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Abstract—The random set based multi-Bernoulli ﬁlter is applied to a challenging low signal to noise track before detect
scenario. Speciﬁcally we use the variant of the multi-Bernoulli
ﬁlter that processes raw image observations. We add an additional layer of track management logic to output trajectories
rather than point estimates. The tracker also exploits additional
road map information by integrating the roads into the ﬁltering
likelihood. We show that this approach of using the image
observation MeMBer ﬁlter with track management and road
constrained model can yield an effective tracker for track before
detect scenarios.

I. I NTRODUCTION
Tracking of dim targets is a challenging prospect especially
if the level of background noise is high. Traditional tracking
algorithms are designed to use point measurements typically
generated by thresholding the sensors output [1]. Thresholding
noisy sensor information results in many false detections. A
solution to this problem is to use an alternative approach which
uses the whole sensor output as a measurement. These algorithms are referred to as track-before-detect (TBD) algorithms.
Salmond and Birch established the ﬁrst Bayesian TBD
algorithm based on a particle implementation [3]. There now
exists many new TBD algorithms such as the one by Czyz et.
al. which jointly detects and tracks color targets in video [4],
the non Bayesian TBD algorithm by Buzzi et. al. [5] and the
Histogram Probabilistic Multi-Hypotheis tracker by Streit et.
al. [6]. A comprehensive summary of TBD algorithms can be
found in Davey’s performance comparison [7].
The low intensity of the target return maybe inherent in
the particular sensing technology that is used. Sensors which
have a low dynamic range like monochrome cameras would
be a sensor technology would be affected greater. This would
make tracking of aerial imagery particularly difﬁcult especially
when combined with having to estimate multiple time varying
objects.
A recent approach to tracking is to represent the multi-object
state as a ﬁnite set and model the multi-target uncertainty by a
random ﬁnite set. The center piece of the FISST approach to

target tracking is the multi-target Bayes ﬁlter. Unfortunately
it is extremely expensive to run and only lately has there
been a discovery which makes it tractable [9]. Due to the
inherent combinatorial nature of multi-object densities and
the multiple integrations on the (inﬁnite dimensional) multiobject state and observation spaces, the multi-target Bayes
ﬁlter is intractable in most practical applications. To alleviate
this intractability, the probability hypothesis density (PHD)
and subsequently Cardinalized PHD (CPHD) ﬁlters have been
proposed as moment [10] and cardinality approximations [11].
These ﬁlters operate on the single-object state space and avoid
the combinatorial number of calculations that arises from data
association. Since their inceptions the PHD and CPHD ﬁlters
have generated substantial interest from academia as well as
the commercial sector with the developments of numerical
implementations such as the sequential Monte Carlo (SMC) or
particle [12] and Gaussian mixture[13] PHD ﬁlter as well as
the CPHD ﬁlter [14]. In addition to the PHD and CPHD ﬁlters,
the multi-target multi-Bernoulli (MeMBer) ﬁlter is another
approximation of the multi-target Bayes ﬁlter, based on multiBernoulli RFS [15].
In this paper we consider the problem of tracking multiple
ground targets that are contrained to move a net work of roads
from image observations. We solve this problem efﬁciently
by using the Image Observation-MeMBer (IO-MeMBer) ﬁlter
[16] and exploiting the prior terrain information by constraining motion to known roads. This allows for a better
localization of our targets. Moreover, we incorporated track
management to the output of the IO-MeMBer ﬁlter so that
output is not purely location estimates but target trajectories.
The paper is organized as follows. Background on the IOMeMBer ﬁlter is presented in Section II. Section III describes
how we incorporate prior terrain information and integrate
a track management scheme with the IO-MeMBer ﬁlter. A
numerical simulation is presented in Section IV. We conclude
with closing remarks in Section V.

