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Labeled Random Finite Sets and Multi-Object
Conjugate Priors

Ba-Tuong Vo∗, Ba-Ngu Vo†

Abstract—The objective of multi-object estimation is to si-
multaneously estimate the number of objects and their states
from a set of observations in the presence of data association
uncertainty, detection uncertainty, false observations and noise.
This estimation problem can be formulated in a Bayesian
framework by modeling the (hidden) set of states and set of
observations as random finite sets (RFSs) that covers thinning,
Markov shifts and superposition. A prior for the hidden RFS
together with the likelihood of the realization of the observed RFS
gives the posterior distribution via the application of Bayes rule.
We propose a new class of RFS distributions that is conjugate
with respect to the multi-object observation likelihood and closed
under the Chapman-Kolmogorov equation. This result is tested
via a Bayesian multi-target tracking example.

Index Terms—Random finite set, marked point process, con-
jugate prior, Bayesian estimation, target tracking.

I. INTRODUCTION

Inference in multi-object systems involves the simultaneous
estimation of the number of objects along with their states,
and lies at the heart of two seemingly unrelated fields–target
tracking and spatial statistics. These two fields span a diverse
range of application areas from defence [1], computer vision
[2], robotics [3], [4] to agriculture/forestry [5], [6], [7] and
epidemiology/public health [8]. See [9], [10] for a more
comprehensive survey of application areas. In target tracking
the objective is to locate an unknown and time varying set
of targets from sensor detections [11], [1], while in spatial
statistics the objective is to analyze and characterize the
underlying distribution of spatial point patterns from observed
data [9], [10].

A basic observation model, in both spatial statistics and
multi-target tracking, is a random finite set (RFS) that accounts
for thinning (of misdetected objects), Markov shifts (of true
observations) and superposition (of false observations) [1], [6].
Since the number of objects is not known, the set of objects,
called the multi-object state, is also modeled as an RFS. A
prior distribution on the multi-object state can be combined
with the observation likelihood via Bayes rule to give the
posterior distribution.
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Computing the posterior via Bayes rule requires integrating
the product of the prior and likelihood function to obtain
the normalizing constant. This integration poses significant
practical challenges and is a key research theme in Bayesian
methods [12]. On one hand, cheap and powerful computers
have motivated the investigation of numerical approximations
to these integrals [13]. On the other hand, considerable effort
has been dedicated to deriving pairs of likelihood functions
and prior distributions with tractable analytic normalizing con-
stants (and other convenient mathematical properties). These
families of prior distributions–known as conjugate priors–
play an important role in Bayesian inference and were first
formalized by Raiffa and Schlaifer [14]. Well known classes
of conjugate priors are available in the exponential family [15].
In Bayesian nonparametric inference, the Dirichlet Process is
a conjugate prior that is widely use in the field of machine
learning [16].

Conjugacy is highly desirable in multi-object inference,
since computing the posterior of non-conjugate RFS priors are
intractable, due to the curse of dimensionality and the inher-
ently combinatorial nature of the problem. Current numerical
integration techniques for approximating the normalizing con-
stant are not suitable for online inference, except for scenarios
with a small number of objects. While conjugate priors are
available for a special type of likelihood function (separable)
[17], such priors are not yet available for the standard multi-
object likelihood function that models thinning, Markov shift
and superposition.

To be of practical use, a conjugate prior family must also
be flexible enough to model our prior degree of belief in
the parameters of interest. In applications where the multi-
object state stochastically evolves in time, we require a Markov
multi-object transition model involving thinning (object death),
Markov shift (of surviving objects) and superposition (ob-
ject birth). Inference then involves recursive estimation of
the multi-object state at each time step and the Chapman
Kolmogorov equation is needed to perform a prediction step
to account for multi-object evolution before Bayes rule can be
applied [1]. In general, solutions to the multi-object Chapman-
Kolmogorov equation cannot be easily determined. Moreover,
even if such a solution were available, it is not necessarily a
conjugate prior.

This paper introduces the notion of labeled RFSs, and
conjugate priors for the standard multi-object likelihood func-
tion, which are also closed under the multi-object Chapman-
Kolmogorov equation with respect to the multi-object tran-
sition kernel. These results provide analytic solutions to the
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multi-object inference and filtering problems. In multi-object
filtering, if we start with the proposed conjugate initial prior,
then all subsequent predicted and posterior distributions have
the same form as the initial prior. We illustrate an application
of these results by a multi-target tracking example. Preliminary
results have been published in [18]. The current work is a
more complete study with stronger results. A related, but
independent, investigation on conjugate priors for (unlabeled)
RFS is also being undertaken, with work in progress reported
in [19].

The paper is organized as follows. A brief overview of
conjugate priors and multi-object estimation is provided in
section II while labeled RFSs and their properties are intro-
duced in Section III. Section IV introduces the generalized
labeled multi-Bernoulli RFS, and show that it is conjugate
prior as well as being closed under the multi-object Chapman-
Kolmogorov equation. Section V establishes similar results on
a smaller family within the class of generalized labeled multi-
Bernoulli RFSs based on which a novel multi-target tracking
filter is proposed and demonstrated via a numerical example.
Concluding remarks and extensions are discussed in section
VII.

II. BACKGROUND

This section provides background on conjugate priors and
the two key Bayesian inference problems investigated in
this paper: The multi-object Bayes update and Chapman-
Kolmogorov equation.

A. Conjugate Priors

In Bayesian inference, the hidden state (or parameter)
x ∈ X is assumed to be distributed according to a prior p.
Further, the state is partially observed as z ∈ Z, called the
observation, in accordance with the likelihood function g(z|x).
All information about the state is encapsulated in the posterior,
given by Bayes rule:

p(x|z) =
g(z|x)p(x)∫
g(z|ζ)p(ζ)dζ

.

For a given likelihood function, if the posterior p(·|z)
belongs to the same family as the prior p, the prior and
posterior are said to be conjugate distributions, and the prior is
called a conjugate prior. For example, the Gaussian family is
conjugate with respect to a Gaussian likelihood function. Other
well-known likelihood-prior combinations in the exponential
family include, binomial-beta, Poisson-gamma, and gamma-
gamma models, see [15] for a catalogue.

Computing the posterior is generally intractable due to the
integration in the normalizing constant

∫
g(z|ζ)p(ζ)dζ. This is

especially true in nonparametric inference where the posterior
can be very complex. A conjugate prior is an algebraic
convenience, providing a closed-form for the posterior and
avoids a difficult numerical integration problem. Moreover,
posteriors with the same functional form as the prior often
inherit desirable properties that are important for analysis and
interpretation.

B. Bayesian Multi-object Inference

This work considers a more general setting where, instead
of a single state x ∈ X, we have a finite set of states
X ⊂ X, called a multi-object state, distributed according
to a multi-object prior π. The multi-object state is partially
observed as a finite set of points Z ⊂ Z, called the multi-
object observation, through thinning of misdetected objects,
Markov shifts of detected objects, and superposition of false
observations. The observation model is described by the multi-
object likelihood function g(Z|X), (given in subsection IV-C)
which encapsulates, in addition to the usual observation noise,

• detection uncertainty: each object may or may not gen-
erate an observation,

• clutter: observations are corrupted by spurious/false mea-
surements not originating from any object,

• data association uncertainty: there is no information on
which object generated which observation.

In this setting, the number of elements of a multi-object
state and the values of these elements are random variables.
All information on the multi-object state (including the number
of objects) is contained in the multi-object posterior, given by

π(X|Y ) =
g(Y |X)π(X)∫
g(Y |X)π(X)δX

(1)

where
∫

f(X)δX =
∞∑

i=0

1
i!

∫

Xi

f({x1, ..., xi})d(x1, · · · , xi),

is the set integral of a function f taking the class of finite
subsets of X, denoted as F(X), to the real line R. It is implicit
that the multi-object state and observation are modeled as
random finite sets (RFSs) and that the probability densities of
these RFS are interpreted via the Finite Set Statistic (FISST)
notion of integration/density proposed by Mahler [1], [20].

While the multi-object posterior is central to Bayesian
inference, computationally tractable analytic characterizations
are not available in general1. In spatial statistics, the multi-
object posterior encapsulates the spatial distribution of point
patterns as well as relevant statistics [5], [6], and is often
approximated via Markov Chain Monte Carlo simulation [7].
In target tracking, the multi-object posterior contains infor-
mation on target number, locations, velocities [1], and is often
approximated, e.g. Probability Hypothesis Density (PHD) filter
[20], Cardinalized PHD filter [21], and multi-Bernoulli filter
[1], [22]. Implementations of these filters are developed in
[23], [24], [25], [26], [22], with convergence analysis given
in [23], [27], [28], [29], [30]. Conjugate priors are important
in multi-object inference since the posteriors are extremely
complex due to the high dimensionality and combinatorial
nature of the problem.

