. For the
special case of linear Gaussian models, an analytic smoothing
solution exists in the form of the Kalman smoother [2].
However, for linear Gaussian mixture models, the Gaussian
sum smoother–the smoothing analogue of the Gaussian sum
filter–still remains elusive.

Like the Gaussian sum filter, the Gaussian sum smoother
is of great practical importance. Even with linear Gaussian
transition kernel and likelihood function, the filtering density is
inherently non-Gaussian if the initial prior is non-Gaussian. In
time series analysis, linear Gaussian models are not adequate
for handling outliers or abrupt changes in structure [15],
[18]. An analytic smoothing solution for linear Gaussian
mixture model opens up new analytical approximations to non-
Gaussian state-space smoothing since Gaussian mixtures can,
in principle, approximate any density [19].

In many practical problems, such as target tracking, the
standard linear Gaussian mixture model is not adequate and
more sophisticated models are required. One of the most basic
problems is tracking in clutter, where the filtering density is
inherently a Gaussian mixture even with a Gaussian initial
prior and linear Gaussian transition kernel and likelihood
function [3], [21]. Such a problem requires a (state space)
model with finite set observations [21], [31]. Another problem
is joint detection and tracking (in clutter), where the target
of interest may not always be present and exact knowledge of
target existence cannot be determined from observations due to
clutter and detection uncertainty [21], [32]. A Bernoulli (state
space) model (with finite set observations) is required to ac-
commodate presence and absence of the target [32], [34]. Yet
another basic problem, but far more challenging, is multiple
target tracking, where the number of targets varies randomly in
time, obscured by clutter, detection uncertainty and data asso-
ciation uncertainty. Recently, a forward-backward Probability
Hypothesis Density (PHD) recursion has been proposed for
multiple target smoothing [25], [23]. The PHD is intrinsically
multi-modal, indeed, the filtering PHD is a Gaussian mixture
even under linear Gaussian multi-target assumptions [29].
Smoothing for these models has a wide range of applications,
and closed form solutions offer a versatile set of tools.
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In this paper, we propose a Gaussian sum smoother and,
more importantly, analytic smoothing solutions for: state space
models with finite set observations; Bernoulli state space mod-
els; and the PHD. Our solutions are based on corresponding
forward-backward smoothing recursions, each consisting of
a forward pass that propagates the filtering density forward
to time l, followed by a backward pass that propagates the
smoothed density backward to time k < l. The forward
passes can be accomplished analytically via the corresponding
filters, henceforth, our contributions are exact solutions to the
backward smoothing recursions for:
• linear Gaussian mixture models,
• linear Gaussian models with finite set observations,
• linear Gaussian Bernoulli models,
• PHD under linear Gaussian multi-target assumptions1.

The key to these solutions is the application of standard
Gaussian identities to novel alternative forms of the backward
smoothing recursions.

The proposed Gaussian sum smoother is detailed in Section
II while the closed form smoothing solutions for models
with finite set observations, Bernoulli models, and the PHD
are detailed in Section III. In Section IV, we derive the
canonical solutions to the backward smoothing equations for
these models. Numerical illustrations are presented in Section
V.

II. THE GAUSSIAN SUM SMOOTHER

Brief reviews of forward-backward smoothing and the linear
Gaussian mixture model are provided in subsection II-A. In
subsection II-B we present an alternative form of the backward
recursion, key to the development of our closed form solution.
For clarity of presentation, the Gaussian sum smoother is
developed for a simpler case first in subsection II-C, while
the full Gaussian sum smoother is presented in subsection II-
D.

A. Forward-Backward Smoothing

In a state space model, the state of the system follows a
Markov process on the state space X , with initial prior p0 and
transition kernel fk|k−1(·|·), i.e. given a state xk−1 at time
k− 1, the probability density of a transition to the state xk at
time k is

fk|k−1(xk|xk−1). (2)

This Markov process is partially observed in the observation
space Z as modeled by the likelihood function gk(·|·), i.e.
given a state xk at time k, the probability density of receiving
the observation zk ∈ Z is

gk(zk|xk). (3)

Forward-backward smoothing consists of a forward pass that
propagates the filtering density forward to time l, followed by
a backward pass that propagates the smoothing density back-
ward to time k < l (see for example [15]). More concisely, us-
ing the standard inner product notation 〈f, g〉 =

∫
f(ζ)g(ζ)dζ,

1Preliminary results for the PHD smoother have been announced in the
conference paper [33].

the forward-backward smoothing recursion consists of predic-
tion, update and backward smoothing given respectively by

pk|k−1(x) =
〈
pk−1|k−1, fk|k−1(x|·)

〉
(4)

pk|k(x) =
gk(zk|x)pk|k−1(x)〈
gk(zk|·), pk|k−1

〉 (5)

pk−1|l(x) = pk−1|k−1(x)
〈

pk|l
pk|k−1

, fk|k−1(·|x)
〉

(6)

Note that for notational compactness we omitted the depen-
dencies on the data in the prediction, filtering and smoothing
densities.

In the forward pass, starting with pk|k the prediction densi-
ties pk+1|k, ..., pl|l−1 and the filtering densities pk+1|k+1, ...,
pl|l are computed via the prediction and update recursion. In
the backward pass, starting with pl|l the smoothing densities
pl−1|l, ..., pk|l are computed via the backward smoothing re-
cursion.

Let N (·; m,P ) denote a Gaussian density with mean m and
covariance P , and define

NH,R(z; ζ) , N (z;Hζ,R)

(for appropriate matrices H and R) when we consider
N (z; Hζ, R) as a function of ζ. The Kalman smoother [2]
is a closed form smoothing solution for the linear Gaussian
(LG) model,

p0(x) = N (x; m0, P0) (7)
fk|k−1(ζ|x) = NFk|k−1,Qk

(ζ; x) (8)

gk(z|ζ) = NHk,Rk
(z; ζ) (9)

where, m0, P0, Fk|k−1, Qk, Hk, and Rk are given model
parameters.

In a linear Gaussian mixture (LGM) model,

p0(x) =
J0∑

i=1

w
(i)
0 N (x;m(i)

0 , P
(i)
0 ) (10)

fk|k−1(ζ|x) =
Jf,k|k−1∑

i=1

w
(i)
f,k|k−1NF

(i)
k|k−1,Q

(i)
k

(ζ;x) (11)

gk(z|ζ) =
Jg,k∑

i=1

w
(i)
g,kNH

(i)
k ,R

(i)
k

(z; ζ), (12)

where m
(i)
0 , P

(i)
0 , i = 1, ..., J0, F

(i)
k|k−1, Q

(i)
k , i =

1, ..., Jf,k|k−1 and H
(i)
k , R

(i)
k , i = 1, ..., Jg,k are given model

parameters. Under LGM assumption, a closed form filtering
solution is the Gaussian sum filter [27], [1], which recursively
propagates forward the (Gaussian mixture) predicted and fil-
tered densities:

pk|k−1(x) =
Jk|k−1∑

i=1

w
(i)
k|k−1N (x; m(i)

k|k−1, P
(i)
k|k−1), (13)

pk|k(x) =
Jk|k∑

i=1

w
(i)
k|kN (x; m(i)

k|k, P
(i)
k|k), (14)

However, for smoothing, a closed form solution has not yet
been found, since the quotient of two Gaussian mixtures in (6)
is not necessarily a Gaussian mixture (even if the transition
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density and likelihood are linear Gaussian), see for example
[16] pp. 609.

B. Backward corrector recursion

To facilitate the derivation of the closed form smoothing
solution, we rewrite the update and backward smoothing
recursions (5) and (6) in the following form:

pk|k(x) = Lk(zk; x)pk|k−1(x) (15)
pk|l(x) = pk|k(x)Bk|l(x) (16)

where

Lk(zk;x) =
gk(zk|x)〈

gk(zk|·), pk|k−1

〉 (17)

Bk|l(x) =
〈

pk+1|l
pk+1|k

, fk+1|k(·|x)
〉

(18)

with Bl|l(·) = 1. The key to solving the backward smoothing
problem is to note that the so-called backward corrector Bk|l
can be recursively computed as follows.

Proposition 1: For k ≤ l,

Bk−1|l(x) =
〈
Bk|lLk(zk; ·), fk|k−1(·|x)

〉
(19)

Proof: It follows from (16) and (15) that
pk|l

pk|k−1
=

pk|kBk|l
pk|k−1

= Lk(zk; ·)Bk|l,

which upon substitution into (18) with k replaced by k − 1,
gives (19). ¤

The backward corrector recursion (19) resembles the infor-
mation filter in the two-filter smoother of [4], [16]. However,
it does not have an information filter interpretation since the
backward corrector is not a probability density. In fact, a filter
interpretation is not necessary for the derivation of a closed
form solution to the backward corrector recursion. Next, we
use this backward corrector recursion to derive closed form
expressions for the backward corrector Bk|l and subsequently
the smoothed density pk|l.

C. Smoothing for linear Gaussian model with Gaussian mix-
ture prior

The closed form solution to the backward corrector re-
cursion (19) is most easily seen via a simpler special case
of the LGM model. Specifically, the dynamic and measure-
ment models are assumed linear Gaussian, but the prior is a
Gaussian mixture and consequently the prediction and filtered
densities are Gaussian mixtures. The following proposition and
its corollary provide closed form expressions for the backward
corrector Bk|l and the smoothed density pk|l respectively.