II. T HE MULTI -B ERNOULLI FILTER USING IMAGE
OBSERVATIONS

The multi-Bernoulli ﬁlter for point measurements was originally proposed by Mahler [8] and was subsequently shown
to have a signiﬁcant bias which was corrected by cardinality balancing in [15]. A multi-Bernoulli ﬁlter for image
measurements also referred as to as a TBD ﬁlter was later
proposed in [16]. The Multi-Bernoulli TBD ﬁlter requires the
asssumption of a separable likelihood whereby the noise and
target distributions can be treated independently. A special
case of separability in the multi-object likelihood occurs when
objects in the image observation do not overlap or interact
with each other. This form of image observations admits an
analytical data update [16], [17], [18]. A full description of the
derivation from ﬁrst principles including probablity generating
functionals can be found in [16]. This section will describe
the Multi-Bernoulli RFS, the IO-MeMBer recursion and its
sequential Monte-Carlo implementation.
A. The Multi-Bernoulli RFS
This subsection will brieﬂy describe the deﬁnition of a
multi-Bernoulli RFS.
A Bernoulli RFS X on a given state space X is described by
two parameters: its existence probability r and its probability
density p (deﬁned on χ). The salient feature of a Bernoulli
RFS is that any realization takes on either the empty set
(with probability 1 − r) or a singleton (with probability r
and distributed according to p). The probability density for
a Bernoulli RFS is given by (see [8] pp. 368):

1−r
X=∅
π (X) =
r  p (x) X = {x}
A multi-Bernoulli RFS X on a given state space X is the
union of a ﬁnite number of independent Bernoulli RFSs:
(i)
X = ∪M
i=1 X

where X (i) are M independent Bernoulli RFSs with existence probabilities r(i) and probability densities p(i) . A
multi-Bernoulli RFS is thus completely described by the
multi-Bernoulli parameter set {(r(i) , p(i) )}M
i=1 . Moreover, its
probability density is given by (see [8] pp. 368)
π({x1 , ..., xn }) =
M 


1 − r(j)
j=1



1≤i1 =...,=in

n

r(ij ) p(ij ) (xj )
.
1 − r(ij )
≤M j=1

The multi-Bernoulli RFS is used in the IO-MeMBer ﬁlter
to capture the multi-object state of the system and propagate
it internally to update it with new information.
B. The IO-MeMBer ﬁlter
A multi-object likelihood is said to be separable where the
observation vector or image y conditioned on the multi-object
state X is given by

gy (x) ,
g (y|X) = f (y)
x∈X

where f (·) is probability density independent of X, and gy (·)
is a probability density parameterized by y. An important
special case of a separable likelihood is that of rigid objects
observed in background noise. Suppose we have a ﬁnite set
of object states X. For each x ∈ X, the object at state x
illuminates a set of pixels denoted by T (x). A pixel with index
i which is illuminated due to an object presence has value
distributed according to ϕi (·, x). A pixel with index i which
is illuminated due to background noise has value distributed
according to φi (·). Thus the probability density of the value
of pixel yi given a state x is

ϕi (yi , x) i ∈ T (x)
p(yi |x) =
.
i∈
/ T (x)
φi (yi )
In this case the multi-object likelihood is
⎤⎡
⎡

 
p(yi |x)⎦ ⎣
g (y|X) = ⎣
x∈X i∈T (x)

⎤
p(yi |x)⎦ ,

i∈∪
/ x∈X T (x)

which is of separable form with
 ϕi (yi , x)
,
φi (yi )
i∈T (x)

f (y) =
φi (yi ).

gy (x) =

i

Assuming likelihood separability, the posterior density of
the multi-Bernoulli multi-object RFS admits a closed form
recursion under the Chapman-Kologorov equation and the
Bayes update equation, i.e. the multi-Bernoulli RFS density
admits an exact prediction and update no approximations such
cardinality balancing. The recursion is provided here:
Prediction: Given the posterior multi-Bernoulli components
Mk−1
(i)
(i)
(i)
, where rk−1 is the existence
πk−1 = {(rk−1 , pk−1 )}i=1
(i)
probability and pk−1 is the object location PDF of target i
at time k − 1 , the predicted multi-Bernoulli components are:
(i)