1For the special case of separable multi-object likelihood functions, the
multi-object posterior can be computed analytically for certain classes of
(conjugate) priors [17].
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C. Chapman-Kolmogorov Equation

An additional problem arises when the multi-object state
evolves in time due to motion, births and deaths of objects,
as is the case in multi-target tracking. A given multi-object
state X evolves to the multi-object state X+ at the next time
step via thinning of dying objects, Markov shift of surviving
objects and superposition of new objects. This multi-object
dynamic model is described by the multi-object (Markov)
transition kernel f(X+|X), (the specific expression is given in
subsection IV-C). Before Bayes rule can be applied to compute
the posterior from the next observation, the multi-object prior
needs to be predicted forward to account for multi-object
evolution via the Chapman-Kolmogorov equation [1]

π+(X+) =
∫

f(X+|X)π(X)δX. (2)

Bayesian inference in a dynamic setting involves computa-
tion of the posterior at each time step. In applications such
as multi-target tracking where inference is performed online,
recursive computation (of the posterior) via the so-called multi-
object Bayes filter is the preferred approach. Let Xk and
Zk denote the multi-object state and measurement at time k.
Then introducing time indices into the Chapman-Kolmogorov
equation (2) and Bayes rule (1), we have, respectively, the
prediction and update steps of the multi-object Bayes filter:

πk|k−1(Xk|Z1:k−1) =
∫

fk|k−1(Xk|X)πk−1(X|Z1:k−1)δX, (3)

πk(Xk|Z1:k) =
gk(Zk|Xk)πk|k−1(Xk|Z1:k−1)∫
gk(Zk|X)πk|k−1(X|Z1:k−1)δX

, (4)

where Z1:k = (Z1, ..., Zk) denotes the measurement history
up to time k; πk|k−1(·|Z1:k−1) and fk|k−1(·|·) denote multi-
object prediction and transition kernel from time k − 1 to k;
πk(·|Z1:k) and gk(·|·) denote the multi-object posterior and
likelihood function at time k.

In general, the multi-object prediction π+ is difficult to
characterize analytically and does not necessarily take on the
same form as the multi-object prior. A known exception is the
multi-Bernoulli prior, which preserves its form when predicted
forward by a special case of the multi-object transition kernel
with multi-Bernoulli births [1]. However, it is not a conju-
gate prior and the posterior is no-longer multi-Bernoulli. A
conjugate multi-object prior family that is closed under the
Chapman-Kolmogorov equation means that at all time, the
posterior stays in the same family.

III. LABELED RANDOM FINITE SETS

This section introduces the notion of labeled RFSs. We
begin in subsection III-A with examples of common RFSs
and proceed to the treatment of labeled RFSs in subsection
III-B.

A. Random finite sets

In essence, an RFS is simply a finite-set-valued random
variable. What distinguishes an RFS from a random vector is

that: the number of points is random; the points themselves
are random and unordered. As mentioned earlier, we use the
FISST notion of integration/density to characterize RFSs [1],
[20]. While not a probability density [1], the FISST density is
equivalent to a probability density relative to an unnormalized
distribution of a Poisson RFS (see [23]). For simplicity, in
this paper, we shall not distinguish a FISST density and a
probability density.

Throughout the paper, we use the standard inner product
notation

〈f, g〉 ,
∫

f(x)g(x)dx,

and the following multi-object exponential notation

hX ,
∏

x∈X h(x), (5)

where h is a real-valued function, with h∅ = 1 by convention.
We denote a generalization of the Kroneker delta that takes
arbitrary arguments such as sets, vectors, integers etc, by

δY (X) ,
{

1, if X = Y
0, otherwise ,

and the inclusion function, a generalization of the indicator
function, by

1Y (X) ,
{

1, if X ⊆ Y
0, otherwise .

We also write 1Y (x) in place of 1Y ({x}) when X = {x}.
1) Poisson RFS: An RFS X on X is said to be Poisson

with intensity function v (defined on X) if
• its cardinality |X| is Poisson distributed with mean 〈v, 1〉,

i.e. |X| ∼ Pois〈v,1〉, and
• for any finite cardinality, the elements of X are indepen-

dently and identically distributed (i.i.d.) according to the
probability density v(·)/ 〈v, 1〉.

The probability density of this Poisson RFS is given by (see
[1] pp. 366)

π(X) = e−〈v,1〉vX (6)

The intensity function, also known in the tracking literature
as the Probability Hypothesis Density (PHD), completely
characterizes a Poisson RFS.

2) Bernoulli RFS: A Bernoulli RFS X on X has probability
1 − r of being empty, and probability r of being a singleton
whose (only) element is distributed according to a probability
density p (defined on X). The cardinality distribution of a
Bernoulli RFS is a Bernoulli distribution with parameter r.
The probability density of a Bernoulli RFS is given by (see
[1] pp. 368)

π(X) =
{

1− r
r · p(x)

X = ∅,
X = {x}. (7)

3) Multi-Bernoulli RFS: A multi-Bernoulli RFS X on X
is a union of a fixed number of independent Bernoulli RFSs
X(i) with existence probability r(i) ∈ (0, 1) and probability
density p(i) (defined on X), i = 1, ...,M , i.e. X =

⋃M
i=1 X(i).

A multi-Bernoulli RFS is thus completely described by the
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multi-Bernoulli parameter set {(r(i), p(i))}M
i=1. Moreover, its

probability density is given by (see [1] pp. 368)

π({x1, ..., xn})=
M∏

j=1

(1− r(j))
∑

1≤i1 6=..., 6=in≤M

n∏

j=1

r(ij)p(ij)(xj)
1− r(ij)

.

(8)
Through out this paper, probability density of the form (8) is
abbreviated by π = {(r(i), p(i))}M

i=1.

B. Labeled RFS

In applications involving object identity, for example esti-
mation of (multiple) tracks or trajectories, objects are uniquely
identified by a (unobserved) label or tag drawn from a discrete
countable space L= {αi : i ∈ N}, where N denotes the set
of positive integers and the αi’s are distinct. To incorporate
object identity, we augment a mark ` ∈ L to the state x ∈ X
of each object and consider the multi-object state as a finite
set on X× L. However, this idea alone is not enough since
L is discrete and it is possible (with non-zero probability)
that many targets have the same identity. This problem can be
alleviated by the introduction of labeled RFSs, which are in
essence marked RFSs with distinct marks.

We adhere to the convention that single-object states are
represented by lowercase letters, e.g. x, x while multi-object
states are represented by uppercase letters, e.g. X , X. Symbols
for labeled states and their distributions/statistics (single-object
or multi-object) are bolded to distinguish them from unlabeled
ones, e.g. x, X, π, etc. Spaces are represented by blackboard
bold e.g. X, Z, L, N, etc.

Definition 1 Let L : X×L→ L be the projection L((x, `)) =
`, and hence L(X) = {L(x) : x ∈ X} is the set of labels of
X. A labeled RFS with state space X and (discrete) label space
L is an RFS on X×L such that each realization X has distinct
labels, i.e.

|L(X)| = |X|
The unlabeled version of a labeled RFS distributed accord-

ing to π, is distributed according the marginal

π({x1, ..., xn}) =
∑

( 1̀,..., ǹ)∈Ln
π({(x1, 1̀), ..., (xn, ǹ)}) (9)

The unlabeled version of a labeled RFS is its projection from
X× L into X, and is obtained by simply discarding the labels.
Intuitively, the cardinality distribution (the distribution of the
number of objects) of a labeled RFS should be the same
as its unlabeled version. This is formalized by the following
Proposition, the proof is straightforward via marginalization,
and making use of (9).

Proposition 2 A labeled RFS and its unlabeled version have
the same cardinality distribution.

For any state space X, let F(X) denote the collection of
finite subsets of X, and Fn(X) denote the collection of finite
subsets of X with exactly n elements. Since the label space L

is discrete, the set integral for a function f : F(X× L) → R
is given by
∫

f(X)δX =

∞∑

i=0

1
i!

∑

(`1,...,`i)∈Li

∫

Xi

f({(x1, `1), ..., (xi, `i)})d(x1, ..., xi).

Throughout the paper it is implicitly assumed that such set
integrals exist and are finite. The following lemma is useful
for evaluating set integrals involving labeled RFSs (the proof
is given in the Appendix.).

Lemma 3 Let ∆(X) denote the distinct label indicator
δ|X|(|L(X)|). Then, for h : F(L) → R and g : X× L → R,
integrable on X,

∫
∆(X)h(L(X))gXδX =

∑

L⊆L
h(L)

[∫
g(x, ·)dx

]L

Next we present examples of labeled RFS pertinent to the
main results of this paper.

1) Labeled Poisson RFS: A labeled Poisson RFS X with
state space X and label space L ={αi : i ∈ N}, is a Poisson
RFS X on X with intensity v on X, tagged or augmented with
labels from L. A sample from such labeled Poisson RFS can
be generated by the following procedure:

Sampling a labeled Poisson RFS

• initialize X = ∅;
• sample n ∼ Pois〈v,1〉;
• for i = 1 : n
• sample x ∼ v(·)/ 〈v, 1〉 ;
• set X = X ∪ {(x, αi)};
• end;

This procedure always generates a finite set of augmented
states with distinct labels. Intuitively, the set of unlabeled
states generated by the above procedure is a Poisson RFS with
intensity v. However, the set of labeled states is not a Poisson
RFS on X×L, in fact its density is given by

π ({(x1, `1), ..., (xn, `n)})
= δL(n)({`1, ...`n})Pois〈v,1〉(n)

n∏
i=1

v(xi)
〈v,1〉 .

(10)

where Poisλ(n) = e−λλn/n! is the Poisson distribution with
rate λ and L(n) = {αi ∈ L}n

i=1.
To verify the density (10) of the labeled Poisson RFS,

consider the likelihood (probability density) that the above
procedure generates the points (x1, `1), ..., (xn, `n) in that
order:

p ((x1, `1), ..., (xn, `n)) =

δ(α1,...,αn)((`1, ...`n))Pois〈v,1〉(n)
n∏

i=1

v(xi)
〈v, 1〉 .
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Following [31], π ({(x1, `1), ..., (xn, `n)}) is the symmetriza-
tion of p ((x1, `1), ..., (xn, `n)) over all permutations σ of
{1, ..., n}, i.e.