Proposition 2: Under the linear Gaussian dynamic and
measurement model (8), (9), suppose that at time k, the
backward corrector has the form

Bk|l(xk) =
NCk,Dk

(ζk; xk)
rk

(20)

then at time k − 1 the backward corrector is given by

Bk−1|l(xk−1) =
NC̈k,D̈k

([ζT
k , zT

k ]T ; xk−1)
νk(zk)rk

(21)

where

C̈k =
[

Ck

Hk

]
Fk|k−1, (22)

D̈k =
[

Dk 0
0 Rk

]
+

[
Ck

Hk

]
Qk

[
CT

k HT
k

]
(23)

νk(z) =
Jk|k−1∑

j=1

w
(j)
k|k−1NHk,Rk+HkP

(j)
k|k−1HT

k

(z; m(j)
k|k−1) (24)

Proof: Since the measurement model is linear Gaussian (9),
and prediction density is a Gaussian mixture of the form (13),
we have
〈
gk(z|·), pk|k−1

〉

=
Jk|k−1∑

j=1

w
(j)
k|k−1

〈
NHk,Rk

(z; ·),N (·; m(j)
k|k−1, P

(j)
k|k−1)

〉

= νk(z) (25)

by virtue of the convolution of Gaussians in Lemma 18
(Appendix VII-A). Hence,

Bk|l(xk)Lk(zk;xk) =
NCk,Dk

(ζk; xk)
rk

NHk,Rk
(zk; xk)

νk(zk)

=
NC̃k,D̃k

([ζT
k , zT

k ]T ; xk)
rkνk(zk)

where
C̃k =

[
Ck

Hk

]
, D̃k =

[
Dk 0
0 Rk

]
.

Using recursion (19) from Proposition 1,

Bk−1|l(xk−1) =
〈
Bk|lLk(zk; ·), fk|k−1(·|xk−1)

〉

=

〈
NC̃k,D̃k

([ζT
k , zT

k ]T ; ·)
rkνk(zk)

,NFk|k−1,Qk
(·; xk−1)

〉
,

and then using the convolution of Gaussians in Lemma 18
again gives (21), (22). ¤

Remark: The premise of Proposition 2 is that the back-
ward corrector at time k has the form (20), i.e. Gaussian
in some linear transformation of xk. Using the convention
N[],[](ζ;x) , 1, where [] is the MATLAB notation for the
null matrix satisfying [

[]
H

]
= H,

and noting that the backward corrector iteration starts with
Bl|l = 1, it is clear that the premise of the above Proposition
holds for k = l. Consequently, it follows by induction from
Proposition 2 that all subsequent backward correctors are
Gaussians in some linear transformations of the state vector.
This result allows the smoothed density to be written as a
Gaussian mixture by using a standard result on products of
Gaussians.

Corollary 3: Under the linear Gaussian dynamic and mea-
surement model (8), (9), the smoothed density pk|l is a
Gaussian mixture

pk|l(x) =
1
rk

Jk|k∑

i=1

w
(i)
k|kq

(i)
k|k(ζk)N (x; m̃(i)

k|k(ζk), P̃ (i)
k|k) (26)
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where

q
(i)
k|k(ζk) = N

Ck,Dk+CkP
(i)
k|kCT

k

(ζk; m(i)
k|k) (27)

m̃
(i)
k|k(ζk) = m

(i)
k|k + K

(i)
k|k(ζk − Ckm

(i)
k|k) (28)

P̃
(i)
k|k = (I −K

(i)
k|kCk)P (i)

k|k (29)

K
(i)
k|k = P

(i)
k|kCT

k (CkP
(i)
k|kCT

k + Dk)−1 (30)

and rk, ζk, Ck, Dk are the parameters of the backward correc-
tor Bk|l.

Proof: Using (16), (14), Proposition 2, and then the Gaus-
sian identity in Lemma 19 (Appendix VII-A), the smoothed
density is

pk|l(x) = pk|k(x)Bk|l(x)

=
Jk|k∑

i=1

w
(i)
k|k
rk

N (x;m(i)
k|k, P

(i)
k|k)NCk,Dk

(ζk; x),

=
1
rk

Jk|k∑

i=1

w
(i)
k|kq

(i)
k|k(ζk)N (x; m̃(i)

k|k(ζk), P̃ (i)
k|k).¤

Remark: The normalising constant rk (which is a function of
the measurements zl:k+1) is included for completeness, but in
practice it is not necessary. Instead we normalise the weights
{w(i)

k|kq
(i)
k|k(ζk)}Jk|k

i=1 . Further, it is not necessary to compute
the filtering densities for time k + 1 to l. Instead, we only
need (the Gaussians components of) the filtered density pk|k,
and predicted density pk+1|k because the backward corrector
can be computed without requiring the filtering densities for
time k + 1 to l (see also section IV-B which gives a full non
recursive expression for Bk|l).

The solution presented bears some resemblance to the
approximation proposed in [16]. The key difference is that [16]
uses a two-filter smoother in which the backward recursion is
approximated by a Kalman filter. Specifically, the approach
in [16] requires C̃k is to be invertible, which is not valid in
general (it is not even a square matrix). Our approach does
not treat the backward propagation as an information filter
nor assume C̃k, to be invertible.

D. Smoothing for Linear Gaussian Mixture models

We now present the full Gaussian sum smoother by ex-
tending Proposition 2 to the LGM model. In this case, the
smoothed density is a Gaussian mixture and closed form
solutions for the backward corrector Bk|l and the smoothed
density pk|l are given respectively by the following proposition
and its corollary. The proofs are omitted because they are
almost identical to that of Proposition 2 and Corollary 3.

Proposition 4: Under the linear Gaussian mixture dynamic
and measurement model (11), (12), suppose that at time k, the
backward corrector has the form

Bk|l(xk) =
Jk|l∑

h=1

w
(h)
k N

C
(h)
k ,D

(h)
k

(ζk; xk) (31)

then at time k − 1 the backward corrector is given by

Bk−1|l(xk−1) =
Jk|l∑

h=1

Jg,k∑

i=1

Jf,k|k−1∑

j=1

w
(i)
g,kw

(j)
f,k|k−1w

(h)
k∑Jg,k

n=1 w
(n)
g,kν

(n)
k (zk)

×N
C̈

(h,i,j)
k ,D̈

(h,i,j)
k

([ζT
k , zT

k ]T ; xk−1) (32)

where

C̈
(h,i,j)
k =

[
C

(h)
k

H
(i)
k

]
F

(j)
k|k−1, (33)

D̈
(h,i,j)
k =

[
D

(h)
k 0
0 R

(i)
k

]
+

[
C

(h)
k

H
(i)
k

]
Q

(j)
k

[
C

(h)T
k H

(i)T
k

]
,

(34)

ν
(i)
k (z) =

Jk|k−1∑

j=1

w
(j)
k|k−1NH

(i)
k ,R

(i)
k +H

(i)
k P

(j)
k|k−1H

(i)T
k

(z; m(j)
k|k−1)

(35)

Remark: The premise of Proposition 4 is that the backward
corrector at time k has the form (31), i.e. a Gaussian mixture
in some linear transformation of xk. Noting that the backward
corrector iteration starts with Bl|l = N[],[], it is clear that
the premise of the above Proposition holds for k = l.
Consequently, it follows by induction from Proposition 4 that
all subsequent backward correctors are Gaussian mixtures in
some linear transformations of the state vector. This result
allows the smoothed density to be written as a Gaussian
mixture.

Corollary 5: Under the linear Gaussian mixture dynamic
and measurement model (11), (12), the smoothed density pk|l
is a Gaussian mixture

pk|l(x) =
Jk|l∑

h=1

Jk|k∑

i=1

w
(i)
k|kq

(i,h)
k|k (ζk)w(h)

k N (x; m̃(i,h)
k|k (ζk), P̃ (i,h)

k|k )

(36)
where

q
(i,h)
k|k (ζk) = N

C
(h)
k ,D

(h)
k +C

(h)
k P

(i)
k|kC

(h)T
k

(ζk; m(i)
k|k) (37)

m̃
(i,h)
k|k (ζk) = m

(i)
k|k + K

(i,h)
k|k (ζk − C

(h)
k m

(i)
k|k) (38)

P̃
(i,h)
k|k = (I −K

(i,h)
k|k C

(h)
k )P (i)

k|k (39)

K
(i,h)
k|k = P

(i)
k|kC

(h)T
k (C(h)

k P
(i)
k|kC

(h)T
k + D

(h)
k )−1 (40)

and ζk, (w(h)
k , C

(h)
k , D

(h)
k )Jk|l

h=1 are the parameters of the back-
ward corrector Bk|l.

Similar to the previous result, in practice there is no need to
calculate ν

(i)
k+1(zk+1) at all. Instead we normalise the weights

after multiplying the backward corrector with the filtered den-
sity. It is also not necessary to compute the filtering densities
for times k + 1 to l. Instead, we only need (the Gaussians
components of) the filtered density pk|k, and predicted density
pk+1|k.