M

(i)

(i)

M

(i)

Γ,k
k−1
πk|k−1 = {(rP,k|k−1, pP,k|k−1 )}i=1
,
∪ {(rΓ,k , pΓ,k )}i=1

where the existence probability and object location PDF are:
(i)

rP,k|k−1

(i)

(i)

= rk−1 pk−1 , pS,k ,
(i)

(i)

pP,k|k−1 (x) =

fk|k−1 (x|·), pk−1 pS,k 
(i)

pk−1 , pS,k 

,

and also :
fk|k−1 (·|ζ) is the single target transition density,
pS,k (ζ) is the probability of target existence,
(i)

(i)

M

Γ,k
are the Bernoulli components,
{(rΓ,k , pΓ,k )}i=1
of the birth RFS at time k.

Update: Given the predicted multi-Bernoulli components
Mk|k−1
(i)
(i)
(i)
πk|k−1 = {(rk|k−1 , pk|k−1 }i=1
,where rk|k−1 is the exis(i)

tence probability and pk|k−1 is the object location PDF of

target i at time k , the updated multi-Bernoulli components
are:
(i)

M

(i)

k|k−1
πk = {(rk , pk )}i=1

(1)

where each component is re-weighted using the multi-object
likelihood gy :
(i)

(i)

rk

(i)
pk

=

where
(i,j)

(i)

(i)

=

(i,j)

(i,j)

(i)

pk−1 (x) =

L(i)
k−1
j=1

(i,j)

wk−1 δx(i,j) (x).
k−1

(i)

Then, given the following proposal densities qk (·|xk−1 , yk )
(i)
and bk (·|yk ), the predicted (multi-Bernoulli) multi-object
density can be calculated as follows
(i)

(i)

rP,k|k−1 = rk−1
(i)

pP,k|k−1 (x) =

L(i)
k−1

L(i)
k−1
j=1

j=1

(i,j)

(i,j)

wk−1 pS,k (xk−1 ),

(i,j)

w̃P,k|k−1 δx(i,j)

P,k|k−1

(i)

(x),

rΓ,k = parameter given by birth model,
L(i)
Γ,k
(i)
(i,j)
pΓ,k (x) =
w̃Γ,k δx(i,j) (x),
j=1

Γ,k

(i,j)

(i,j)

,

j=1
(i)
(i)
bk (·|yk ) j = 1, ..., LΓ,k
(i,j)
pΓ,k (xΓ,k )
,
(i) (i,j)
bk (xΓ,k |yk )

(i,j)

=

(i,j)

= wΓ,k /

(i,j)

(i,j)

(i,j)

L

L(i)
Γ,k
j=1

(i,j)

wΓ,k .

(i)

(i)

pk|k−1 =

L(i)
k|k−1
j=1

(i,j)

wk|k−1 δx(i,j) (x).
k|k−1

Then, the updated (multi-Bernoulli) multi-object density (1)
calculated as follows
(i)

rk

(i)

=
=

(i)

rk|k−1 k
(i)

(i)

(i)

1 − rk|k−1 + rk|k−1 k
1 L(i)
k|k−1
(i,j)
(i,j)
wk|k−1 gyk (xk|k−1 )δx(i,j) (x),
(i)
j=1
k|k−1
k

(i)
(i) Lk|k−1 (i,j)
(i,j)
wk|k−1 gyk (xk|k−1 ).
where k = j=1

Re-sampling should be implemented in the same method as
in [15] and [16].
III. A DDING ROAD CONSTRAINTS AND TRACK

(i)
Lk−1

is comprised of a set of weighted particles {wk−1 , xk−1 }j=1 ,
i.e.

(i,j)

k−1
{wk|k−1 , xk|k−1 }j=1
, i.e.