π ({(x1, `1), ..., (xn, `n)})
=

∑
σ

p
(
(xσ(1), `σ(1)), ..., (xσ(n), `σ(n))

)

= Pois〈v,1〉(n)
∑

σ

(
n∏

i=1

v(xσ(i))
〈v, 1〉

)
δ(α1,...,αn)(( σ̀(1), ..., σ̀(n)))

The sum over the permutations is zero, except for the case
{`1, ...`n} = {α1, ..., αn} where there exists a permutation
σ such that (`σ(1), ...`σ(n)) = (α1, ..., αn). Henceforth, (10)
follows.

To verify that the unlabeled version of a labeled Poisson
RFS is indeed a Poisson RFS, we apply (9) to (10), and
simplifying the sum over the labels to give (6).

Remark: The labeled Poisson RFS can be generalized to the
labeled i.i.d. cluster RFS by removing the Poisson assumption
on the cardinality and specifying an arbitrary cardinality
distribution.

2) Labeled multi-Bernoulli RFS: A labeled multi-Bernoulli
RFS X with state space X, label space L and (finite) parameter
set {(r(ζ), p(ζ)) : ζ ∈ Ψ}, is a multi-Bernoulli RFS on X
augmented with labels corresponding to the successful (non-
empty) Bernoulli components, i.e. if the Bernoulli component
(r(ζ), p(ζ)) yeilds a non-empty set, then the label of the
corresponding state is given by α(ζ), where α : Ψ → L is a 1-
1 mapping. The following procedure illustrates how a sample
from such a labeled multi-Bernoulli RFS is generated:

Sampling a labeled Multi-Bernoulli RFS

• initialize X = ∅;
• for ζ ∈ Ψ
• sample u ∼ Uniform[0, 1];
• if u ≤ r(ζ),
• sample x ∼ p(ζ)(·);
• set X = X ∪ {(x, α(ζ))};
• end;
• end;

It is clear that the above procedure always generates a finite
set of augmented states with distinct labels. Intuitively, the set
of unlabeled states is a multi-Bernoulli RFS. However, the set
of labeled states is not a multi-Bernoulli RFS on X×L, in fact
its density is given by

π({(x1, 1̀), ..., (xn, ǹ)}) = δn(|{ 1̀, ..., ǹ}|)
∏

ζ∈Ψ

(1−r(ζ))

×
n∏

j=1

1α(Ψ)(`j)r(α−1( j̀))p(α−1(`j))(xj)
1− r(α−1(`j))

. (11)

To verify the density of the labeled multi-Bernoulli RFS
(11), consider the likelihood (probability density) that the
above procedure generates the points (x1, `1), ..., (xn, `n) in

that order:

p ((x1, `1), ..., (xn, `n)) = δn(|{`1, ...`n}|)ord(`1, ..., `n)

×
∏

ζ∈Ψ

(1−r(ζ))
n∏

j=1

1α(Ψ)(̀ j)r(α−1(`j))p(α−1(`j))(xj)
1− r(α−1(`j))

where ord(`1, ..., `n) = 1 if `1 < ... < `n and zero otherwise
(since L is discrete, it is always possible to define an ordering
of its elements). Following [31], π ({(x1, `1), ..., (xn, `n)})
is the symmetrization of p ((x1, `1), ..., (xn, `n)) over all
permutations σ of {1, ..., n}, i.e.

π ({(x1, `1), ..., (xn, `n)}) =∑
σ

δn(|{`σ(1), ..., `σ(n)}|)ord(`σ(1), ..., `σ(n))
∏

ζ∈Ψ

(1−r(ζ))

×
n∏

j=1

1α(Ψ)(`σ(j))r(α−1(`σ(j)))p(α−1(`σ(j)))(xσ(j))

1− r(α−1(`σ(j)))
.

If the labels are distinct, then there is only one permutation
with the correct ordering and the sum over σ reduces to one
term. Moreover, since δn(|{`1, ..., `n}|) and the product over
n is symmetric (permutation invariant) in (x1, `1), ..., (xn, `n)
we have (11).

By combining the two products into one and canceling
appropriate terms, the following alternative form of the labeled
multi-Bernoulli density can be obtained

π(X) = ∆(X)1α(Ψ)(L(X)) [Φ(X; ·)]Ψ (12)

where ∆(X) is the distinct label indicator (defined in Lemma
3), L(X) is the labels of X (defined in Definition 1) and

Φ(X; ζ) =
{

1− r(ζ), if α(ζ) /∈ L(X)
r(ζ)p(ζ)(x), if (x, α(ζ)) ∈ X

=
∑

(x,`)∈X

δα(ζ)( )̀r(ζ)p(ζ)(x)+
(
1−1L(X)(α(ζ))

)
(1−r(ζ))

Remark: The equivalence of the two expressions for Φ(X; ζ)
can be verified by noting that the sum above has only one
non-zero term that either takes on 1 − r(ζ) if α(ζ) /∈ L(X),
or r(ζ)p(ζ)(x) if (x, α(ζ)) ∈ X. The second expression for
Φ(X; ζ) is useful in the multi-object Chapman-Kolmogorov
equation.

To verify that the unlabeled version of a labeled multi-
Bernoulli RFS is indeed a multi-Bernoulli RFS, we apply (9)
to (11) and simplify the sum over the labels.

IV. GENERALIZED LABELED MULTI-BERNOULLI

In this section, we introduce a family of labeled RFS
distributions which is conjugate with respect to the multi-
object likelihood function, and show that it is closed under
the multi-object Chapman-Kolmogorov equation with respect
to the multi-object transition kernel.
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A. Generalized labeled Multi-Bernoulli RFS

Definition 4 A generalized labeled multi-Bernoulli RFS is a
labeled RFS with state space X and (discrete) label space L
distributed according to

π(X) = ∆(X)
∑

c∈C
w(c)(L(X))

[
p(c)

]X

(13)

where C is a discrete index set, w(c)(L) and p(c) satisfy
∑

L⊆L

∑

c∈C
w(c)(L) = 1, (14)

∫
p(c)(x, `)dx = 1. (15)

A generalized labeled multi-Bernoulli can be interpreted as
a mixture of multi-object exponentials. Each term in the mix-
ture (13) consists of a weight w(c)(L(X)) that only depends
on the labels of the multi-object state, and a multi-object
exponential

[
p(c)

]X
that depends on the entire multi-object

state. The points of a generalized labeled multi-Bernoulli RFS
are not statistically independent.

The following results shows the cardinality distribution and
PHD (or intensity function) of generalized labeled multi-
Bernoulli RFS. Proofs are given in the Appendix.

Proposition 5 The cardinality distribution of a generalized
labeled multi-Bernoulli RFS is given by

ρ(n) =
∑

L∈Fn(L)

∑

c∈C
w(c)(L) (16)

From property (14), it can be easily verified that (16) is
indeed a probability distribution,

∞∑
n=0

ρ(n) =
∞∑

n=0

∑

L∈Fn(L)

∑

c∈C
w(c)(L)

=
∑

L⊆L

∑

c∈C
w(c)(L) = 1,

and that the probability density π in (13) integrates to 1,
∫

π(X)δX =
∞∑

n=0

1
n!

∫

(L×X)n

π({x1, ...,xn})d(x1...,xn)

=
∞∑

n=0

ρ(n)

= 1.

Hence, the RFS defined above is indeed a labeled RFS since
∆(X) = δ|X|(|L(X)|) is the distinct-label indicator of X, i.e.
takes on the value 1 if the labels of X are distinct and zero
otherwise.

Proposition 6 The PHD (or intensity function) of the unla-
beled version of a generalized labeled multi-Bernoulli RFS is
given by

v(x) =
∑

c∈C

∑

`∈L
p(c)(x, `)

∑

L⊆L
1L(`)w(c)(L) (17)

To verify that the PHD mass is equal to the mean cardinality,
note that each p(c)(·, `) integrates to 1,

∑
L⊆L is equivalent

to
∑∞

n=0

∑
L∈Fn(L) and exchanging the order of the summa-

tions, we have
∫

v(x)dx =
∞∑

n=0

∑

c∈C

∑

L∈Fn(L)

[∑

`∈L
1I(`)

]
w(c)(I)

=
∞∑

n=0

∑

c∈C

∑

L∈Fn(L)
nw(c)(L)

=
∞∑

n=0

nρ(n)

B. Special cases

Generalized labeled multi-Bernoulli RFSs cover labeled
Poisson and labeled multi-Bernoulli RFSs discussed ear-
lier. For the labeled Poisson RFS density (10), note that
δL(|X|)(L(X)) = ∆(X)δL(|L(X)|)(L(X)), and hence

π(X) = ∆(X)δL(|L(X)|)(L(X))Pois〈v,1〉(|L(X)|)
∏

(x,`)∈X

v(x)
〈v,1〉

Thus, the labeled Poisson RFS is a special case of the
generalized labeled multi-Bernoulli RFS with

p(c)(x, `) = v(x)/ 〈v, 1〉
w(c)(L) = δL(|L|)(L)Pois〈v,1〉(|L|).

Note that the index space C has only one element, in which
case the (c) superscript is unnecessary.

The labeled multi-Bernoulli RFS distributed by (11) is a
special case of the generalized labeled multi-Bernoulli RFS
with

p(c)(x, `) = p(α−1(`))(x)

w(c)(L) =
∏

ζ∈Ψ

(1−r(ζ))
∏

`∈L

1α(Ψ)(`)r(α−1(`))

1− r(α−1(`))
.