III. GAUSSIAN MIXTURE SMOOTHING FOR GENERALIZED
MODELS

While the Gaussian sum smoother considered in the pre-
vious section spans a wide range of applications, it is not
adequate for a larger class of practical problems which require
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more sophisticated models such as state space model with
finite set observations, Bernoulli model, and PHD model. In
subsection III-A we derive a closed form solution to a generic
backward recursion that covers these models. The forward-
backward smoothing recursions and their respective closed
solutions are then given in subsections III-B, III-C for the
finite set observations model, subsections III-D, III-E for the
Bernoulli model, and subsections III-F, III-G for the PHD.

A. Generic Gaussian mixture backward propagation

This subsection presents a closed form solution to a generic
backward recursion that covers smoothing for models with
finite set observation, Bernoulli models, and the PHD. It is
shown in subsequent subsections that these backward recur-
sions can all be recasted in terms of the backward corrector
Bk|l that obeys the following generic backward corrector
recursion (starting with Bl|l = 1)

Bk−1|l(x) = qk + pk

〈
Bk|lLk(Zk; ·),NFk|k−1,Qk

(·; x)
〉

(41)

Lk(Zk; x) = αk +
∑

z∈Zk

wk(z)NHk,Rk
(z; x) (42)

where qk, pk, αk and wk(z) are real numbers.
Remark: For clarity of presentation, we assume a linear

Gaussian transition kernel. Nonetheless the result can be easily
extended to linear Gaussian mixture transition kernel, albeit
through a rather cumbersome process.

Proposition 6: Suppose that at time k, the backward cor-
rector has the form

Bk|l(x) =
Jk|l∑

i=1

w
(i)
k N

C
(i)
k ,D

(i)
k

(ζ(i)
k ;x), (43)

then applying the generic backward corrector recursion (41),
(42), yields

Bk−1|l(x) = qk+pk

(
αkḂk|l(x) +

∑

z∈Z

wk(z)B̈k|l(x; z)

)
(44)

where

Ḃk|l(x) =
Jk|l∑

i=1

w
(i)
k N

Ċ
(i)
k ,Ḋ

(i)
k

(ζ(i)
k ; x) (45)

Ċ
(i)
k = C

(i)
k Fk|k−1, (46)

Ḋ
(i)
k = D

(i)
k + C

(i)
k QkC

(i)T
k , (47)

B̈k|l(x; z) =
Jk|l∑

i=1

w
(i)
k N

C̈
(i)
k ,D̈

(i)
k

([ζ(i)T
k , zT ]T ;x) (48)

C̈
(i)
k =

[
C

(i)
k

Hk

]
Fk|k−1, (49)

D̈
(i)
k =

[
D

(i)
k 0
0 Rk

]
+

[
C

(i)
k

Hk

]
Qk

[
C

(i)T
k HT

k

]
(50)

The proof is similar to Proposition 2, and details are given
in Appendix VII-B.

Remark: The premise of Proposition 6 is that the backward
corrector at time k has the form (43), i.e. a Gaussian mixture in
some linear transformation of xk. This premise holds for k = l

since the backward corrector iteration starts with Bl|l = N[],[].
Consequently, it follows by induction from Proposition 6 that
all subsequent backward correctors are Gaussian mixtures in
some linear transformations of the state.

Remark: Unlike Proposition 4, in which all the components
in the mixture share a common mean ζk, in the above result
each component of the mixture has a different mean ζ

(i)
k .

B. Linear Gaussian model with finite set observation

In applications such as target tracking, the state-generated
observation is further corrupted by clutter and detection un-
certainty. As a result, the observation is no longer a vector,
but a finite set of vectors with uncertain origin, and a (state
space) model with finite set observations is needed [21], [31].
In such a model the following additional parameters are used
to characterize detection uncertainty and clutter:

pD,k(ζ) = probability of detection of state ζ at time k (51)
κk(z) = intensity of Poisson clutter at time k (52)

The forward-backward smoothing recursion is the same as that
of the standard model, i.e. (4)-(6), with the measurements zk

replaced by a finite set Zk and the following measurement
likelihood [21], [31]:

gk(Zk|ζ) =
pD,k(ζ)

∑
z∈Zk

κ
Zk−{z}
k gk(z|ζ) + qD,k(ζ)κZk

k

e〈κk,1〉 (53)

where qD,k(ζ) = 1−pD,k(ζ), hZ =
∏

z∈Z h(z). Note that by
convention h∅ = 1, (even if h = 0).

The linear Gaussian finite set observation (LG-FSO) state
space model assumes a Gaussian mixture initial prior, i.e.
(10), linear Gaussian transition kernel and measurement like-
lihood, i.e. (8), (9), and constant probability of detection.
Note that the LG model is a special case of the LG-FSO
model with pD,k = 1 and κk = 0. For the LG-FSO model,
the prediction and filtering densities are Gaussian mixtures
of the form (13), (14). The closed form filtering solution
which recursively propagates forward the Gaussian mixture
prediction and filtering densities can be found in [21], [31].
Due to the non-Gaussian nature of the measurement likelihood,
the filtering density is inherently a Gaussian mixture. A closed
form smoothing solution for LG-FSO models has not been
found.

Replacing the transition density (8) and likelihood (9) in
the LG-FSO model with (11) and (12), we obtain a linear
Gaussian mixture model with FSO.

C. Smoothing for LG-FSO model

The LG-FSO model described in subsection III-B differs
from the conventional state space model only in the likelihood
function (53). Hence, following the arguments of Proposition
1, the backward smoothing recursion for the LG-FSO model
can be rewritten in the form of the generic backward corrector
recursion (41)-(42) with qk = 0, pk = 1 and pseudo-likelihood

Lk(Zk;x) =
gk(Zk|x)〈

gk(Zk|·), pk|k−1

〉 (54)
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The following result is, thus, a direct consequence of Proposi-
tion 6 (for completeness the proof is given in Appendix VII-B).

Corollary 7: Under the LG-FSO model, suppose that at
time k the backward corrector has the form (43), then

Bk−1|l(x) =
qD,kκZk

k Ḃk|l(x)+pD,k

∑
z∈Zk

κ
Zk−{z}
k B̈k|l(x; z)

qD,kκZk

k +pD,k

∑
z∈Zk

κ
Zk−{z}
k νk(z)

(55)

where νk(z), Ḃk|l(x), and B̈k|l(x) are given respectively by
(24) (45), and (48). Moreover, the smoothed density is a
Gaussian mixture given by

pk|l(x) =
Jk|l∑

i=1

Jk|k∑

j=1

w
(j)
k|kw

(i)
k q

(i,j)
k|k (ζ(i)

k )N (x; m̃(i,j)
k|k (ζ(i)

k ), P̃ (i,j)
k|k )

(56)
where

q
(i,,j)
k|k (ζ(i)

k ) = N
C

(i)
k ,D

(i)
k +C

(i)
k P

(j)
k|kC

(i)T
k

(ζ(i)
k ;m(j)

k|k) (57)

m̃
(i,j)
k|k (ζ(i)

k ) = m
(j)
k|k + K

(i,j)
k|k (ζ(i)

k − C
(i)
k m

(j)
k|k) (58)

P̃
(i,j)
k|k = (I −K

(i,j)
k|k C

(i)
k )P (j)

k|k (59)

K
(i,j)
k|k = P

(j)
k|kC

(i)T
k (C(i)

k P
(j)
k|kC

(i)T
k + D

(i)
k )−1 (60)

Remark: As in the single-measurement case, the normalising
constant is included for completeness, in practice there is no
need to calculate it at all. Instead we normalise the weights
{w(i)

k|kq
(i)
k|k(zl:k+1)}Jk|k

i=1 . It is also not necessary to compute the
filtering densities for time k + 1 to l. Instead, we only need
(the Gaussians components of) the filtered density pk|k, and
predicted density pk+1|k.

D. Linear Gaussian Bernoulli model

The previous models assume that the target is always present
in the scene. In practice, the target of interest may not always
be present and exact knowledge of target existence cannot
be determined from observations due to clutter and detection
uncertainty [21] [32]. A Bernoulli (state space) model (with
finite set observations) is a generalisation of the standard
model, which accommodates presence and absence of the
target, based on random finite set theory [21] [32]. In a
Bernoulli model, the probability law can be specified by a
pair of parameters (r, p), where r is the existence probability
of the target and p is the probability density that describes the
state of the target conditioned on its existence.

In addition to the standard state transition density
fk|k−1(·|·), the dynamical description of the Bernoulli model
includes the following parameters:

pR,k|k−1 = probability of entry/reentry at time k (61)
fR,k|k−1(ζ) = density of entry/reentry of state ζ at time k

(62)
pS,k|k−1(x) = probability of survival to time k given state x

at time k − 1 (63)

If the target is not in the scene at time k − 1, it can enter (or
re-enter) the scene with probability pR,k|k−1 and occupy state
ζ with probability density fR,k|k−1(ζ), or remain absent from

the scene with probability qR,k|k−1 = 1 − pR,k|k−1. On the
other hand, if the target exists and has state x, at time k−1, it
can survive to the next time step with probability pS,k|k−1(x)
and evolve to state ζ with probability density fk|k−1(ζ|x), or
disappear with probability qS,k|k−1(x) = 1− pS,k|k−1(x).