(i)

In this section we show the SMC implementation of the
prediction(taken from [15]) and for the new update (1) step.
SMC Prediction: Suppose for time equal k − 1, the
(multi-Bernoulli) posterior multi-object density πk−1 =
Mk−1
(i)
(i)
(i)
{(rk−1 , pk−1 )}i=1
is given and each pk−1 , i = 1, ..., Mk−1 ,

(i,j)

SMC Update: Suppose that at time k, the predicted (multi-Bernoulli) multi-object density πk|k−1 =
Mk|k−1
(i)
(i)
(i)
is given and each pk|k−1 , i =
{(rk|k−1 , pk|k−1 )}i=1
1, ..., Mk|k−1 , is comprised of a set of weighted particles

pk

C. SMC implementation of the IO-MeMBer ﬁlter

(i)

∼

w̃Γ,k

Merging: A heuristic method is used to account for the
assumption of no overlap. Estimates within a threshold Tmerge
(i)
have their existence probabilities rk and location densities
(i)
pk combined together.
State extraction: The same state extraction process as [15]
can be used to extract estimates from the multi-Bernoulli
components. The expected number of objects or maximum
a posteriori cardinality can be estimated. State estimates can
be extracted by then selecting that number of states with the
highest existence probabilities.

(i,j)

wk−1fk|k−1(xP,k|k−1|xk−1 )pS,k(xk−1 )

(i,j)
xΓ,k

wΓ,k

.

(i)
pk|k−1 , gy

(i)

qk (xP,k|k−1 |xk−1 , yk )
L(i)
k−1
(i,j)
(i,j)
= wP,k|k−1 /
wP,k|k−1

(i,j)

(i)

pk|k−1 gy

=

w̃P,k|k−1

,

(i)

1 − rk|k−1 + rk|k−1 pk|k−1 , gy

(i,j)

(i,j)

(i,j)
wP,k|k−1

(i)

rk|k−1 pk|k−1 , gy

(i)

xP,k|k−1 ∼ qk (·|xk−1 , yk ), j = 1, ..., Lk−1

MANAGEMENT

Our approach in this paper is to present a complete tracking
algorithm that can be applied to any image sensor. The IOMeMBer ﬁlter is ﬁrst used to generate point estimates of the
multi-object state of the dynamical system. The likelihood has
been speciﬁcally adapted to utilize prior road information to
constrain estimates of objects to roads hence increasing the
accuracy of the estimates. We ﬁnally use an efﬁcient track
management scheme parallel to the multi-Bernoulli ﬁlter to
package the estimates into more useful track trajectories.
A. Road constraints
In certain situations such as aerial surveillance prior information on terrain can be utilized to reﬁne tracking estimates
[19]. In algorithms that analytically propagate the object
statistics it can be difﬁcult to incorporate constraints such as
terrain and roads. A general constraint on an object’s dynamics
will typically result in a non closed form posterior hence
requiring an approximation to incorporate the information.

By using a particle or Sequential Monte Carlo approach it
is simple to incorporate road constraints into the algorithm
[19], [20].
We adopt the road model from [21] where roads are
described by a list of trapezoidal segments. Curved roads
can be approximated by using a set of trapezoidal segments.
Incorporating road constraints into our image observation ﬁlter
is then accomplished by factoring the map into the likelihood.
The likelihood of an object off-road is given a penalty based
on its distance away from the road. The ﬁlter is initialized
by setting births at each road entry and exit point to the
region. This also provides a simple method for initializing the
algorithm.
For simplicity our approach reduces the likelihood of offroad locations to zero, resulting in the multi-object likelihood