Note again, that the index space C has only one element, in
which case the (c) superscript is unnecessary.

C. Multi-object Conjugate Prior

In this subsection we establish conjugacy of the gen-
eralized labeled multi-Bernoulli family with respect to the
multi-object likelihood function that accommodates thinning,
Markov shifts, and superposition. A more concise description
of the observation model is given as follows.

For a given multi-object state X, each state x ∈ X
is either detected with probability pD (x) and generates a
point z with likelihood g(z|x), or missed with probability
qD (x) = 1 − pD (x), i.e. x generates a Bernoulli RFS with
parameter (pD(x), g(·|x)). Assuming that conditional on X
these Bernoulli RFSs are independent, then the set W ⊂ Z
of detected points (non-clutter measurements) is a multi-
Bernoulli RFS with parameter set {(pD(x), g(·|x)):x ∈ X},
i.e. W is distributed according to

πD(W |X) = {(pD(x), g(·|x)) : x ∈ X}(W ).
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The set Y ⊂ Z of false observations (or clutter), assumed
independent of the detected points, is modeled by a Poisson
RFS with intensity function κ(·), i.e. Y is distributed according
to

πK(Y ) = e−〈κ,1〉κY .

The multi-object observation Z is the superposition of the
detected points and false observations, i.e. Z = W∪Y . Hence,
it follows from FISST, that the multi-object likelihood is the
convolution of πD and πK , i.e.

g(Z|X) =
∑

W⊆Z

πD(W |X)πK(Z −W ). (18)

where Z −W denotes the set difference between Z and W .

Proposition 7 If the prior distribution is a generalized la-
beled multi-Bernoulli of the form (13), then, under the multi-
object likelihood function (18), the posterior distribution is
also a generalized multi-Bernoulli given by

π(X|Z) = ∆(X)
∑

c∈C

∑

θ∈Θ

w
(c,θ)
Z (L(X))

[
p(c,θ)(·|Z)

]X

(19)

where Θ is the space of mappings θ : L → {0 : |Z|} ,
{0, 1, ..., |Z|}, such that θ(i) = θ(i′) > 0 implies i = i′,

w
(c,θ)
Z (L) =

δθ−1({0:|Z|})(L)w(c)(L)[η(c,θ)
Z ]L

∑
c∈C

∑
θ∈Θ

∑
J⊆L

δθ−1({0:|Z|})(J)w(c)(J)[η(c,θ)
Z ]J

, (20)

p(c,θ)(x, `|Z) =
p(c)(x, `)ψZ(x, `; θ)

η
(c,θ)
Z (`)

, (21)

η
(c,θ)
Z (`) =

〈
p(c)(·, `), ψZ(·, `; θ)

〉
, (22)

ψZ(x, `; θ) = δ0(θ(`))qD(x, `)

+(1−δ0(θ(`)))
pD(x, `)g(zθ(`)|x, `)

κ(zθ(`))
. (23)

Proposition 7 explicitly describes how to calculate the
parameters w

(c,θ)
Z (·), p(c,θ)(·, ·|Z) of the updated multi-

object density from the parameters w(c)(·), p(c)(·, ·) of the
prior multi-object density. The domain of the mapping θ
is θ−1({0 : |Z|}), i.e. the inverse image of {0 : |Z|}
under θ, and the term δθ−1({0:|Z|})(L(X)) in (20) implies
that we only need to consider those mappings with domain
L(X) ⊆ L. The updated single-object density for a given
label p(c,θ)(·, `|Z) is computed from the prior single-object
density p(c)(·, `) via Bayes rule with “likelihood function”
ψZ(·, `; θ). Note that ψZ(x, `; θ) is either qD(x, `) if θ(`) = 0,
or pD(x, `)g(zθ(`)|x, `)/κ(zθ(`)) if θ(`) > 0, i.e.

ψZ(x, `; θ) =

{
pD(x,`)g(zθ(`)|x,`)

κ(zθ(`))
θ(`) > 0

qD(x, `) θ(`) = 0
(24)

For a valid label set L, i.e. δθ−1({0:|Z|})(L) = 1, the updated
weight w

(c,θ)
Z (L) is proportional to the prior weight w(c)(L)

scaled by the product [η(c,θ)
Z ]L of single-object normalizing

constants.

D. Multi-object Chapman-Kolmogorov Prediction

In this subsection we show that the generalized la-
beled multi-Bernoulli family is closed under the Chapman-
Kolmogorov prediction for the multi-object transition kernel
that involves thinning, Markov shifts and superposition of
new targets. A more concise description of the multi-object
dynamic model is given as follows.

Each object is identified by a unique label ` = (k, i), where
k is the time of birth and i is a unique index to distinguish
objects born at the same time. The label space Lk for objects
born at time k is then {k} × N and the label space L0:k for
objects at time k (including those born prior to k) can be
constructed recursively by L0:k = L0:k−1 ∪ Lk. An object
born at time k, has state x ∈ X×Lk and a multi-object state
X at time k, is a finite subset of X×L0:k. This construct
implies that we can distinguish surviving and birth objects
from their labels. Without explicit reference to the time index,
let L denote the label space for the current time, B the label
space for objects born at the next time, and L+ = L ∪ B the
label space for the next time. Note that L and B are disjoint
i.e. L ∩ B = ∅.

Given the current multi-object state X, each state (x, `) ∈ X
either continues to exist at the next time step with probability
pS(x, `) and moves to a new state (x+, `+) with probability
density f(x+|x, `)δ`(`+), or dies with probability qS(x, `) =
1 − pS(x, `). Note that the label or identity of the object is
preserved in the transition, only the kinematic (non-label) part
of state changes. Assuming that X has distinct labels and that
conditional on X, the transition of the kinematic states are
mutually independent, then the set W of surviving objects at
the next time is a labeled multi-Bernoulli RFS with parameter
set {(pS(x), f(·|x)) : x ∈ X} and labeling function α : X →
L defined by α(x, `) = `. Hence, it follows from (12) that W
is distributed according to

fS(W|X) = ∆(W)∆(X)1L(X)(L(W)) [Φ(W; ·)]X (25)

where

Φ(W; x, `) =∑

(x+,`+)∈W

δ`(`+)pS(x, `)f(x+|x, `)+[1−1L(W)(`)]qS(x, `)

The ∆(X) in (25) ensures that only X with distinct labels are
considered.

The set Y of new born objects at the next time is modeled as
a labeled RFS with label space B, distributed according to fB .
Note that fB(Y) = 0 if Y contains an element y with L(y) /∈
B. Examples of labeled births RFS are labeled Poisson, labeled
multi-Bernoulli or generalized label multi-Bernoulli. Without
loss of generality we use the following birth density through
out:

fB(Y) = ∆(Y)wB(L(Y)) [pB ]Y (26)

Our result readily extends to generalized labeled multi-
Bernoulli birth, albeit the prediction density π+ becomes
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rather cumbersome. The birth model (26) covers both labeled
Poisson with

wB(J) = δB(|J|)(J)Pois〈γ,1〉(|J |), (27)
pB(x, `) = γ(x)/ 〈γ, 1〉 , (28)

and labeled multi-Bernoulli with

wB(J) =
∏

i∈B(M)

(
1− r

(i)
B

) ∏

`∈J

1B(M)(`)r
(`)
B

1− r
(`)
B

, (29)

pB(x, `) = p
(`)
B (x). (30)

The multi-object state at the next time X+ is the su-
perposition of surviving objects and new born objects, i.e.
X+ = W∪Y. Since the label spaces L and B are disjoint, the
(labeled) birth objects and surviving objects are independent.
Hence it follows from FISST that the multi-object transition
kernel f (·|·) : F(X× L+)×F(X× L) → [0,∞) is given by

f (X+|X) =
∑

W⊆X+

fS(W|X)fB(X+ −W).

Consider the subset of X+ that consist of surviving objects
X+ ∩ (X × L) = {x+ ∈ X+ : L(x+) ∈ L}. For any W ⊆
X+, if W is not a subset of the surviving objects, i.e. W *
X+ ∩X× L, then the (set of) labels of W is not a subset of
current labels space, i.e. L(W) * L, and 1L(X)(L(W)) = 0,
consequently it follows from (25) that fS(W|X) = 0. Hence,
we only need to consider W ⊆ X+ ∩ (X× L). Furthermore,
for any non-empty W, if W ⊂ X+ ∩ (X × L), then there
exists x+ ∈ X+ −W such that L(x+) ∈ L, i.e. L(x+) /∈ B
(since L and B are disjoint) and hence fB(X+ − W) = 0.
Consequently, the transition kernel reduces to the product of
the transition density for surviving objects and the density of
new objects.

f (X+|X) = fS(X+ ∩ (X× L)|X)fB(X+ − X× L) (31)

Proposition 8 If the current multi-object prior is a gener-
alized labeled multi-Bernoulli of the form (13), then the
predicted multi-object density is also a generalized labeled
multi-Bernoulli given by

π+(X+) = ∆(X+)
∑

c∈C
w

(c)
+ (L(X+))

[
p
(c)
+

]X+

(32)

where

w
(c)
+ (L) = wB(L− L)w(c)

S (L ∩ L), (33)

p
(c)
+ (x, `) = 1L(`)p

(c)
S (x, `) + (1− 1L(`))pB(x, `), (34)

p
(c)
S (x, `) =

〈
pS(·, `)f(x|·, `), p(c)(·, `)〉

η
(c)
S (`)

, (35)

η
(c)
S (`) =

∫ 〈
pS(·, `)f(x|·, `), p(c)(·, `)

〉
dx, (36)

w
(c)
S (J) = [η(c)

S ]J
∑

I⊆L
1I(J)[q(c)

S ]I−Jw(c)(I), (37)

q
(c)
S (`) =

〈
qS(·, `), p(c)(·, `)

〉
. (38)

Proposition 8 explicitly describes how to calculate the pa-
rameters w

(c)
+ (·), p

(c)
+ (·, ·) of the predicted multi-object density

from the parameters w(c)(·), p(c)(·, ·) of the prior multi-object
density. For a given label set, L, the weight w

(c)
+ (L) is the

product of weight wB(L−L) of the birth labels L−L =L∩B
and the weight w

(c)
S (L∩L) of the surviving labels L∩L. The

weight w
(c)
S (J) involves a weighted sum of the prior weights

over all label sets that contains the surviving set J . The
predicted single-object density for a given label p

(c)
+ (·, `) is

either the density pB(·, `) of a newly born object or the density
p
(c)
S (·, `) of a surviving object computed from the prior density

p(c)(·, `) via the single-object prediction with transition density
f(·|·, `) weighted by the probability of survival pS(·, `).