For the measurement model, if the target exists and has state
x, then the likelihood of receiving the measurement Zk is the
same as (53). Otherwise all measurements must originate from
clutter and the likelihood is then e−〈κk,1〉κZk

k .
The forward-backward propagation for the Bernoulli model

is more complex than those of the previous models since the
existence probability and the density of the state need to be
jointly propagated. For each integer k > 0, let rk|l denote
the existence probability of a target at time k given the
observation history Z1:l = (Z1, ..., Zl) up to time l. Then,
the forward-backward Bernoulli smoothing recursion consists
of the following steps:
• Prediction [34]

rk|k−1 = pR,k|k−1(1− rk−1|k−1)+
rk−1|k−1

〈
pS,k|k−1, pk−1|k−1

〉
(64)

pk|k−1(ζ) =
pR,k|k−1(1− rk−1|k−1)fR,k|k−1(ζ)

rk|k−1
+

rk−1|k−1

〈
pS,k|k−1fk|k−1(ζ|·), pk−1|k−1

〉

rk|k−1
(65)

• Update [34]

rk|k =
rk|k−1

〈
gk(Zk|·), pk|k−1

〉

(1−rk|k−1)κ
Zk
k

e〈κk,1〉 +rk|k−1

〈
gk(Zk|·), pk|k−1

〉 ,

(66)

pk|k(x) =
gk(Zk|x)pk|k−1(x)〈
gk(Zk|·), pk|k−1

〉 . (67)

• Backward smoothing [35],

rk−1|l =1− (1− rk−1|k−1)×[
αR,k|l + βR,k|l

〈
pk|l

pk|k−1
, fR,k|k−1

〉]
(68)

pk−1|l(x)=pk−1|k−1(x)
Bk−1|l(x)〈

Bk−1|l(x), pk−1|k−1

〉 (69)

Bk−1|l(x)=αS,k|l(x)+βS,k|l(x)
〈

pk|l
pk|k−1

, fk|k−1(·|x)
〉

,

(70)

where

αR,k|l = qR,k|k−1

(1− rk|l)
(1− rk|k−1)

,

βR,k|l = pR,k|k−1

rk|l
rk|k−1

,

αS,k|l(x) = qS,k|k−1(x)
(1− rk|l)

(1− rk|k−1)
,

βS,k|l(x) = pS,k|k−1(x)
rk|l

rk|k−1
.

with Bl|l(·) = 1.
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The linear Gaussian Bernoulli (LG-Bernoulli) model as-
sumes: constant detection probability, Gaussian mixture initial
prior, linear Gaussian transition kernel and measurement like-
lihood, as in the LG-FSO model. Further, the LG-Bernoulli
model assumes constant probability of survival pS,k|k−1,
constant probability of entry/reentry pR,k|k−1, and Gaussian
mixture entry/reentry density, i.e.

fR,k|k−1(ζ) =
JR,k|k−1∑

j=1

w
(j)
R,k|k−1N (ζ;m(j)

R,k|k−1, P
(j)
R,k|k−1) (71)

where JR,k|k−1, w
(j)
R,k|k−1, m

(j)
R,k|k−1, P

(j)
R,k|k−1, j =

1, . . . , JR,k|k−1, are given model parameters. Note that the
LG-FSO model is a special case of the LG-Bernoulli model
with r0 = 1, pS,k|k−1 = 1, pR,k|k−1 = 0. For the LG-
Bernoulli model, the prediction and filtering densities are
Gaussian mixtures of the form (13), (14). The closed form
filtering solution which recursively propagates forward the
Gaussian mixture prediction and filtering densities can be
found in [34].

Replacing the transition density (8) and likelihood (9) in the
LG-Bernoulli model with (11) and (12) we have the Gaussian
mixture Bernoulli model.

E. The GM-Bernoulli smoother

This subsection presents the Gaussian mixture smoothing
solution for the LG-Bernoulli model described in subsection
III-D. This model is different from the conventional state space
model due to the uncertainty in the existence of the state. The
Bernoulli smoother propagates the probability of existence in
addition to the probability density.

Similar to the previous smoothing solutions, it is more
convenient to rewrite the Bernoulli backward recursion (69)
in backward corrector form:

pk|k(x) = Lk(Zk;x)pk|k−1(x) (72)

pk|l(x) = pk|k(x)
Bk|l(x)〈

Bk|l, pk|k
〉 , (73)

where the pseudo-likelihood Lk(Zk; x) is given by (54).
The following proposition shows that the recursion for the
backward corrector falls under the generic backward recursion
(41)-(42) with qk = αS,k|l and pk = βS,k|l/

〈
pk|kBk|l

〉
.

Proposition 8: For k ≤ l,

Bk−1|l(x) = αS,k|l +
βS,k|l〈

pk|kBk|l
〉 〈

Bk|lLk(Zk; ·), fk|k−1(·|x)
〉

(74)
rk−1|l = 1− (1− rk−1|k−1)×(

αR,k|l +
βR,k|l〈

pk|kBk|l
〉 〈

Bk|lLk(Zk; ·), fR,k|k−1

〉
)

(75)

Proof: It follows from (72) and (73) that
pk|l

pk|k−1
=

pk|kBk|l〈
pk|k, Bk|l

〉
pk|k−1

=
Bk|l〈

pk|k, Bk|l
〉Lk(Zk; ·),

which upon substitution into (68) and (70) with k replaced by
k − 1, gives (74) and (75), respectively. ¤

The closed form solution for Bk|l under the Bernoulli model
then follows from the generic solution in Proposition 6. The
complete closed form backward corrector for the Bernoulli
model is given by the following result. The proof is given in
Appendix VII-B.

Corollary 9: Under the LG-Bernoulli model, suppose that
at time k, the backward corrector has the form (43) then at
time k − 1 the backward corrector and smoothed existence
probability are given by

Bk−1|l(x) = αS,k|l +
βS,k|l
νk|l

×

qD,kκZk

k Ḃk|l(x) + pD,k

∑
z∈Zk

κ
Zk−{z}
k B̈k|l(x; z)

qD,kκZk

k + pD,k

∑
z∈Zk

κ
Zk−{z}
k νk(z)

,

1− rk−1|l
1− rk−1|k−1

= αR,k|l +
βR,k|l
νk|l

×

qD,kκZk

k B́k|l + pD,k

∑
z∈Zk

κ
Zk−{z}
k B̋k|l(z)

qD,kκZk

k + pD,k

∑
z∈Zk

κ
Zk−{z}
k νk(z)

where νk(z), Ḃk|l(x), B̈k|l(x) are given respectively by (24),
(45), (48) and

νk|l =
Jk|k∑

j=1

Jk|l∑

i=1

w
(j)
k|kw

(i)
k NC

(i)
k ,D

(i)
k +C

(i)
k P

(j)
k|kC

(i)T
k

(ζ(i)
k ;m(j)

k|k)

B́k|l =
JR,k|k−1∑

j=1

Jk|l∑

i=1

w
(j)
R,k|k−1w

(i)
k ×

N
C

(i)
k ,D

(i)
k +C

(i)
k P

(j)
R,k|k−1C

(i)T
k

(ζ(i)
k ; m(j)

R,k|k−1)

B̋k|l(z) =
JR,k|k−1∑

j=1

Jk|l∑

i=1

w
(j)
R,k|k−1w

(i)
k ×

N
C̋(i)

k ,D̋(i,j)
k

([ζ(i)T
k , zT ]T ; m(j)

R,k|k−1)

C̋
(i)

k =
[

C
(i)
k

Hk

]
,

D̋
(i,j)

k =
[

D
(i)
k 0
0 Rk

]
+ C̋

(i)

k P
(j)
R,k|k−1C̋

(i)T

k

Moreover, the smoothed density is a Gaussian mixture given
by (56)-(60).

F. Probability Hypothesis Density Smoothing
In a multi-target scenario the number of states and the

states themselves vary with time in a random fashion. This is
compounded by false measurements, detection uncertainty and
data association uncertainty. The PHD (Probability Hypothesis
Density) filter is a multi-target tracking solution that propa-
gates the PHD (or intensity function) of the multi-target state
forward in time [20], [28], [29], [21]. Recently, a forward-
backward PHD smoother has been derived [25], [23].

The underlying model for the PHD filter includes all
model parameters of the Bernoulli model except for the en-
try/reentry probability pR,k|k−1 and entry/reentry state density
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fR,k|k−1(·). Instead the appearance of new targets is modelled
by a random finite set of births parameterized by:

γk|k−1 = intensity of birth at time k (76)

At time k, the expected number of new targets is given by〈
γk|k−1, 1

〉
and the density of the new target state is given by

the normalised γk|k−1, i.e. γk|k−1/
〈
γk|k−1, 1

〉
.