gy (x)
g (y|X) = K −1 1S (y) f (y)
x∈X

where 1S (y) is an indicator function, S is the union of all
trapezoidal segments approximating the road and K −1 is a
normalization factor.
B. Track management
A simple method to add track labeling to the multi-Bernoulli
ﬁlter is to add labels within the Bernoulli components depend
each new Bernoulli component inherits the parent label [15].
This is simple to implement but is only effective when targets
do not intersect or even become close to each other. If targets
do interact they will inevitably come within the track merging
threshold and the label structure is quickly invalidated. To
solve this we adopt the method in [22].
The simple labeling scheme of Bernoulli components only
allows for labels to be associated directly to the past time
steps labels. By using a more advanced track management
method like [22], previous labels over several time steps can
be considered in the association.
The basic scheme of the track management based on [22]
is to ﬁrst search for possible associations between the current
and previous time step estimates. Second, previously missed
estimates are considered for association with current estimates
not yet associated. The third step is to then validate the current
estimate not yet associated as a newly born target which
will be assigned a new label. Finally if old estimates are not
associated a certain amount of times it is eliminated from the
memory of associated estimates. A more detailed pseudo-code
is given below in 1.
An operation was added to eliminate noise picked up as
track estimates near the birth. This operation conﬁrms a track
after a threshold number of time steps. A check is used to
ensure objects move a minimum distance so that zero velocity
tracks which stay at the birth location fail to be conﬁrmed.
This ensures that the spurious pixels near the edges do not
corrupt the track estimates.
IV. N UMERICAL S IMULATION
This section will show the new tracker applied to a challenging road constrained track before detect scenario. Prior

Algorithm 1 Track management pseudo-code
INITIALIZATION
1) At the ﬁrst time step
2) Acquire ﬁrst set of estimates from IO-MeMBer ﬁlter
3) Assign association bits for each estimate to 1, missed
estimate bits to 0
4) Assign new label per each estimate
ITERATIVE LABELING
1) At every progressive time step repeat
2) Compare current to directly previous estimates
a) If within an association distance threshold
i) Assign previous estimate label to new estimate
and set corresponding association bit to 1
3) Compare current estimates to previous estimates that
have been missed
a) If within an association distance threshold (missed
time ∗ threshold)
i) Assign previous estimate label to new estimate
and set corresponding association bit to 1
4) If estimate is not associated
a) Assign new label and and set corresponding association bit to 1
5) If estimate in memory is not associated in the current
time step
a) Increase its missed estimate counter
b) If counter reaches threshold remove estimate from
memory
road information is available to the tracker is in ﬁgure 1.
The sensor information is a sequence of two dimensional
images that changes as time passes. The whole image is passed
directly to the ﬁrst stage of the tracker, the IO-MeMBer ﬁlter.
The tracker uses the beginning and ends of the road map
as birth locations for new targets that can appear within the
scenario whilst producing point estimates as candidates for
track components. The output from the IO-MeMBer ﬁlter is
then passed to the track management routine to reconstruct the
ﬁnal track estimates.
A. Observation Model
At each time increment, the observation is a twodimensional image consisting of an array of cells with a
scalar intensity. In our scenario, the observation region is a
4000m × 4000m square region, and the observation image
is a 500pix × 500pix array, giving each cell side lengths of
Δx = Δy = 8m. As the observation is a two dimensional
image, it will be treated as an array with the index of ordered
pair of integers i = (a, b), where 1 ≤ a, b ≤ 500. The model
of the observation is given by the probability density of the
intensity yi,k of pixel i, at time k, given a state xk :
 

N yi,k ; hi,k (xk ), σ 2 , i ∈ T (x)


(2)
p(yi,k |xk ) =
i∈
/ T (x)
N yi,k ; 0, σ 2 ,

where σ 2 = 1 is the noise variance, hi,k is the point spread
function given by


2
2
Δx Δy Ik
(Δx a −px,k ) + (Δy b −py,k )
exp −
hi,k (xk ) =
2πσh2
2σh2
σh2

with source intensity Ik = 1250, blurring factor
= 40, and
(px,k , py,k ) being the position of the state xk . The effective
template T (xk ) is the 4pix × 4pix square region whose center
is closest to the position of xk . A typical observation is shown
in Figure 2.
B. Constant Turn Dynamic Model
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For our scenario a generic constant-turn model is adopted.
A constant-turn model is expected to enable more accurate
tracking on curved roads as well as to better accommodate
sharp turns performed by the target. We hence model the
target state at time k by a ﬁve dimensional vector xk =
[ px,k , ṗx,k , py,k , ṗy,k , ωk ]T , consisting of the x-coordinate,
x-velocity, y-coordinate, y-velocity and turn rate, and whose
dynamics is described by the following state transition matrix
equation
(3)
xk = ψk (xk−1 ) + Gwk−1
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where