In a dynamic multi-object estimation context, Propositions
7, and 8 imply that starting from a generalized labeled multi-
Bernoulli initial prior, all subsequent prediction and posterior
densities are also generalized labeled multi-Bernoullis. Propo-
sition 8 applies to the prediction step (3) and Proposition 7
applies to the update step (4) of the multi-object Bayes filter.

V. STRONGER RESULTS

In this section we establish stronger results that are im-
mediately applicable to multi-target tracking. Specifically, in
subsection V-A we introduce a smaller family within the
class of generalized labeled multi-Bernoulli RFSs that is
also closed under the Chapman-Kolmogorov equation and
Bayes rule. These results further reduce the computational
cost and memory requirements of the prediction and update
steps. Subsection VI details a multi-target tracker that can be
implemented via Gaussian mixture or sequential Monte Carlo.

A. Stronger results

Definition 9 A δ-generalized labeled multi-Bernoulli RFS
with state space X and (discrete) label space L is a special
case of a generalized labeled multi-Bernoulli with

C = F(L)× Ξ
w(c)(L) = w(I,ξ)(L) = ω(I,ξ)δI(L)

p(c) = p(I,ξ) = p(ξ)

where Ξ is a discrete space, i.e. it is distributed according to

π(X) = ∆(X)
∑

(I,ξ)∈F(L)×Ξ

ω(I,ξ)δI(L(X))
[
p(ξ)

]X

(39)

Remark: In target tracking, a δ-generalized labeled multi-
Bernoulli can be used to represent the multi-object prediction
density to time k or multi-object filtering density at time k.
Each I ∈ F(L) represents a set of tracks labels at time k.
For the prediction density each ξ ∈ Ξ represents a history
of association maps upto time k − 1, i.e. ξ = (θ1, ..., θk−1),
where an association map at time j is a function θj which
maps track labels at time j to measurement indices at time
j. For the filtering density each ξ represents a history of
association maps upto time k, i.e. ξ = (θ1, ..., θk). The pair
(I, ξ) represents the hypothesis that the set of tracks I has a
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history ξ of association maps. The weight ω(I,ξ) represents the
probability of hypothesis (I, ξ) and p(ξ)(·, `) is the probability
density of the kinematic state of track ` for the association map
history ξ. Note that not all hypotheses are feasible, i.e. not all
pairs (I, ξ) are consistent (with each other), and infeasible
ones have zero weights.

Observe that for a generalized labeled multi-Bernoulli RFS
with C=F(L) × Ξ, the number of w(c) and p(c) we need to
store/compute are |F(L)× Ξ| and |F(L)× Ξ|, whereas for a
δ-generalized labeled multi-Bernoulli RFS the number of w(c)

and p(c) we need to store/compute are |F(L)× Ξ| and |Ξ|.
In practice, we can further reduce the computation/storage by
approximating F(L)×Ξ and Ξ with smaller subsets of feasible
hypotheses that have significant weights.

Using Proposition 5, the cardinality distribution of a δ-
generalized labeled multi-Bernoulli RFS becomes

ρ(n) =
∑

(I,ξ)∈F(L)×Ξ

∑

L∈Fn(L)
ω(I,ξ)δI(L)

=
∑

(I,ξ)∈Fn(L)×Ξ

ω(I,ξ) (40)

Thus, the probability of n tracks is the sum of the weights of
hypotheses with exactly n tracks. The PHD of the unlabeled
version of a δ-generalized labeled multi-Bernoulli RFS reduces
to the following form via Proposition 6

v(x) =
∑

(I,ξ)∈F(L)×Ξ

∑

`∈L
p(ξ)(x, `)

∑

L⊆L
1L(`)ω(I,ξ)δI(L)

=
∑

`∈L

∑

(I,ξ)∈F(L)×Ξ

ω(I,ξ)1I(`)p(ξ)(x, `)

The inner sum, i.e. the weighted sum of densities for track
` over all hypotheses that contain track `, can be inter-
preted as the PHD of track `, and the sum of the weights∑

(I,ξ)∈F(L)×Ξ ω(I,ξ)1I(`) can be interpreted as the existence
probability for track `. The total PHD, is then the sum of the
PHDs of all tracks, which can be further simplified to

v(x) =
∑

(I,ξ)∈F(L)×Ξ

ω(I,ξ)
∑

`∈I

p(ξ)(x, `) (41)

The following results show that the family of δ-generalized
labeled multi-Bernoullis is closed under the Chapman-
Kolmogorov prediction and Bayes update (the proofs are
relegated to the Appendix).

Proposition 10 If the multi-object prior is a δ-generalized
labeled multi-Bernoulli of the form (39), then the multi-object
prediction is also a δ-generalized labeled multi-Bernoulli with
the following form

π+(X+) = ∆(X+)
∑

(I+,ξ)∈F(L+)×Ξ

ω
(I+,ξ)
+ δI+(L(X+))

[
p
(ξ)
+

]X+

(42)
where

ω
(I+,ξ)
+ = wB(I+ ∩ B)ω(ξ)

S (I+ ∩ L) (43)

p
(ξ)
+ (x, `) = 1L(`)p

(ξ)
S (x, `) + (1−1L(`))pB(x, `) (44)

p
(ξ)
S (x, `) =

〈
pS(·, `)f(x|·, `), p(ξ)(·, `)〉

η
(ξ)
S (`)

(45)

η
(ξ)
S (`) =

∫ 〈
pS(·, `)f(x|·, `), p(ξ)(·, `)

〉
dx (46)

ω
(ξ)
S (L) = [η(ξ)

S ]L
∑

I⊆L
1I(L)[q(ξ)

S ]I−Lω(I,ξ) (47)

q
(ξ)
S (`) =

〈
qS(·, `), p(ξ)(·, `)

〉
(48)

Remark: Proposition 8 only implies that the predicted gener-
alized labeled multi-Bernoulli is a sum over (I, ξ) ∈ F(L)×Ξ,
but Proposition 10 is a stronger result asserting that the
sum is over (I+, ξ) ∈ F(L+) × Ξ where L+ = L ∪ B,
the space of labels at the next time. The predicted multi-
object density π+ involves a new double sum over the index
(I+, ξ) ∈ F(L+) × Ξ which includes a sum over surviving
label sets I ⊂ L. This is more intuitive from a multi-target
tracking point of view as it shows how labels of new objects
are introduced into the prediction.

Proposition 11 If the multi-object prior is a δ-generalized
labeled multi-Bernoulli of the form (39), then the multi-object
posterior is also a δ-generalized labeled multi-Bernoulli with
the following form

π(X|Z) = ∆(X)
∑

(I,ξ)∈F(L)×Ξ

∑

θ∈Θ

ω(I,ξ,θ)(Z)δI(L(X))
[
p(ξ,θ)(·|Z)

]X

(49)
where Θ is the space of mappings θ : L → {0, 1, ..., |Z|},
such that θ(i) = θ(i′) > 0 implies i = i′, and

ω(I,ξ,θ)(Z) =
δθ−1({0:|Z|})(I)ω(I,ξ)[η(ξ,θ)

Z ]I
∑

(I,ξ)∈F(L)×Ξ

∑
θ∈Θ

δθ−1({0:|Z|})(I)ω(I,ξ)[η(ξ,θ)
Z ]I

,

(50)

p(ξ,θ)(x, `|Z) =
p(ξ)(x, `)ψZ(x, `; θ)

η
(ξ,θ)
Z (`)

, (51)

η
(ξ,θ)
Z (`) =

〈
p(ξ)(·, `), ψZ(·, `; θ)

〉
, (52)

ψZ(x, `; θ) = δ0(θ(`))qD(x, `)

+(1−δ0(θ(`)))
pD(x, `)g(zθ(`)|x, `)

κ(zθ(`))
. (53)

VI. APPLICATION TO MULTI-TARGET TRACKING

We now illustrate an application of the established results to
multiple target tracking where the prediction (3) and update (4)
are recursively applied to propagate the multi-object posterior
density forward in time. The proposed filter generalizes the
multi-Bernoulli filter in [22] since it is based on generalized
labeled multi-Bernoulli RFSs.