Similar to standard forward-backward smoothing, PHD
smoothing consists of three steps: prediction update and back-
ward smoothing. However, the actual PHD propagation equa-
tions are different to those for probability density propagations.
For each integer k > 0, let vk|l denote the PHD at time k given
the observation history Z1:l up to time l. Then, the prediction,
update and backward smoothing steps are given respectively
by:

vk|k−1(ζ) = γk|k−1(ζ) +
〈
vk−1|k−1pS,k|k−1, fk|k−1(ζ|·)

〉
(77)

vk|k(x) =

(
qD,k(x) +

∑

z∈Z

pD,k(x)gk(z|x)
κk(z) +

〈
pD,kgk(z|·), vk|k−1

〉
)

× vk|k−1(x) (78)

vk−1|l(x) =
(
qS,k|k−1(x) + pS,k|k−1(x)

〈
vk|l

vk|k−1
, fk|k−1(·|x)

〉)

× vk−1|k−1(x) (79)

A linear Gaussian multi-target (LG-MT) model assumes
Gaussian mixture initial prior, constant probability of survival
and probability of detection, linear Gaussian transition kernel
and likelihood function for each target, as in the LG-Bernoulli
model. Further, for the target birth model, the LG-MT model
assumes a Gaussian mixture birth intensity:

γk|k−1(x) =
Jγ,k|k−1∑

i=1

w
(i)
γ,k|k−1N (x;m(i)

γ,k|k−1, P
(i)
γ,k|k−1), (80)

where Jγ,k|k−1, w
(i)
γ,k|k−1, m

(i)
γ,k|k−1, P

(i)
γ,k|k−1, i =

1, . . . , Jγ,k|k−1, are given model parameters that determine
the shape of the birth intensity.

The PHD is intrinsically multi-modal, indeed, under LG-
MT assumptions it was shown in [29] that if the initial PHD
is a Gaussian mixture, then all subsequent predicted PHD and
filtered PHD are Gaussian mixtures of the form:

vk|k−1(x) =
Jk|k−1∑

i=1

ω
(i)
k|k−1N (x; µ(i)

k|k−1, Π
(i)
k|k−1), (81)

vk|k(x) =
Jk|k∑

i=1

ω
(i)
k|kN (x; µ(i)

k|k,Π(i)
k|k), (82)

G. The GMPHD smoother
This subsection presents the Gaussian mixture PHD smooth-

ing solution for the linear Gaussian multi-target model de-
scribed in subsection III-F. Here we deal with a PHD or
intensity function rather than a probability density function.

Similar to the previous smoothing solutions, it is more
convenient to rewrite the PHD update (78) and backward
smoothing (79) in backward corrector form:

vk|k(x) = vk|k−1(x)Lk(Zk; x) (83)
vk|l(x) = vk|k(x)Bk|l(x) (84)

where

Lk(Z; x) = qD,k(x) +
∑

z∈Z

pD,k(x)gk(z|x)
κk(z) +

〈
pD,kgk(z|·), vk|k−1

〉

(85)

Bk|l(x) = qS,k+1|k(x) + pS,k+1|k(x)
〈

vk+1|l
vk+1|k

, fk+1|k(·|x)
〉

(86)

Note that the backward corrector starts with Bl|l(x) = 1.
The key to the closed form backward PHD recursion is the

following recursion for the backward corrector term Bk|l
Proposition 10: For k ≤ l

Bk−1|l(x) = qS,k|k−1(x)+pS,k|k−1(x)
〈
Bk|lLk(Zk; ·), fk|k−1(·|x)

〉
(87)

Proof: It follows from (84) and (83) that

vk|l
vk|k−1

=
vk|kBk|l
vk|k−1

= Lk(Zk; ·)Bk|l,

which upon substitution into (86) with k replaced by k − 1
gives (87). ¤

The forward PHD recursion (77), (83) and backward cor-
rector recursion (87) can be thought of as some kind of “two-
filter” PHD smoother. From Proposition 10, the recursion for
the backward corrector falls under the generic form (41)-
(42) with pk = pS,k|k−1 and qk = qS,k|k−1. Hence, from
Proposition 6, we have the following result (for completeness
the proof is given in Appendix VII-B).

Corollary 11: Under linear Gaussian multi-target assump-
tions, suppose that at time k, the PHD backward corrector has
the form (43) then

Bk−1|l(x) = qS,k|k−1 + pS,k|k−1×(
qD,kḂk|l(x)+pD,k

∑

z∈Zk

B̈k|l(x; z)
κk(z) + pD,kηk(z)

)
(88)

where Ḃk|l(x), B̈k|l(x) are given respectively by (45), (48)
and

ηk(z) =
Jk|k−1∑

j=1

ω
(j)
k|k−1NHk,Rk+HkΠ

(j)
k|k−1HT

k

(z;µ(j)
k|k−1) (89)

Moreover, the smoothed PHD is a Gaussian mixture given by

pk|l(x) =
Jk|l∑

i=1

Jk|k∑

j=1

ω
(j)
k|kq

(i,j)
k|k (ζ(i)

k )w(i)
k N (x; µ̃(i,j)

k|k (ζk), Π̃(i,j)
k|k ),

(90)
where

q
(i,j)
k|k (ζ(i)

k ) = N
C

(i)
k ,D

(i)
k +C

(i)
k Π

(j)
k|kC

(i)T
k

(ζ(i)
k ; µ(j)

k|k) (91)

µ̃
(i,j)
k|k (ζ(i)

k ) = µ
(j)
k|k + K

(i,j)
k|k (ζ(i)

k − C
(i)
k µ

(j)
k|k) (92)

Π̃(i,j)
k|k = (I −K

(i,j)
k|k C

(i)
k )Π(j)

k|k (93)

K
(i,j)
k|k = Π(j)

k|kC
(i)T
k (C(i)

k Π(j)
k|kC

(i)T
k + D

(i)
k )−1 (94)
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IV. CANONICAL SOLUTION

The solutions presented so far are recursive, i.e. the back-
ward corrector at a given time is calculated from the backward
corrector at the previous time. It is of interest to obtain an
explicit (canonical) expression for the backward corrector.
Indeed, the canonical backward corrector is a mixture of Gaus-
sians in some linear transformations of the state. Moreover,
the matrices that parameterise each Gaussian component do
not depend on the measurements and can be pre-computed
analogous to the Kalman gain.

In this section we derive canonical expressions for the back-
ward correctors described in the previous section. Subsection
IV-A presents a set of terse yet suggestive notations that have
natural interpretations in terms of measurement predictions
which enable the derivation of the canonical expression for
the backward corrector in subsection IV-B. Readers interested
in numerical results only can skip this section.

A. Measurement prediction
The notion of measurement prediction described in this

subsection facilitates the derivation of the specific formulae for
the closed form canonical solutions. Given the measurement
matrix Hi and measurement covariance Ri for i > 0, define

Hi|i , Hi, Ri|i , Ri, (95)

and for i, j > 0 such that i ≥ j, define

Hi|j−1 , Hi|jFj|j−1, (96)

Ri|j−1 , Ri|j + Hi|jQjH
T
i|j . (97)

We also use the obvious short hand [H, R]i|j when we refer to
the pair Hi|j , Ri|j collectively. Thus, to construct [H, R]i|j , we
start with [H, R]i|i from (95), then repeatedly applying (96),
(97) to construct [H, R]i|i−1, and [H,R]i|i−2, and so forth,
until we reach [H, R]i|j . Note that Hi|j = HiFi|i−1 · · ·Fj+1|j .

The matrices Hi|j and Ri|j defined by the recursion
(96), (97) capture the statistics of the measurement at time
i conditional on the state at time j, in the following sense
(see Appendix VII-C for the proof).

Lemma 12: Under the linear Gaussian dynamic and mea-
surement model (8), (9), given the state xj at time j, the
measurement zi at time i ≥ j is Gaussian distributed
with mean Hi|jxj , and covariance Ri|j , i.e. gi|j(zi|xj) =
NHi|j ,Ri|j (zi;xj).

Hence, the matrices Hi|j and Ri|j can be interpreted as
the predicted measurement matrix and predicted measurement
covariance to time i given the state at time j.

We now generalize the notion of measurement prediction to
joint measurements. For j > 0 define

H∅|j = [], R∅|j = []. (98)

where [] is the MATLAB notation for the null matrix. Consider
the set of integers I = {i(1), ..., i(|I|)}, where |I| denotes the
cardinality of I , and by convention i(1) > i(2) > ... > i(|I|).
In various places, we use the notation k : l to denote the set
of consecutive integers {k, ..., l}. Given I and j > 0 with
i (|I|) > j or I = ∅, define

HI∪{j}|j ,
[

HI|j
Hj

]
, RI∪{j}|j ,

[
RI|j 0
0 Rj

]
, (99)

and similarly to (96), (97)

HI|j−1 , HI|jFj|j−1 (100)

RI|j−1 , RI|j + HI|jQjH
T
I|j (101)

Note that H{j}|j = Hj , R{j}|j = Rj , H{i}|j = Hi|j , and
R{i}|j = Ri|j . Again, we use the obvious short hand notation
[H,R]I|j when we refer to the pair HI|j , RI|j collectively.
Thus, to construct [H, R]I|j we start with [H,R]{i(1)}|i(1) and
apply the retrodiction operation (100), (101) an appropriate
number of times to obtain [H, R]{i(1)}|i(2); then using the
stacking operation (99), to construct [H, R]{i(1),i(2)}|i(2) and
apply (100), (101) an appropriate number of times to obtain
[H,R]{i(1),i(2)}|i(3); and so forth.