⎡

sin(ωk−1 T )
ωk−1

1
⎢
⎢0
⎢
ψk (xk−1 )=⎢0
⎢
⎣0
0

cos(ωk−1 T )
1−cos(ωk−1 T )
ωk−1
sin(ωk−1 T )
0

⎡T2
2

⎢T
⎢
G=⎢
⎢0
⎣0
0

0
0

T2
2

T
0

⎤

0
0⎥
⎥
0⎥
⎥,
0⎦

T )−1
0 cos(ωωk−1
k−1
0 − sin(ωk−1 T )
k−1 T )
1 − sin(ω
ωk−1
0 cos(ωk−1 T )
0
0

⎤
0
⎥
0⎥
⎥
x
,
0⎥
⎥ k−1
⎦
0
1
(4)

400
350
300
250
200
150
100

(5)

T

T
=
1s is the sampling period, wk−1
=
T
[wẋ,k−1 , wẋ,k−1 , wω,k−1 ] is a vector of velocities and
turn-rate noise components, which are zero-mean Gaussian
with standard deviations σẋ = σẏ = 5m/s and σω = 6◦ /s
respectively.
C. Actual scenario
In our scenario targets follow the roads shown in ﬁgure
1. There are 4 targets in the scenar io each which start at a
different time. The scenario lasts for a duration of K = 100s.
The exact start stop parameters and ground truths is shown in
ﬁgure 3. A single frame of the sequence of image observations
is also shown in ﬁgure 2.
D. Simulation parameters
The track management parameters used are maximum
missed estimates is 7, track conﬁrmation occurs after 7 successive estimates, tracks can be initiated 50m from birth locations
and tracks are propagated only when the next estimate is under
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A single image observation

100m away. The birth process is a multi-Bernoulli density
which contains a Gaussian at each extreme of the roads. Hence
there is 8birth locations. Each
 is initialized with a covariance
6π T
.
of Pγ = 20, 20, 20, 20, 180
E. Simulation results
The outputs of the tracker are shown in ﬁgures 4 and 5.
The tracker has handled the scenario quite well and is able to
identify all births and deaths. There are occasional incidence
of dropped and false tracks.
We then use the a consistent multi-object tracking metric:
the Optimal Sub-Pattern Assignment for tracks (OSPA-T) [23]
to analyze the performance of the tracker. We use the parameters c = 100m, p = 1, Δ = 80m and α = 25m where c is the
cutoff parameter which determines the relative penalty given
to cardinality and localization errors, p represents the order of
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the per-target localization and cardinality error, Δ represents
the penalty at a speciﬁc time if a track does not exist, and α is
the penalty for any labelling errors. The total OSPA-T consists
of cardinality and localization components. Full details of the
OSPA-T can be found in [23]. The results shown in ﬁgure
6 indicate that tracker performance is acceptable. The spikes
corresponds to noise initiating a track earlier than when it
actually began. For the remainder of the scenario the OSPA-T
remains reasonably low, with the small error most likely due
to the pixelisation of physical locations due to the nature of
image observations.

V. C ONCLUSION
We have demonstrated that by using a combination of the
IO-MeMBer ﬁlter with road constraints and track management
an effective multi-object image observation tracker can be created. The numerical example demonstrates its effectiveness in
a track before detect scenario. The tracker is naturally limited
by some of the fundamental limitations of the original IOMeMBer ﬁlter. Overlapping objects due to target intersections
can still cause dropped estimates. Future work will examine
ways of obtaining better initializations and accommodating
target intersections within the framework of the IO-MeMBer
ﬁlter.
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