Propositions 10 and 11 imply that starting from a δ-
generalized labeled multi-Bernoulli initial prior with L = L0,
Ξ = ∅, the predicted and updated multi-object densities, at
each subsequent time step k > 0, are δ-generalized labeled
multi-Bernoullis with L = L0:k, Ξ = Θ1 × · · · × Θk−1,
and L = L0:k, Ξ = Θ1 × · · · × Θk, respectively. While
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Propositions 10 and 11 enable the parameters of predicted and
updated multi-object densities to be expressed analytically, the
number of components grows exponentially. For the purpose of
verifying the established results, we simply truncate the multi-
object densities by keeping components with most significant
weights.

A. Update truncation

Given a predicted density of the form (39), we approximate
the updated density (49) by a truncated version:

π(X|Z) ≈ ∆(X)
∑

(I,ξ)∈F(L)×Ξ

∑

θ∈Θ(M)

ω̃(I,ξ,θ)(Z)δI(L(X))

×
[
p(ξ,θ)(·|Z)

]X

,

where for a fixed (I, ξ), Θ(M) = {θ(1), ..., θ(M)} is the set
of M elements of Θ with the highest weights ω(I,ξ,θ(i)),
and, ω̃(I,ξ,θ) is the re-normalized weight after truncation. It is
implicit that the value M can and should be chosen differently
for each (I, ξ).

Enumerating the measurement set Z = {z1, ..., zm} and
I = {`1, ..., `n}, the M -best components θ(1), ..., θ(M) can
be determined (without evaluating the entire set of weights)
by using Murty’s algorithm [32], to find the M best solution
matrices S1, ..., SM to the optimal assignment problem with
(|Z|+ |I|)× (|Z|+ |I|) cost matrix C

(I,ξ)
Z where

C
(I,ξ)
Z (i, j) = −1(i ≤ |I|)1(j ≤ |Z|)

× log

(〈
p(ξ)(·, `i), pD(·, `i)g(zj |·, `i)

〉
〈
p(ξ)(·, `i), qD(·, `i)

〉
κ(zj)

)
.

Note that C
(I,ξ)
Z (i, j) = 0 if i > |I| or j > |Z|. A solution

matrix Sk consists of 0 or 1 entries with each row and column
summing to 1, and a 1 in row i and column j indicates a
mapping of i to j. Hence Sk represents the map θ(k) : I →
{0, 1, ..., |Z|} given by

θ(k)(`i) =
|Z|∑

j=1

jδ(1− Sk(i, j))

with the kth smallest sum
∑|I|

i=1 C
(I,ξ)
Z (i, θ(k)(`i)), or equiv-

alently kth largest product
∏|I|

i=1 exp(−C
(I,ξ)
Z (i, θ(k)(`i))).

This product is proportional to [η(ξ,θ(k))
Z ]I =∏

`∈I

〈
p(ξ)(·, `), ψZ(·, `; θ(k))

〉
, as can be seen from

the alternative expression for ψZ(·, `; θ(k)) in (24). Thus, θ(k)

is the kth best component in terms of the updated weight
ω(I,ξ,θ(k))(Z) ∝ ω(I,ξ)[η(ξ,θ(k))

Z ]I . Since Murty’s algorithm
is quartic in complexity [32], the proposed approximation is
quartic in the number of measurements.

B. Prediction truncation

We assume a labeled Poisson birth model (27)-(28), and
use the equivalent form (58) for the prediction taken from the

proof of Proposition 10:

π+(X+) = ∆(X+)
∑

(I,ξ)∈F(L)×Ξ

ω(I,ξ)[q(ξ)
S ]I

∑

J′∈F(B)
wB(J ′)

×
∑

Y ∈F(I)

[
η
(ξ)
S

q
(ξ)
S

]Y

δY ∪J′(L(X+))
[
p
(ξ)
+

]X+

,

The predicted mixture π+(·) is approximated by a truncated
version:

π+(X+) ≈ ∆(X+)
∑

(I,ξ)∈F(L)×Ξ

∑

J′∈[F(B)](m′)

∑

Y ∈[F(I)](m)

ω̃(I,ξ)(J ′, Y )

× δY ∪J′(L(X+))
[
p
(ξ)
+

]X+

,

where for a fixed (I, ξ), [F(B)](m
′) = {J (1), ..., J (m′)} is the

set of m′ elements of F(B) with the highest weights wB(J (i)),
[F(I)](m) = {Y (1), ..., Y (m)} is the set of m elements of
F(I) with the highest weights ω(I,ξ)[q(ξ)

S ]I[η(ξ)
S /q

(ξ)
S ]Y

(i)
, and

ω̃(I,ξ)(J ′, Y ) is the re-normalized weight after truncation.
For a given (I, ξ), [F(B)](m

′) can be trivially evaluated for
a labeled Poisson RFS of births, and [F(I)](m) can be simply
evaluated using a similar computation strategy as described
in the update or via the kth shortest path algorithm. Note
also that the multi-Bernoulli birth model (29)-(30) can be
accommodated in an even simpler manner by treating each
multi-Bernoulli component as effectively a ‘survival’ from
‘nothing’.

C. Linear Gaussian multi-target model

For a linear Gaussian multi-target model [25], which is
essentially the assumption of Gaussian mixture single target
transition, likelihood and birth intensity, as well as constant
survival and detection probabilities, each relevant single target
density p

(ξ)
k−1(·, `) is represented as a Gaussian mixture. The

corresponding Gaussian mixture predicted and updated den-
sities p

(ξ)
k|k−1(·, `), p

(ξ)
k (·, `) are computed using the standard

Gaussian mixture update and prediction formulas based on the
Kalman filter. Associated weights, inner products, and nor-
malizing constants can be computed from relevant Gaussian
identities. This implementation is known as the para-Gaussian
multi-target filter and a numerical example can be found in
our preliminary work [18].

D. Non-linear multi-target model

For non-linear non-Gaussian multi-target models (with state
dependent survival and detection probabilities), each single
target density p

(ξ)
k−1(·, `) is represented by a set of weighted

particles. The corresponding predicted and updated densities
p
(ξ)
k|k−1(·, `), p

(ξ,θ)
k (·, `) are computed by the standard particle

(or Sequential Monte Carlo) filter. Associated weights, inner
products, and normalizing constants can be computed from the
particles and their weights.
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E. Multi-target estimation

Given a multi-object posterior density, several solutions to
multi-object state estimation such as the Joint Multi-object
Estimator or Marginal Multi-object Estimator are available [1].
While these estimators are Bayes optimal, they are difficult to
compute. We use a suboptimal version of the Marginal Multi-
object Estimator, with the maximum a posteriori estimate of
the cardinality and the mean estimate of the multi-object state
conditioned on the estimated cardinality.

F. Numerical example

Consider a non-linear multi-target scenario with a total of 10
targets. The number of targets varies in time due to births and
deaths, and the observations are subject to missed detections
and clutter. Ground truths are shown in Figure 1. The target
state xk = [ x̃T

k , ωk ]T comprises the planar position and
velocity x̃k = [ px,k, ṗx,k, py,k, ṗy,k ]T and the turn rate ωk.
Sensor returns are bearings and range vectors of the form zk =
[ θk, rk ]T on the half disc of radius 2000m.

Individual targets follow a coordinated turn model with
transition density fk|k−1(x′|xk) = N (x′;m(xk), Q), where
m(xk) = [ [F (ωk)x̃k]T , ωk ]T , Q = diag([σ2

wGGT , σ2
u]),

F (ω) =




1 sin ω∆
ω 0 − 1−cos ω∆

ω
0 cos ω∆ 0 − sinω∆
0 1−cos ω∆

ω 1 sin ω∆
ω

0 sin ω∆ 0 cosω∆


, G =




∆2

2 0
∆ 0
0 ∆2

2
0 ∆


,

and ∆ = 1s is the sampling time, σw = 15m/s2

is the standard deviation of the process noise, σu =
π/180rad/s is the standard deviation of the turn rate noise.
The survival probability for targets is pS,k(x) = 0.99.
The birth process follows a labeled Poisson RFS with in-
tensity γk(x) =

∑4
i=1 w

(i)
γ N (x; m(i)

γ , Pγ) where w
(1)
γ =

w
(2)
γ = 0.02 and w

(3)
γ = w

(4)
γ = 0.03, m

(1)
γ = [ −

1500, 0, 250, 0 0 ]T , m
(2)
γ = [−250, 0, 1000, 0 0 ]T , m

(3)
γ =

[ 250, 0, 750, 0 0 ]T , m
(4)
γ = [ 1000, 0, 1500, 0 0 ]T , and

Pγ = diag([ 50, 50, 50, 50, 6(π/180) ]T )2.
If detected, each target produces a noisy bearing and range

measurement z = [ θ, r ]T with likelihood gk(z|x) =
N (z; µ(x), R), where µ(x) = [arctan(px/py),

√
p2

x + p2
y]

and R = diag([ σ2
θ, σ

2
r ]T ) with σθ = (π/180)rad and

σr = 5m. The probability of detection is state dependent
and is given by pD,k(x) ∝ N (x; [0, 0], diag([6000, 6000])2),
which reaches a peak value of 0.98 at the origin and tapers to
a value of 0.92 at the edge of the surveillance region. Clutter
follows a Poisson RFS with intensity κk(z) = λcU(Z), where
λc = 3.2 × 10−3 (radm)−1 and U(Z) denotes a uniform
density on the observation region (giving an average of 20
clutter points per scan).