We denote the joint measurements at times I by zI =
[zT

i(1), ..., z
T
i(|I|)]

T , i.e. the joint measurement space is ZI =
Zi(1) × ... × Zi(|I|). The matrices HI|j , RI|j defined by the
recursions (99), and (100), (101) capture the statistics of the
joint measurement zI at times I , conditional on the state at
time j, in the following sense (see Appendix VII-C for the
proof).

Lemma 13: Under the linear Gaussian dynamic and mea-
surement model (8), (9), given the state xj at time j, the
joint measurement zI at times I , with i (|I|) ≥ j, is Gaus-
sian distributed with mean HI|jxj , and covariance RI|j , i.e.
gI|j(zI |xj) = NHI|j ,RI|j (zI ; xj).

Hence, the matrices HI|j and RI|j can be interpreted as
the predicted measurement matrix and predicted measurement
covariance to times I given the state at time j.

B. Canonical solution for the Generic Backward Corrector

In what follows we use the following notation for multiple
sums:∑

zI∈ZI

f(zI) ,
∑

zi(1)∈Zi(1)

· · ·
∑

zi(n)∈Zi(|I|)

f(zi(1), ..., zi(|I|)),

with the convention
∑

z∅∈Z∅
f(z∅) = 1 (this is not in conflict

with
∑

z∈∅ f(z) = 0). The canonical form of the generic
backward corrector is given by the following proposition (see
Appendix VII-C for the proof).

Proposition 14: The closed form solution to the generic
backward corrector recursion (41), (42) for k ≤ l is given
by

Bk|l(x) =
∑

I⊆{l:k+1}

∑

zI∈ZI

w+
I|kwI(zI)w−I|kN[H,R]I|k(zI ; x)

(102)
where

w+
I|k =

max(I,k)+1∏

i=l

piαi+

max(I,k)+2∑

j=l

qj

max(I,k)+1∏

i=j−1

piαi + qmax(I,k)+1 (103)

wI(zI) =
∏

i∈I

piwi(zi) (104)

w−I|k =
∏

i∈{l:k+1}−(I∪{l:max(I,k)+1})
piαi (105)
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The canonical form (102) of the backward corrector is a
mixture of Gaussians in HI|kx, where HI|k is the predicted
measurement matrix to times I given the state at time k.
The matrices HI|k, RI|k that parameterise each Gaussian
component do not depend on the measurements and can be
pre-computed from model parameters Fk|k−1, Qk, Hk, and
Rk.

The index I in the above proposition is an ordered (but
not necessarily consecutive) set of integers taken from {l :
k + 1}. The term wI(zI) defined from the set I , is dependent
on the data zI , but the term w+

I|k defined from the set {l :
max(I, k)+1}, and w−I|k defined from the remaining indices,
are independent of the data. These three sets of indices form a
partition of the set {l : k + 1}. When I is empty, the partition
simply reduces to {l : k + 1}.

For the special case qi = 0 the summation in w+
I|k vanishes

and w+
I|k and w−I|k can be combined into one product over the

indices {l : k + 1} − I and hence

w+
I|kwI(zI)w−I|k =

∏

i∈{l:k+1}−I

piαi

∏

i∈I

piwi(zi)

The LG-FSO model falls under this special case with

pi = 1, αi =
qD,iκ

Zi
i

νi(Zi)
, wi(zi) =

pD,iκ
Zi−{zi}
i

νi(Zi)
,

νi(Zi) = qD,iκ
Zi
i + pD,i

∑

z∈Zi

κ
Zi−{z}
i νi(z).

Consequently, the canonical form of the backward corrector
is given by the following result.

Corollary 15: Under the LG-FSO model, the backward
corrector Bk|l for k ≤ l is given by (102) with

w+
I|kwI(zI)w−I|k =

∏
j∈{l:k+1}−I

qD,jκ
Zj

j

∏
i∈I

pD,iκ
Zi−{zi}
i

∏
i∈{l:k+1}

νi(Zi)

Remark: The canonical form of the backward corrector for
the linear Gaussian model with Gaussian mixture initial prior
is the special case pD,i = 1, (qD,i = 0), κi = 0, and Zi =
{zi}, where every term in the the double sum vanishes except
that with I = {l : k + 1} (because a product over an empty
set of indices is 1 by convention):

Bk|l(x) =
N[H,R]{l:k+1}|k(z{l:k+1};x)∏

i∈{l:k+1}
νi(zi)

This is consistent with the recursive result in Proposition 2.
For the LG-Bernoulli model the result is much more com-

plex. Nonetheless, the LG-Bernoulli backward corrector is still
a special case of Proposition 14.

Corollary 16: Under the LG-Bernoulli model (53), the
backward corrector Bk|l for k ≤ l is given by (102) with

qj = αS,j|l, pi =
βS,i|l
νi|l

, αi =
qD,iκ

Zi
i

νi(Zi)
,

wi(zi) =
pD,iκ

Zi−{zi}
i

νi(Zi)
.

Note that this solution is different from the previous one
in the sense that the parameters qk+1, pk+1 are not defined
purely in terms of predefined constants or model parameters,
but are defined from αS,k+1|l and βS,k+1|l, which in turn,
are computed from the smoothed existence probability, density
and corrector in the previous iteration.

The canonical PHD backward corrector is also a special
case of Proposition 14.

Corollary 17: Under the linear Gaussian multi-target
model, the PHD backward corrector Bk|l for k < l is given
by (102) with

qi = qS,i|i−1, pi = pS,i|i−1, αi = qD,i,

wi(zi) =
pD,i

κi(zi) + pD,iηi(zi)
.

V. NUMERICAL EXAMPLES

This section illustrates the proposed closed form forward-
backward smoothing solutions via examples drawn from target
tracking applications. These examples serve as verifications
of our closed form solutions and are not intended as nu-
merical studies of forward-backward smoothing algorithms.
The recursive form of the backward corrector is used in the
computation. Exact implementation of backward smoothing is
exponential in memory requirement as in the forward filtering
step. To manage the number of mixture components, pruning
and merging of components is performed at each time step
using a weight threshold of T ′ = 10−5, a merging threshold
of U ′ = 4m, and a maximum of Jmax = 100 Gaussian
posterior components (see [31] for the exact meaning of these
parameters). In the calculation of the backwards corrector, the
number of Gaussians is capped to Imax = 10000 terms in
Demonstration 1 for a Bernoulli model and Imax = 50000
terms in Demonstration 2 for the PHD, with preference given
to those components with larger weights.

To quantify the estimation error, an appropriate metric,
known as the optimal sub-pattern assignment (OSPA) metric
[26] is used for both examples since they involve uncer-
tain and time-varying number of targets. Let d(c)(x, y) :=
min (c, ‖x− y‖) for x, y ∈ X , and Πk denote the set of
permutations on {1, 2, . . . , k} for any positive integer k. Then,
for X = {x1, . . . , xm} and Y = {y1, . . . , yn}, the OSPA
metric d̄

(c)
p is defined as follows:

d̄(c)
p (X, X̂) ,

(
1
n

(
min
π∈Πn

m∑

i=1

d(c)(xi, x̂π(i))p + cp(n−m)

))1
p

if m ≤ n; d̄
(c)
p (X, X̂) , d̄

(c)
p (X̂,X) if m > n; and

d̄
(c)
p (X, X̂) , 0 if m = n = 0. In this work we use p = 1 and

c = 100m (meters).
A target state comprises target position and velocity, denoted

by xk = [ px,k, py,k, ṗx,k, ṗy,k ]T at time k. Target generated
observations are position only, denoted by zk = [ zx,k, zy,k ]T

at time k. The transition density and likelihood function are
linear Gaussian, i.e. (8), (9) with

Fk|k−1 =
[
I2 ∆I2

02 I2

]
, Qk = σ2

ν

[
∆4

4 I2
∆3

2 I2
∆3

2 I2 ∆2I2

]

Hk =
[
I2 02

]
, Rk = σ2

εI2
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where ∆ = 1s is the sampling period, σν = 1m/s2, σε =
10m, In and 0n denote the n × n identity and zero matrices
respectively. Targets are observed within a two dimensional
surveillance region [−1000, 1000]m × [−1000, 1000]m. The
noisy measurements are additionally subjected to miss detec-
tions and false alarms. Detection uncertainty is modeled by
a probability of detection, pD,k = 0.98. Clutter is modelled
by a spatial Poisson process with intensity function κk(z) =
λcV u(z), where λc = 1.75 × 10−6m−2 is the average
intensity, V = 4× 106m2 is the ‘volume’ of the surveillance
region, and u(·) is a uniform probability density over the
surveillance region. Note that in the calculation of estimation
errors for the filters and smoothers under consideration, only
the positions are used.