The multi-target Bayes (MTB) filter is implemented in
the proposed δ-generalized labeled multi-Bernoulli form, with
(continuous) kinematic component of the target state repre-
sented as weighted particle sets which are predicted and up-
dated using standard sequential importance resampling (SIR)

particle filter techniques. The labels of the target state uniquely
identify target tracks. The number of new components cal-
culated and stored in each forward propagation is set to be
proportional to the weight of the original component, subject
to each cardinality retaining a minimum of 33 terms, and
with the entire density further truncated to a maximum of 777
terms. Components with weights below a threshold of 10−5

are discarded.
The filter output for a single sample run is given in Figure

2, showing the true and estimated tracks in x and y coordi-
nates versus time. It can be seen that the filter initiates and
terminates tracks with a small delay, and generally produces
accurate estimates of the individual target states and the total
target numbers. It is also noted that there is a small incidence
of dropped or false tracks as expected, although no track
switching is observed, and thus the estimated track identities
are consistent throughout the entire scenario.
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Fig. 1. Tracks in the rθ plane. Start/Stop positions for each track are shown
with ◦/4.
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Fig. 2. Estimates and tracks for x and y coordinates versus time.

We further verify our results by comparing performance
with a sequential Monte Carlo (SMC) implementation of the
CPHD filter. Over 100 Monte Carlo trials, the cardinality
statistics for both filters is shown in Figure 3. While both
filters appear to estimate target numbers correctly, the MTB
appears to outperform the CPHD on both mean and vari-
ance. Figure 4 compares the OSPA miss distance (p = 1,
c = 100m) [33] for the two filters. These results confirm that,
for this scenario, the MTB filter generally outperforms the
CPHD filter, but incurs of an order of magnitude increase in
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computational complexity. The wide performance gap can be
partially attributed to the SMC implementation of the CPHD
filter which is error prone due its reliance on clustering to
extract state estimates (whereas the MTB filter does not require
clustering). We stress that the aim of our comparison is to
verify the established theoretical results and is not intended to
be a comprehensive study. A rigorous performance analysis of
the proposed algorithm is beyond the scope of the paper and
is the subject of further work.
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Fig. 3. Cardinality statistics for the MTB and CPHD filters versus time.
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Fig. 4. OSPA distance (p = 1, c = 300m) for MTB and CPHD filters.

VII. CONCLUSION

By introducing the notion of labeled RFSs, we were able
to construct two families of multi-object conjugate priors that
are also closed under the multi-object Chapman-Kolmogorov
equation. A multi-target tracking filter, completely described
by the multi-object prediction and update equations, is pro-
posed to demonstrate the application of these results. To the
best of our knowledge, this is the first RFS-based multi-target
filter that produces track-valued estimate in a principled man-
ner, thereby refuting the opinion that the RFS approach alone
cannot produce track estimates. Our results can potentially be
extended to multi-object smoothing. Implementation of the
algorithm employs Murty’s algorithm to reduce the number
of components in the multi-object densities. This complexity
can be further reduced by optimizing Murty’s algorithm [34]
or by using Lagrangian relaxation [35].

APPENDIX

The following Lemma is used in several instances through-
out the Appendix.

Lemma 12 If f : Ln → R is symmetric, i.e. its value at
any n-tuple of arguments is the same as its value at any
permutation of that n-tuple, then

∑

(`1,...,`n)∈Ln

δn(|{`1, ..., `n}|)f(`1, ..., `n)

= n!
∑

{`1,...,`n}∈Fn(L)
f(`1, ..., `n)

Proof: Due to the term δn(|{`1, ..., `n}|), the sum becomes
a sum over indices in Ln with distinct components. The
symmetry of f means that all n! permutations of (`1, ..., `n)
shares the same functional value f(`1, ..., `n). Moreover, all
n! permutations of (`1, ..., `n) with distinct components define
an equivalence class {`1, ..., `n} ∈ Fn(L). ¤

Proof of Lemma 3:∫
δ|X|(|L(X)|)h(L(X))gXδX

=
∞∑

n=0

1
n!

∑

(`1,...`n)∈Ln

δn(|{ 1̀, ..., `n′}|)h({ 1̀, ..., `n})

×
∫(

n∏

i=1

g(xi, `i)

)
dx1...dxn

=
∞∑

n=0

1
n!

∑

(`1,...`n)∈Ln

δn(|{`1, ..., `n}|)h({`1, ..., `n})

×
n∏

i=1

(∫
g(xi, `i)dxi

)

=
∞∑

n=0

∑

{`1,...`n}∈Fn(L)
h({`1, ...`n})

n∏

i=1

(∫
g(xi, `i)dxi

)
,

where the last line follows from the symmetry of
h({`1, ...`n})

∏n
i=1

(∫
g(xi, `i)dxi

)
in (`1, ...`n), and Lemma

12. The double sum can be combined as a sum over the subsets
of L and the result follows. ¤

Proof of Proposition 5: From [1], for any RFS X on X× L
the cardinality distribution is given by

ρ(n) =
1
n!

∫

(X×L)n

π({x1, ...,xn})d(x1...,xn)

Hence, substituting for π using the defining equation for
generalized labeled multi-Bernoulli (13) and then bringing the
integral inside the sum over C give

ρ(n)

=
1
n!

∑

(`1,...,`n)∈Ln
δn(| {`1, ..., `n} |)

∑

c∈C
w(c)({`1, ..., `n})

×
[∫

Xn

(
n∏

i=1

p(c)(xi, `i)

)
d(x1, ..., xn)

]

=
∑

c∈C

1
n!

∑

(`1,...,`n)∈Ln
δn(| {`1, ..., `n} |)w(c)({`1, ..., `n})

×
(

n∏

i=1

∫

X
p(c)(xi, `i)dxi

)
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=
∑

c∈C

1
n!

∑

(`1,...,`n)∈Ln
δn(| { 1̀, ..., ǹ} |)w(c)({`1, ..., `n})

=
∑

c∈C

1
n!

n!
∑

{ 1̀,..., ǹ}∈Fn(L)
w(c)({ 1̀, ..., ǹ}) (using Lemma 12)

=
∑

L∈Fn(L)

∑

c∈C
w(c)(L). ¤

Proof of Proposition 6: Following [1], the PHD of the
unlabeled RFS is given by

v(x) =
∞∑

n=0

1
n!

∫
π ({x} ∪ {x1, ..., xn}) d(x1..., xn)

where

π ({x} ∪ {x1, ..., xn})
=

∑

(`, 1̀,..., ǹ)∈Ln+1

π ({(x, `), (x1, `1), ..., (xn, `n)})

by virtue of (9). Similar to the proof of the cardinality
distribution, substituting for π using the defining equation
for generalized labeled multi-Bernoulli (13), then bringing the
integral inside the sum over C and using the property that each
p(c)(·, `i) integrates to 1 gives

v(x) =
∞∑

n=0

1
n!

∑

c∈C

∑

(`,`1,...,`n)∈Ln+1

δn+1(|{`, `1, ..., `n}|)

× w(c)({`, `1, ..., `n})p(c)(x, `)

=
∞∑

n=0

1
n!

∑

c∈C

∑

`∈Ln

∑

(`1,...,`n)∈Ln

δn(|{`1, ..., `n}|)

× (
1− 1{`1,...,`n}(`)

)
w(c)({`, `1, ..., `n})p(c)(x, `)

Since
(
1− 1{`1,...,`n}(`)

)
w(c)({`, `1, ..., `n}) is permutation

invariant in (`1, ..., `n), applying Lemma 12 gives

v(x) =
∞∑

n=0

∑

c∈C

∑

`∈L
p(c)(x, `)

∑

L∈Fn(L)
(1−1L(`)) w(c)({`}∪L)

=
∑

c∈C

∑

`∈L
p(c)(x, `)

∑

L⊆L
(1−1L(`)) w(c)({`}∪L)

=
∑

c∈C

∑

`∈L
p(c)(x, `)

∑

I⊆L
1I(`)w(c)(I).¤

Proof of Proposition 7: Following [1] pp. 410, the multi-
object likelihood (18) can be equivalently rewritten in the
following form

g(Z|X)=e−〈κ,1〉κZ
∑

θ∈Θ

δθ−1({0:|Z|})(L(X))[ψZ(·; θ)]X (54)

where Θ is the space of mappings θ : L → {0 : |Z|} ,
{0, 1, ..., |Z|}, such that θ(i) = θ(i′) > 0 implies i = i′, i.e
when the range is restricted to the positive integers, θ is one-
to-one. Note that the multi-object likelihood in [1] involves
summing [ψZ(·; θ)]X over the θ’s that are defined on {1 : |X|}
(instead of L as per our definition). Nonetheless, this is
equivalent to (54) since the term δθ−1({0:|Z|})(L(X)) restricts

the sum to the θ’s with domain L(X). For convenience
abbreviate λ = e−〈κ,1〉κZ , then

g(Z|X)π(X) = ∆(X)λ
∑

c∈C

∑

θ∈Θ

δθ−1({0:|Z|})(L(X))

× w(c)(L(X))[p(c)ψZ(·; θ)]X
= ∆(X)λ

∑

c∈C

∑

θ∈Θ

δθ−1({0:|Z|})(L(X))

× w(c)(L(X))[η(c,θ)
Z ]L(X)

[
p(c,θ)(·|Z)

]X

since p(c)(x, `)ψZ(x, `; θ) = η
(c,θ)
Z (`)p(c,θ)(x, `|Z) by virtue

of (21). Now∫
g(Z|X)π(X)δX

= λ

∫
∆(X)

∑

c∈C

∑

θ∈Θ

δθ−1({0:|Z|})(L(X))

× w(c)(L(X))[η(c,θ)
Z ]L(X)

[
p(c,θ)(·|Z)

]X

δX

= λ
∑

c∈C

∑

θ∈Θ

∫
∆(X)δθ−1({0:|Z|})(L(X))

× w(c)(L(X))[η(c,θ)
Z ]L(X)

[
p(c,θ)(·|Z)

]X

δX

= λ
∑

c∈C

∑

θ∈Θ

∑

J∈⊆L
δθ−1({0:|Z|})(J)w(c)(J)[η(c,θ)

Z ]J

where the last line follows from Lemma 3. Hence,

π(X|Z)

=
g(Z|X)π(X)δX∫
g(Z|X)π(X)δX

=
∆(X)

∑
c∈C

∑
θ

[
δθ−1({0:|Z|})(L(X))w(c)(L(X))[η(c,θ)

Z ]L(X)
]

∑
c∈C

∑
θ

∑
J∈⊆L

δθ−1({0:|Z|})(J)w(c)(I)[η(c,θ)
Z ]J

×
[
p(c,θ)(·|Z)

]X

= ∆(X)
∑

c∈C

∑

θ

w
(c,θ)
Z (L(X))

[
p(c,θ)(·|Z)

]X

(from (22)).¤

Proof of Proposition 8: The density of the surviving
multi-object state at the next time is given by the Chapman-
Kolmogorov equation

πS(W)

=
∫

fS(W|X)π(X)δX.

= ∆(W)
∫

1L(X)(L(W))[Φ(W; ·)]X

×∆(X)
∑

c∈C
w(c)(L(X))

[
p(c)

]X

δX

= ∆(W)
∑

c∈C

∫
∆(X)1L(X)(L(W))w(c)(L(X))

×
[
Φ(W; ·)p(c)

]X

δX
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= ∆(W)
∑

c∈C

∑

I⊆L
1I(L(W))w(c)(L)

∏

`∈I

〈
Φ(W; ·, `), p(c)(·, `)

〉

(55)

where (55) follows from the previous line via Lemma 3. Due
to the term 1I(L(W)), we only need to consider I ⊇ L(W),
in which case
∏

`∈I

〈
Φ(W; ·, `), p(c)(·, `)

〉

=
∏

`∈L(W)

〈
Φ(W; ·, `), p(c)(·, `)

〉 ∏

`∈I−L(W)

〈
Φ(W; ·, `), p(c)(·, `)

〉

=
∏

`∈L(W)

∑

(x+, +̀)∈W

δ`( +̀)
〈
pS(·, `)f(x+|·, `), p(c)(·, `)

〉

×
∏

`∈I−L(W)

〈
qS(·, `), p(c)(·, `)

〉

=
∏

`∈L(W)

∑

(x+, +̀)∈W

δ`( +̀)p(c)
S (x+, `)η(c)

S (`)
∏

`∈I−L(W)

q
(c)
S (`)

=
∏

(x+,`)∈W

p
(c)
S (x+, `)η(c)

S (`)
∏

`∈I−L(W)

q
(c)
S (`)

=
[
p
(c)
S

]W [
η
(c)
S

]L(W) [
q
(c)
S

]I−L(W)

Hence, substituting this into (55) and using (37) for w
(c)
S (L)

gives

πS(W) = ∆(W)
∑

c∈C
w

(c)
S (L(W))[p(c)

S ]W

For the predicted multi-object density, recall the birth density
(26), let XB = X+ − X× L and XS = X+ ∩ X× L, then

π+(X+)

=
∫

f(X+|X)π(X)δX

= fB(XB)
∫

fS(XS |X)π(X)δX

= fB(XB)πS(XS)

=∆(XB)∆(XS)
∑

c∈C
wB(L(XB))w(c)

S (L(XS))[pB ]XB[p(c)S ]XS

=∆(X+)
∑

c∈C
wB(L(X+)− L))w(c)

S (L(X+) ∩ L))[p(c)
+ ]X+

(since L is a projection)

=∆(X+)
∑

c∈C
w

(c)
+ (L(X+))[p(c)

+ ]X+ . ¤

Proof of Proposition 10: From Proposition 8,

π+(X+) = ∆(X+)
∑

(I,ξ)∈F(L)×Ξ

w
(I,ξ)
+ (L(X+))

[
p
(ξ)
+

]X+

where

w
(I,ξ)
+ (L) = wB(L− L)w(I,ξ)

S (L ∩ L) (56)

w
(I,ξ)
S (J) = [η(ξ)

S ]J
∑

L⊆L
1L(J)δI(L)ω(I,ξ)[q(ξ)

S ]L−J (57)

Note that 1L(J)δI(L)ω(I,ξ)[q(ξ)
S ]L = 1I(J)ω(I,ξ)[q(ξ)

S ]I if
L = I and zero otherwise, hence

w
(I,ξ)
S (J) = [η(ξ)

S ]J1I(J)ω(I,ξ)[q(ξ)
S ]I−J

= [η(ξ)
S ]J

∑

Y⊆I

δY (J)ω(I,ξ)[q(ξ)
S ]I−J

=
∑

Y⊆I

δY (J)[η(ξ)
S ]Jω(I,ξ)[q(ξ)

S ]I−J

=
∑

Y⊆I

δY (J)[η(ξ)
S ]Y ω(I,ξ)[q(ξ)

S ]I−Y

Rewriting wB(L) =
∑

J ′∈F(B) wB(J ′)δJ′(L) and substitute
this into (56), we have

w
(I,ξ)
+ (L)

=
∑

Y⊆I

δY(L ∩ L)[η(ξ)
S ]Yω(I,ξ)[q(ξ)

S ]I−Y
∑

J′∈F(B)
wB(J ′)δJ ′(L−L)

= ω(I,ξ)
∑

J ′∈F(B)
wB(J ′)

∑

Y⊆I

[η(ξ)
S ]Y [q(ξ)

S ]I−YδY(L ∩ L)δJ ′(L−L)

= ω(I,ξ)
∑

J ′∈F(B)
wB(J ′)

∑

Y⊆I

[η(ξ)
S ]Y [q(ξ)

S ]I−Y δY ∪J′(L)

where the last line follows from L ∩ L =Y and L − L =J ′

⇒ L = Y ∪ J ′. Now

π+(X+)

= ∆(X+)
∑

I∈F(L)

∑

ξ∈Ξ

ω(I,ξ)
∑

J′∈F(B)

∑

Y⊆I

δY ∪J′(L(X+))

× wB(J ′)[η(ξ)
S ]Y [q(ξ)

S ]I−Y
[
p
(ξ)
+

]X+

(58)

= ∆(X+)
∑

I∈F(L)

∑

ξ∈Ξ

ω(I,ξ)
∑

J′∈F(B)

∑

Y ∈F(L)
1I(Y )δY ∪J′(L(X+))

× wB(J ′)[η(ξ)
S ]Y [q(ξ)

S ]I−Y
[
p
(ξ)
+

]X+

= ∆(X+)
∑

Y ∈F(L)

∑

J′∈F(B)

∑

ξ∈Ξ

δY ∪J′(L(X+))
[
p
(ξ)
+

]X+

×

wB(J ′)[η(ξ)

S ]Y
∑

I∈F(L)
1I(Y )[q(ξ)

S ]I−Y ω(I,ξ)




= ∆(X+)
∑

Y ∈F(L)

∑

J′∈F(B)

∑

ξ∈Ξ

δY ∪J′(L(X+))
[
p
(ξ)
+

]X+

×
(
wB(J ′)ω(ξ)

S (Y )
)

= ∆(X+)
∑

(I+,ξ)∈F(L+)×Ξ

δI+(L(X+))
[
p
(ξ)
+

]X+

×
(
wB(I+∩B)ω(ξ)

S (I+∩L)
)

where the last line follows by setting I+ = Y ∪ J ′, and since
Y ⊆ L, J ′ ⊂ B and L, B are disjoint, Y = I+ ∩ L and
J ′ = I+ ∩ B. ¤

Proof of Proposition 11: From proposition 7

π(X|Z)=∆(X)
∑

(I,ξ)∈F(L)×Ξ

∑

θ∈Θ

w(I,ξ,θ)(L(X)|Z)
[
p(ξ,θ)(·|Z)

]X
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where

w(I,ξ,θ)(L|Z)

=
δθ−1({0:|Z|})(L)ω(I,ξ)δI(L)[η(ξ,θ)

Z ]L
∑

(I,ξ)∈F(L)×Ξ

∑
θ∈Θ

∑
J⊆L

δθ−1({0:|Z|})(J)ω(I,ξ)δI(J)[η(ξ,θ)
Z ]J

with θ, p(ξ,θ)(x, `|Z), η
(ξ,θ)
Z (`), ψZ(·, `; θ) given as in Proposi-

tion 11. For w(I,ξ,θ)(L|Z), note that δθ−1({0:|Z|})(L)δI(L) =
δθ−1({0:|Z|})(I)δI(L) and consider the sum over I ⊆ L in the
denominator

∑

J⊆L
δθ−1({0:|Z|})(J)ω(I,ξ)δI(J)[η(ξ,θ)

Z ]J

= δθ−1({0:|Z|})(I)ω(I,ξ)[η(ξ,θ)
Z ]I

we can rewrite

w(I,ξ,θ)(L|Z)

=
δθ−1({0:|Z|})(I)ω(I,ξ)[η(ξ,θ)

Z ]I
∑

(I,ξ)∈F(L)×Ξ

∑
θ∈Θ

δθ−1({0:|Z|})(I)ω(I,ξ)[η(ξ,θ)
Z ]I

δI(L)

= ω(I,ξ,θ)(Z)δI(L).¤
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