A. Demonstration 1

This demonstration involves a Bernoulli state space model
with the following parameters. If the target is currently
present, it survives to the next time step with probability
of survival pS,k|k−1 = 0.99, or hence dies with probabil-
ity 1 − pS,k|k−1 = 0.01. If the target is currently absent,
it enters/re-enters the scene with probability pR,k|k−1 =
0.01 and state vector distributed according to fR,k|k−1 =
N (·;mR, PR) where mR = [ − 400, 10, 400,−10 ]T and
PR = diag([ 100, 10, 100, 10 ]T )2, or hence remains absent
with probability 1 − pR,k|k−1 = 0.99. The target appear at
times k = 10s, dies at k = 80s and follows the path shown
in Figure 1.

−1000 −500 0 500 1000
−1000

−500

0

500

1000

Target 1;born k=10;dies k=80

x coordinate (m)

y 
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di

na
te

 (
m

)

Fig. 1. Target trajectory in the xy plane. Start/Stop positions at times k = 10
and k = 80 are shown with •/N.

The initial prior is the Bernoulli random finite set density
with zero existence probability and highly diffuse Gaussian
state density. At each time, finite-set-valued state estimates
are extracted according to the smoothed existence probability
and state probability density. If the estimated probability of
existence is less than 50%, an empty set is declared as an
estimate. Otherwise, a singleton target set state estimate is
declared as the mean of the Gaussian component with the
highest filtered or smoothed weight respectively.

The Bernoulli filter and smoothers for lags of up to 3 steps
are compared. Figure 2 shows the average OSPA errors over
1000 trials. These results confirm the observations that the

filter initiates and terminates the track with a one step delay
but otherwise performs well, as seen by the average OSPA
error which peaks markedly at times k = 10s and k = 81s but
is otherwise flat. The relatively flat average smoothing errors
also confirm that each of the smoothers generally initiate and
terminate the track at the correct times and again as expected
produce more accurate state estimates with longer smoothing
lags.
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Fig. 2. Average OSPA errors for the forward filter and backward smoother
with lags of 1,2 and 3 time steps.

B. Demonstration 2

This demonstration presents a multiple target tracking sce-
nario where target can appear or disappear. The PHD forward
filter and backward smoother are used to estimate the intensity
function of the multiple target state. The parameters of the
system model is the same as the previous example, with
pR,k|k−1 and fR,k|k−1 replaced by a Poisson target births with
Gaussian intensity γk(x) = 0.04N (x; 0, 100I4).

The initial prior is the zero intensity function v0 = 0. The
number of targets is estimated by rounding the volume of the
intensity function to the nearest integer. Multiple target state
estimates are generated from the estimated intensity function
by extracting the corresponding number of the means from the
filtered or smoothed Gaussian components with the highest
weights [29].

This scenario involves 4 targets for the entire duration. Each
target starts at the origin and respectively heads north, south,
east and west along the principal axes with a constant speed of
5ms−1 as indicated in Figure 3. The filter (and smoother) does
not have a priori knowledge of the fixed number of targets.
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Fig. 3. Target trajectories in the xy plane. Start/Stop positions are shown
with •/N.
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Figure 4 shows the and OSPA error over 1000 Monte
Carlo runs. It can be seen that the filter initially incurs some
error in estimating the number of targets and their locations
due to being initialized with a zero intensity. In the case of
the filter, there is a small settling in period before the error
stabilizes to a value indicating that the target tracks have been
properly established. In the case of the smoothers compared
to the filter, the settling in period is shorter and during this
time the error incurred is lower. For the entire duration, the
errors also decrease from the filter to the smoother and with
increasing smoother lag. All of these results are consistent
with expectations.

0 20 40 60 80 100
10

0

10
1

10
2

Time

A
vg

 E
rr

or
 (

m
)

 

 Filter
Smoother Lag 1
Smoother Lag 2
Smoother Lag 3

Fig. 4. Average OSPA errors for the forward filter and backward smoother
with lags of 1,2 and 3 time steps.

VI. CONCLUSIONS

A Gaussian sum smoother and, more importantly, closed
form smoothing solutions for: linear Gaussian model with
finite set observations; linear Gaussian Bernoulli model; and
the PHD under linear Gaussian multi-target assumptions, have
been derived. These solutions are based on alternative forms
of the forward-backward recursions in which the smoothed
densities are the product of corresponding filtered densities and
backward correctors. The backward correctors are mixtures
of Gaussians in some linear transformations of the state and
the smoothed densities are Gaussian mixtures. The matrices
that parameterise each Gaussian component do not depend
on the measurements and can be pre-computed analogous to
the Gaussian sum filter. Numerical results have also been
presented to verify our proposed closed form solutions.

VII. APPENDIX

A. Some standard Gaussian identities

Lemma 18: Given F , Q and H , R of appropriate dimen-
sions, and that Q and R are positive definite

〈NH,R(z; ·),N (·; Fx, Q)〉 = 〈NH,R(z; ·),NF,Q(·; x)〉
= NHF,R+HQHT (z; x) (106)

Lemma 19: Given H , R, m, and P of appropriate dimen-
sions, and that R and P are positive definite,

NH,R(z; x)N (x;m,P ) = N (x; m̃, P̃ )NH,R+HPHT (z; m)
(107)

where
m̃ = m̃(z,m) = m + K(z −Hm) (108)

P̃ = (I −KH)P (109)

K = PHT (HPHT + R)−1 (110)

B. Recursive solution

Proof of Proposition 6: Using the generic pseudo likelihood
(42), we have

Bk|l(x)Lk (Zk; x)

=
Jk|l∑

i=1

αkw
(i)
k N

C
(i)
k ,D

(i)
k

(ζ(i)
k ; x)

+
Jk|l∑

i=1

∑

z∈Zk

wk(z)w(i)
k N

C
(i)
k ,D

(i)
k

(ζ(i)
k ; x)NHk,Rk

(z; x)

=
Jk|l∑

i=1

αkw
(i)
k N

C
(i)
k ,D

(i)
k

(ζ(i)
k ; x)

+
Jk|l∑

i=1

∑

z∈Zk

wk(z)w(i)
k N

C̃
(i)
k ,D̃

(i)
k

([ζ(i)T
k , zT ]T ; x) (111)

where

C̃
(i)
k =

[
C

(i)
k

Hk

]
, D̃

(i)
k =

[
D

(i)
k 0
0 Rk

]

Hence, using the generic backward corrector recursion (41),

Bk−1|l(x) =

qk +
Jk|l∑

i=1

pkαkw
(i)
k

〈
N

C
(i)
k ,D

(i)
k

(ζ(i)
k ; ·),NFk|k−1,Qk

(·; x)
〉

+

Jk|l∑

i=1

∑

z∈Zk

pkwk(z)w(i)
k

〈
N

C̃
(i)
k ,D̃

(i)
k

([ζ(i)T
k , zT ]T ; ·),NFk|k−1,Qk

(·; x)
〉

and applying Lemma 18 completes the proof. ¤
Proof of Corollary 7: Under the LG-FSO model, the

predicted density is a Gaussian mixture of the form (13).
Moreover, using (53),
〈
gk(Z; ·), pk|k−1

〉
= qD,kκZ

k

+ pD,k

∑

z∈Z

κ
Z−{z}
k

〈NHk,Rk
(z; ·), pk|k−1

〉

= qD,kκZ
k + pD,k

∑

z∈Z

κ
Z−{z}
k νk(z)

where the last equality follows from (25). Hence,

Lk(Zk;x) =
qD,kκZk

k + pD,k

∑
z∈Zk

κ
Zk−{z}
k NHk,Rk

(z; x)

qD,kκZk

k + pD,k

∑
z∈Zk

κ
Zk−{z}
k νk(z)

.

(112)
Consequently, the result follows from Proposition 6 with qk =
0, pk = 1. The expression for the smoothed density follows
from along the same line as Corollary 3. ¤

Proof of Corollary 9: Under the linear Gaussian Bernoulli
model, the filtered density is Gaussian mixture of the form
(14), and hence,

〈
pk|k, Bk|l

〉

=
Jk|k∑

j=1

Jk|l∑

i=1

w
(j)
k|kw

(i)
k

〈
N

C
(i)
k ,D

(i)
k

(ζ(i)
k ; ·),N (·; m(j)

k|k, P
(j)
k|k)

〉

= νk|l
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where the last equality follows from Lemma 18.
The pseudo-likelihood is the same as (112). Hence, it

follows from Proposition 8 that the recursion for the backward
corrector falls under the generic form of the Gaussian mixture
smoother with qk = αS,k|l and pk = βS,k|l/νk|l. Conse-
quently, the expression for Bk−1|l follows from Proposition 6.
The expression for the smoothed density follows from along
the same line as Corollary 3.

For the probability of existence rk−1|l, recall from the
proof of Proposition 6, the expression for Bk|l(x)Lk (Zk; x) in
(111). Substitute (111) and (71) into (75) and applying Lemma
18 completes the proof. ¤

Proof of Corollary 11: Under LG-MT model assumptions,
the predicted PHD is a Gaussian mixture of the form (13).
Hence

〈NHk,Rk
(z; ·), vk|k−1

〉

=
Jk|k−1∑

j=1

ω
(j)
k|k−1

〈
NHk,Rk

(z; ·),N (·; µ(j)
k|k−1, Π

(j)
k|k−1)

〉

= ηk(z)

by virtue of Lemma 18. Hence, the pseudo likelihood is

Lk(Z; x) = qD,k +
∑

z∈Z

pD,kNHk,Rk
(z; x)

κk(z) + pD,k

〈NHk,Rk
(z; ·), vk|k−1

〉

= qD,k +
∑

z∈Z

pD,kNHk,Rk
(z; x)

κk(z) + pD,kηk(z)

From Proposition 10, the recursion for the backward corrector
falls under the generic form of the GM smoother with pk =
pS,k|k−1 and qk = qS,k|k−1. Hence the result follows from
Proposition 6. The expression for the smoothed density follows
from along the same line as Corollary 3. ¤

C. Canonical solution

Proof of Lemma 12: First note from the Markov assump-
tion that the joint density of xi:j , zi:j−1 conditional on xj−1

is given by

p(xi:j , zi:j−1|xj−1)

=
j−1∏

k=i−1

fk+1|k(xk+1|xk)
j−1∏
k=i

gk(zk|xk)

= p(xi:j+1, zi:j |xj)fj|j−1(xj |xj−1)gj−1(zj−1|xj−1) (113)

and hence

gi|j−1(zi|xj−1)

=
∫∫

p(xi:j , zi:j−1|xj−1)dzi−1:j−1dxi:j

=
∫∫

p(xi:j+1, zi:j|xj)fj|j−1(xj|xj−1)gj−1(zj−1|xj−1)dzi−1:j−1dxi:j

=
∫ [∫∫

p(xi:j+1, zi:j|xj)dzi−1:jdxi:j+1

]
fj|j−1(xj|xj−1)dxj

=
∫

gi|j(zi|xj)fj|j−1(xj |xj−1)dxj

Given any i, suppose that the result holds i.e. for j ≤ i,
gi|j(zi|xj) = NHi|j ,Ri|j (zi;xj), then it follows from the linear

Gaussian transition kernel (8) and the above equation that

gi|j−1(zi|xj−1) =
〈NHj ,Rj (zj ; ·),NFj|j−1,Qj (·;xj−1)

〉

= NHi|j−1,Ri|j−1(zi;xj−1)

by Lemma 18. Thus the result also holds for j−1 Moreover, by
virtue of the linear Gaussian measurement likelihood (9) the
result is true for j = i, hence the lemma holds by induction.
¤

Proof of Lemma 13: Note that the stacking and retrodiction
operations (99), and (100), (101) and can be used to generate
[H,R]I|j for any index set I (whose elements are arranged in
descending order) and j with i (|I|) > j. Hence, it suffices to
show that

gI|j(zI |xj) = N[H,R]I|j (zI ; xj) ⇒
gI∪{j}|j(zI∪{j}|xj) = N[H,R]I∪{j}|j (zI∪{j}|j ; xj) (114)

gI|j(zI |xj) = N[H,R]I|j (zI ; xj) ⇒
gI|j−1(zI |xj−1) = N[H,R]I|j−1

(zI|j−1;xj−1) (115)

Given I and j with i(|I|) > j, (115) can be shown using
similar arguments as in the proof of Lemma 12. It remains to
show (114)

To show (114), note that gI|j(zI |xj) and
gI∪{j}|j(zI∪{j}|xj) can be obtained by marginalising
p(xi(1):j+1, zi(1):j |xj) over xi(1):j+1 and the zi whose indices
are not in I and I ∪ {j} respectively. Using (113) we have

gI∪{j}|j(zI∪{j}|xj)

=
∫

j∏
k=i(1)−1

fk+1|k(xk+1|xk)
∏

k∈I∪{j}
gk(zk|xk)dxi(1):j+1

=
∫

j∏
k=i(1)−1

fk+1|k(xk+1|xk)
∏
k∈I

gk(zk|xk)gj(zj |xj)dxi(1):j+1

= gI|j(zI |xj)gj(zj |xj)

Thus it follows from the linear Gaussian likelihood function
(9) that

gI∪{j}|j(zI∪{j}|xj) = NHI|j ,RI|j (zI ;xj)NHj ,Rj (zj ;xj)

= N[H,R]I∪{j}|j (zI∪{j}|j ; xj).¤

Proof of Proposition 14: For convenience, let wI|k(zI) =
w+

I|kwI(zI)w−I|k. The result holds for the initial step k = l,
since applying Proposition 6 with Bl|l = 1, gives

Bl−1|l(x) = ql + plαl +
∑

zl∈Zl

plwl(zl)N[H,R]l|l−1
(zl; x)

=
∑

I⊆{l}

∑

zI∈ZI

wI|l−1(zI)N[H,R]I|l−1
(zI ; x) (116)

where
wI|l−1(zI) =

{
plwl(zl), I = {l}
(ql + plαl) , I = ∅ (117)

Suppose that the result hold for k + 1, i.e.

Bk+1|l(x) =
∑

J⊆{l:k+2}

∑

zJ∈ZJ

wJ|k+1(zJ)N[H,R]J|k+1
(zJ ;x)

where for J ⊆ {l : k + 2}
wJ|k+1(zJ) =
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max(J,k+1)+1∏

i=l

piαi +
max(J,k+1)+2∑

j=l

qj

max(J)+1∏

i=j−1

piαi + qmax(J,k+1)+1




×
(∏

i∈I

piwi(zi)

)
 ∏

i∈{l:k+2}−(J∪{l:max(J,k+1)+1})
piαi




Then from Proposition 6, and the definitions (100), (101), (99),
Bk|l is given by

Bk|l(x) = qk+1+

pk+1αk+1

∑

J⊆{l:k+2}

∑

zJ∈ZJ

wJ|k+1(zJ)N[H,R]J|k+1
(zJ ; x)+

pk+1

∑

z∈Zk+1

wk+1(z)
∑

J⊆{l:k+2}

∑

zJ∈ZJ

wJ|k+1(zJ)N[H,R]J∪{k+1}|k+1
([zT

J, zT]T; x)

which can be expressed in the form (102) by setting

wI|k(zI) =



qk+1 + pk+1αk+1w∅|k+1(z∅), I = J = ∅
pk+1αk+1wJ|k+1(zI), I = J, I 6= ∅, J ⊆ {l :k+2}
pk+1wk+1(zk+1)wJ|k+1(zJ ), I = J∪{k+1}, J ⊆ {l :k+2}

(118)

for I ⊆ {l : k + 1}. It remains to show that (118) is identical
to (103).

For the case I = J = ∅, max(J, k + 1) = k + 1 and

w∅|k+1(z∅) =




k+2∏

i=l

piαi +
k+3∑

j=l

qj

k+2∏

i=j−1

piαi + qk+2


 ,

wI|k(zI) = qk+1 + pk+1αk+1w∅|k+1(z∅)

=
k+1∏

i=l

piαi +
k+2∑

j=l

qj

k+1∏

i=j−1

piαi

For the case I = J, I 6= ∅, J ⊆ {l : k + 2}, note that
max(I, k) = max(I) = max(J) = max(J, k + 1). Hence

wJ|k+1(zJ) =




max(I,k)+1∏

i=l

piαi +
max(I,k)+1∑

j=l

qj

max(I,k)+1∏

i=j−1

piαi




×
(∏

i∈J

piwi(zi)

)
 ∏

i∈{l:k+2}−(J∪{l:max(I,k)+1})
piαi




(119)

Consequently,

wI|k(zI) = pk+1αk+1wJ|k+1(zJ)

=




max(I,k)+1∏

i=l

piαi +
max(I,k)+1∑

j=l

qj

max(I,k)+1∏

i=j−1

piαi




×
(∏

i∈J

piwi(zi)

)
 ∏

i∈{l:k+1}−(J∪{l:max(I,k)+1})
piαi




=




max(I,k)+1∏

i=l

piαi +
max(I,k)+1∑

j=l

qj

max(I,k)+1∏

i=j−1

piαi




×
(∏

i∈I

piwi(zi)

)
 ∏

i∈{l:k+1}−(I∪{l:max(I,k)+1})
piαi




For the third case I = J ∪ {k + 1}, J ⊆ {l : k + 2},
note that max(J, k + 1) = max(I) = max(I, k) unless J is
empty (in which case the result holds trivially). Hence (119)
holds. Moreover {l : k + 2} − (J ∪ {l : max(I, k) + 1}) =
{l : k + 1} − (I ∪ {l : max(I, k) + 1}). Consequently

wI|k(zI) = pk+1wk+1(zk+1)wJ|k+1(zJ)

=




max(I,k)+1∏

i=l

piαi +
max(I,k)+1∑

j=l

qj

max(I,k)+1∏

i=j−1

piαi




×

 ∏

i∈J∪{k+1}
piwi(zi)




 ∏

i∈{l:k+2}−(J∪{l:max(I,k)+1})
piαi




=




max(I,k)+1∏

i=l

piαi +
max(I,k)+1∑

j=l

qj

max(I,k)+1∏

i=j−1

piαi




×
(∏

i∈I

piwi(zi)

)
 ∏

i∈{l:k+1}−(I∪{l:max(I,k)+1})
piαi


 .

Therefore the result follows by induction. ¤
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